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Thermodynamics of Radiative Emission Processes 


M. A. WEINSTEIN 
Lamp Research Laboratory, General Electric Company, Nela Park, Cleveland, Ohio 


(Received March 3, 1960) 


A basic assumption implicit in the application of thermodynamics to the electromagnetic field is that the 
laws of thermodynamics are locally valid for radiative emission and absorption processes. This means that a 
certain minimum amount of entropy must be created by the radiative process itself. It is shown, by con- 
sidering the extreme case in which the spontaneous emission of a natural spectral line is the only process 
taking place, that this assumption is correct, and that its validity is essentially a consequence of the un- 
certainty principle as expressed by the reciprocal relationship between natural line breadth and lifetime. 





INTRODUCTION 


ECENTLY the methods of irreversible thermo- 

dynamics have been applied, in an elementary 
way, to a number of problems involving the emission 
of luminescence radiation.~* A basic assumption 
implicit in these applications (and, indeed, in the very 
idea of applying thermodynamics to the electro- 
magnetic field‘) is that not only the first, but also the 
second law of thermodynamics is locally valid for 
radiative emission and absorption processes. Expressed 
somewhat more precisely, the assumption is: In any 
process, the net rate at which the electromagnetic 
field carries entropy away from a system (or any 
element of a system) must equal or exceed the difference 
between the rate at which the entropy of the system® 
(or element) decreases, and the net rate at which 
entropy is carried away from the system (or element) 
by any mechanism other than radiation.* For this to 


1 ts R Weinstein, J. Opt. Soc. ‘ (to be published). 
. Williams, Bull. Am. Phys. Soc. 5, 70 (1960). 
; D. Landau, J. Phys. (U.S.S.R.) 10, 503 (1946). 

‘ OM. Planck, The Theory of Heat Radiation (P. Blakiston’s 
Son and Company, Philadelphia, Pennsylvania, 1914). In this 
classic text, the question to be treated below is already considered 
in some detail, but from a somewhat different point of view than 
the one adopted here. 

5One must, of course, include the entropy of the radiation 
inside the system as part of the entropy of the system. 

® If this were not so, one would have to assume that the presence 
of absorbing matter external to a radiating system (or element) 
is necessary for the validity of the second law. Hence, in applying 
thermodynamics to a system radiating at a given time, one would 
have to take into account the Jater changes in entropy which 
accompany the ultimate absorption of the radiated energy. One 
could not, therefore, ascribe to the electromagnetic field, as it 


be possible, however, a certain minimum amount of 
entropy must be created by the radiative process 
itself, and in terms of the mechanism of the radiative 
process it is not immediately obvious how this comes 
about nor, indeed, that it can be so. The difficulty is 
illustrated by the following rather convincing counter- 
argument, due to Klein.’ 

Consider a closed system consisting of a collection 
of noninteracting particles, each of which has two 
energy states. At a given time, let a certain fraction 
of the particles be in the excited state, and suppose 
that the system at no time receives energy from the 
outside. Then the excited particles will eventually 
drop to the ground state by the spontaneous emission 
of radiation, and the energy of the system will decrease 
as this radiation leaves. If the states are sufficiently 
sharp and we wait long enough, however, the emitted 
radiation will be essentially monochromatic and will 
therefore carry off no entropy. Yet, because the 
system loses energy, it will cool, and its entropy will 
therefore decrease. Hence, at first sight, the behavior 
of this system appears to contradict the basic assump- 
tion outlined above. 

The trouble with this type of argument is a familiar 
one in the thermodynamics of irreversible processes, 
namely, that it attempts to deal with the over-all 
eet brought about by an irreversible process 


enters into Cente namics, the same degree of physical reality 
it enjoys in other branches of physics; instead, one would have 
to conclude that thermodynamics is essentially a theory of acticn 
at a distance. 

7™M. J. Klein (private communication). 
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without considering the relationships among the 
various rates involved in the process. As soon as we 
think in terms of rates, it becomes apparent that the 
flaw in the argument is that it does not take into account 
the effect of the lifetime of the excited state. For while 
it is true that we can, in principle, make the emitted 
radiation as nearly monochromatic as we please, the 
essential point here is that because of the uncertainty 
principle we must, at the same time, make the lifetime 
of the excited state correspondingly long. The longer the 
lifetime of the excited state, however, the slower will be 
the rate at which the entropy of the system decreases, and 
hence the smaller the rate at which the field needs to 
carry off entropy, i.e., the longer the lifetime, the more 
nearly monochromatic the radiation can be and still 
satisfy the second law. The object of the present note 
is to show, by an elementary calculation on Klein’s 
system, that when one takes into account the reciprocal 
relationship between natural line breadth and lifetime, 
the second law is indeed satisfied, and thus to show that 
the local validity of the second law of thermodynamics 
for radiative emission processes is essentially a con- 
sequence of the uncertainty principle. 


ENTROPY CHANGE OF THE PARTICLES 


We consider a closed system composed of a collection 
of noninteracting particles confined to a volume V. 
Each particle is to have two (nondegenerate) energy 
states separated by an energy Z, and is to be capable 
of making radiative transitions between these states; 
we calculate first the rate at which the entropy of the 
system changes as a result of these transitions. 

Let N be the total particle density, and m the density 
of particles in the excited state; the entropy of the 
system of particles is then® 


Sp= —kNV[ (n/N) In(n/N) 
+(1—n/N)In(i—n/N)], (1) 


where & is Boltzmann’s constant. Then if 7 is the 
lifetime of the excited state against spontaneous 
emission, the average rate at which the density of 
excited particles changes spontaneous 
emission processes is 


because of 


dn/dt=—n/r, (2) 


and the average rate at which the entropy of the 
system changes because of spontaneous emission 
processes is therefore 


dS,/dt= — (knV/r) In[(N/n)—1]. (3) 


Thus, the entropy of the system decreases with time as 
soon as n<N/2, which we assume to be the case.’ 


8C. Kittel, Elementary Statistical Physics (John Wiley and 
Sons, Inc., New York, 1958). 

* N/2<n corresponds, of course, to the negative temperature 
region for the two-state particle system, and will not be considered 
here. 
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ENTROPY CHANGE OF THE FIELD 


Next, we calculate the rate at which the spontane- 
ously emitted radiation carries entropy away from the 
system. To avoid having to solve an irrelevant trans- 
port problem, we assume from the start that the 
density of particles is sufficiently small that we can 
neglect reabsorption and stimulated emission. This 
means that if d,, is the maximum linear dimension of 
the containing volume, we assume NV small enough 
that a(v)d»<1, where a(v) is the absorption co- 
efficient of the system of particles for radiation of 
frequency v. Now, if the emission line has only its 
natural breadth, the maximum value of the absorption 
coefficient will be” 


ag=a(vo)= (N—n)c?/(2rv°?), (4) 


where vo= E/h is the central frequency of the line. We 
therefore restrict ourselves to particle 
that 


densities such 


NK2rv7/ (dm). (5) 


When this condition is satisfied, the spontaneously 
emitted radiation will escape directly from the con- 
taining volume and spontaneous emission will be the 
only process by which m changes, so that Eq. (3) will 
actuaily represent the total rate at which the entropy 
of the system of particles changes. 

To calculate the rate at which the field carries off 
entropy, we observe that if, in the neighborhood of the 
point r in space, : 

f(v,,r) 


is the total number of quanta per unit volume per unit 
frequency range moving per unit solid angle about the 
direction of the unit vector k, the specific intensity of 
entropy" will be,”—'* for unpolarized radiation, 


2kv? cf cf 
s(v,k,r) = (+5) in( 1+ - ) 
c 2 2¥ 
& 
)} (6) 
2v? 


Hence, in terms of the density of quanta, f, the net 
rate at which the field carries off entropy is 


dS; a me s 
—= f dv faa f de k-fis(v,R,va), (7) 
dt 0 


1 W. Heitler, The Quantum Theory of Radiation (The Clarendon 
Press, Oxford, 1954), 3rd ed. It should be noted that the absorp- 
tion coefficient at the peak of a natural line is independent of the 
lifetime. 

1 T.e., the entropy crossing unit projected area per unit time per 
unit frequency range per unit solid angle. 

2M. Planck, reference 4, p. 169. 

BL. D. Landau and E. M. Lifshitz, Statistical 
(Pergamon Press, Ltd., New York, 1958), p. 155. 

4 P. Rosen, Phys. Rev. 96, 555 (1954). 

16 A. Ore, Phys. Rev. 98, 887 (1955). 

16 For an interesting discussion of the validity of expressions 
like Eq. (6) in nonequilibrium situations, see P. T. Landsberg, 
Proc. Phys. Soc. (London) 74, 486 (1959). 
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where dA is the element of surface area of the con- 
taining volume at the surface point ra, # is the outward 
normal to dA, and dw is the element of solid angle. 
The integral, of course, is to cover the entire surface 
area (assumed non-re-entrant) and the hemisphere of 
solid angle of the outward normal to each element of 
area (k-f>0). 

To calculate f, we first note that if g(v)dv is the 
probability that spontaneous emission gives a quantum 
with frequency between v and v+dy, the total number 
of quanta emitted per unit time per unit volume per 
unit frequency range per unit solid angle will be 
ng(v)/(4rr). Since we are neglecting reabsorption and 
stimulated emission, the equation of continuity for 
quanta is therefore 


df/dt+-ck-grad,f=ng/(4ar). (8) 


To simplify the problem still further, we now assume 
that the linear dimensions of the containing volume 
are sufficiently small that we can neglect the effects 
of retardation, which are irrelevant to the question 
with which we are concerned. Since m does not change 
appreciably in times small compared with 7, retardation 
effects will be negligible if 


cT>>dm 3 (9) 


when this condition is satisfied, we can neglect df/dt in 
Eq. (8),'7 and it is then readily shown that the solution 
of Eq. (8) is 


f(v,h,x) =nd (b,x) g(v)/ (4acr), (10) 


4 


where d(k,r) is the distance from the point r to the 
boundary of the containing volume looking in the 
direction —k, i.e., looking back along the line of 
propagation of the quanta considered. 

In what follows we will not need to know the precise 
form of g(v); we assume only that g(v) is a positive 
definite function with a single sharp peak at vo, that 


f dv g(v)=1, 
0 


and that, from the uncertainty principle, 


Av= (2x7), 


(11) 


(12) 


where Ay is the width of the peak,'® i.e., the difference 
between the frequencies at which g(v) drops to half 


17 We can then also neglect the contribution of the entropy of 
the radiation inside the system to the rate at which the entropy 
of the system changes. 

18 Jt should be noted that, strictly speaking, the distribution 
function, f, refers to wave packets, and that in order to localize 
a wave packet within a domain of size d,, we must utilize in its 
construction a range of wave numbers Ak>d,,! and hence a 
range of frequencies Avy>c/(2md,,). Hence, if we take dn<cr, we 
must use a range of frequencies much greater than the natural 
linewidth in order to be sure that the wave packet is even within 
the containing volume. The rates calculated with the function 
f are, of course, only average rates. 


RADIATIVE 


EMISSION PROCESSES 


its peak value. From this, it follows that 
g(vo)Av/2= g(v0)/ (447) <1. (13) 


Now, from Eqs. (6) and (10), there will be appreci- 
able contributions to the integral over frequency in 
Eq. (7) only when g(v) is large, i.e., only in the neigh- 
borhood of vo. In this region, however, we have 


cf ncdg n g 
sniebei = (axt)(——) (= Jac. (14) 
2y? Srrve N- 1 4r 


We can therefore write, approximately, 
s~ (2kve?/c?) (Af/2ve)[1—In(cf/2¢*) J, 
so that Eq. (7) becomes 


dS; kn » 
Pid dv gv) [dA f duk-Ad(b,ca) 


dt 4rr v5 
aodng(v) 
x 1In on )} (16) 
4r(N—n) 


(15) 


But since we will underestimate dS,/di if we replace 
d by d, and g(v) by g(vo) in the logarithm in Eq. (16), 
and since it is readily shown that 


fas faok-ndtbra)=40V, 


we obtain, using Eqs. (11), (13), and (17), 


dS; knv TNA m, 
— >| 1—in( “)| 
dt T N-n 


NET ENTROPY CHANGE 


Combining Eqs. (3) and (18), we obtain, for the 
difference between the rate at which the spontaneously 
emitted radiation carries entropy away from the 
system and the rate at which the entropy of the system 
decreases because of spontaneous emission processes, 

dS; dSp knV 


—+—>—[1-In(raodm) ]. 
dt dt T 


(17) 


(18) 


(19) 


The right-hand side of this inequality is positive as 
long as aod,<e/w. Thus, since the analysis leading to 
Eq. (19) is valid only for aod,.<1, it follows that the 
second law of thermodynamics is locally valid for 
radiative emission processes even in the extreme case 
in which the spontaneous emission of a natural spectral 
line is the only process taking place. 


ACKNOWLEDGMENT 


I am indebted to Professor M. J. Klein for a helpful 
and stimulating discussion. 

® Actually, this is readily shown to be a considerable over- 
estimate of g(vo)/r. 
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Gauge Invariant Formulation of the Bardeen-Cooper-Schrieffer 
Theory of Superconductivity* 


T. A. OLIPHANT AND W. ToBOCMAN 
The Rice Institute, Houston, Texas 


(Received February 29, 1960; revised manuscript received March 30, 1960) 


The Bardeen-Cooper-Schrieffer theory of superconductivity is reformulated in a way which is manifestly 
gauge invariant. The method used is to pair electrons having equal and opposite angular momentum rather 


than equal and opposite linear momentum. 


HIS short note will describe a reformulation of 
the Bardeen, Cooper, and Schrieffer (BCS) 
theory which is gauge invariant. The central idea 
underlying the reformulation is the use of wave func- 
tions of cylindrical symmetry for the free electrons. 
This type of symmetry was exploited by Dingle! in a 
study of the magnetic properties of small systems of 
electrons. Besides being gauge invariant this formula- 
tion has the advantage that the effect of the magnetic 
field on the energy gap can be formulated. 

We consider a system of electrons whose interactions 
with one another are described by a two-body potential 
which is attractive for some regions of momentum 
space. The system of electrons is large enough so that 
statistical methods apply, but small enough so that 
the magnetic field in the system is not substantially 
altered by the response of the electrons and may thus 
be taken to be uniform. We now carry through the 
derivation of BCS? or Valatin® except that the index 
k= (kz,k,,kz) which represents the wave number of an 
electron in a momentum eigenstate must be replaced 
by x= (/mn), the quantum numbers for the cylindrical 
wave function of an electron in a uniform magnetic 
field*: 

Wimn (8) =sin(larz/L)e'™*x nim (1), (1) 


ad id m'\* 
( rn a +k" )x=0, (2) 
dr? rdr r° 


[?x* 


where 


2m", (3) 


2h |, (4) 


and e(x) is the energy of a free electron in the state 
x= (lmn). The energy e(x) in the weak field approxi- 


* Supported by the National Aeronautics and Space Agency. 

1R. B. Dingle, Proc. Roy. Soc. (London) A212, 47 (1952). 

2 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 

3 J. G. Valatin, Nuovo cimento 7, 843 (1957) 

4 J. H. Van Vieck, The Theory of Electric and Magnetic Suscepti 
bilities (Oxford University Press, New York, 1932), p. 353. 


mation is given by 


h?n? si? m!| .n)? 
e(x) =—— ( -+—____ ) —mupB, (5) 
2M R?\ £&? Tr 


L=L/R, 


where 


up is the Bohr magneton, R is the radius of the cylinder 
in which the electrons are contained, L is its length, 
and a(m,n) is the nth zero of the Bessel function of 
order m. The Z axis is chosen parallel to the direction 
of the magnetic field B. 

Instead of pairing electrons with equal and opposite 
momentum, we pair electrons with equal and opposite 
angular momentum: x=/,m,n and —x=l, —m,n. 
Then the derivation of BCS or Valatin can be carried 
through with only minor modifications. The formation 
of pairs of electrons with opposite values of m has been 
employed by Rogers’ in the study of superconductivity 
in small systems. Anderson® has suggested that the 
appropriate criterion for pairing electrons in the 
BCS theory is that the two states be time reversal 
conjugates. This differs from our choice which cor- 
responds to pairing electrons whose wave functions 
are complex conjugates of each other. These two 
criteria would coincide if the Hamiltonian were 
properly time reversal invariant. Our Hamiltonian is 
not invariant under time reversal because of the 
presence of the external magnetic field. As a con- 
sequence the two electrons making a pair have different 
magnetic energies. When this difference becomes 
comparable to the energy gap, the pairs tend to 
break up and superconductivity is destroyed. 

At temperature T the function /,, which gives the 
probability of finding the pair of states x=/, m,n 
occupied, is given by 


1 (€—p) 
h,= (:- _ ), 
2X [(é—n)? +0? }! 


e(x) +e€(—k) ], (7) 


where 


e(x)=3| 


and yw is the Fermi energy. The (pseudoparticle) exci- 


5K. T. Rogers, thesis, University of Illinois, 1960 (unpublished). 
6 P. W. Anderson, J. Phys. Chem. Solids 11, 26 (1959). 
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FORMULATION OF BCS 


tation energy is 
E= €(x) —é(k) +[ (E(x) —p)?+ ee? J. (8) 


The expectation value of the pseudoparticle occupation 
number is, as before, 


fa= (1be*ltT), (9) 


The expectation value of the current density 


P 
J(r)=->- [6(r—r,)(p;t+eA) 
i 2M 


+(p:t+eA)é(r—r,)] (10) 


e 


h 
: > | HET —VSV)— 2A | 
Zz 1 


« 


X athe hf tf «)] 
(11) 
eh 
: D ml We! t+hi—Ma(fetf_«) Jy 


x 


eA 
- =e Ya Lethe hte fut fe) Wy, 


where the result is seen to be purely transverse. This 
quantity is obviously gauge invariant since under a 
gauge transformation, 


A —> A+VA, (12) 
and 


¥.— y exp(—teA/h). (13) 


The second term in (11) is the London current while 
the first term is the Landau diamagnetic current. 

The energy gap ¢€ is the solution of the following 
integral equation: 


1 ee rer€o(K’) 


> ia 
4 « [(€(’) —)?+ €o(x’)? 


€9(k) = — (1—fe—f_.), (14) 


THEORY OF 


SUPERCONDUCTIVITY 
where 
(—xx| V| —x’x’)—(—xx| Vi x’ —x’), 


f des f drole) o(re)*V (ruts) 


Xv,(ri)Was(re), 


J) ax—a’a’ 


(15) 
(aB| V v6 


and V(ri,r2) is the potential between electron 1 and 
electron 2 

The sum over «’ in Eq. (14) represents a sum over 
the quantum numbers /’m’n’ and o’. The sum on /’ can 
be well approximated by a continuous integral. Making 
a change of variable from /’ to e(«’), we find 


: . 
FY V se-0'e 
ae peP s 


€o(q)= - : : 
[ (€/mo) —a(m’ ,n’)?/x? }} 


Suro m'n’a’ 
€o(q’) 


x ( 1 —fy —f_y), 
[(é(q’)—u)*+ €0(q’)? }! 


(16) 


where 
g= (€,m,n,o), 


bo= (h?/2M)(x°/R?). 


By carrying out an analysis like that of Bardeen and 
Pines’ we can show that V_ ¢9-,’q does become attrac- 
tive near the Fermi surface just as Bardeen and Pines 
find using momentum eigenstates instead of cylindrical 
eigenstates. 
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7 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
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The breadth of the / 


and in NaCl is calculated for various temperatures, primarily in ord 


the status of the semiempirical configuration coordinate treatment of such problems. The n 


of the calculation, which involves no adjustable parameters, is the use of the realistic 


normal modes em 


in the Born-Blackman theory of specific heats. The eigenvectors as well as the eigenfrequencies of t] 
modes are used. Modifications of the modes due to the missing ion at the F center are ignored. The 


to the F center is determined from electrostatic forces on individual ions. Simpson’s F center wave functior 


are used and the calculated breadths are all about 85% 


of the experimental values. It is four 


| 


contributions to the breadth come from modes in a fairly small range of frequencies (much lower t 


frequencies of the longitudinal optical modes considered in previous calculations 


Fiala Fa ee 
which includ 


pirical configuration coordinate frequency. This last result helps to clarify the relation of the 
configuration coordinate mode to the actual modes of lattice vibration 


N previous attempts! at an absolute calculation of 

the breadth of the F band, only the interactions 
with the longitudinal optical modes have been con- 
sidered and these modes have been treated in a con- 
tinuum approximation. The breadths obtained were 
much too small unless rather drastic assumptions were 
made concerning the F center wave functions. This is 
not very surprising; while it is true that an unscreened 
charge will interact predominantly with the longi- 
tudinal optical modes, the F center is electrically 
neutral and the electrostatic forces due to it will have 
a range of only a few lattice spacings.” Thus the con- 
tinuum approximation is hardly appropriate and inter- 
action with other types of mode cannot be excluded. 

In the calculation for NaCl described here all types 
of mode were considered and the coupling of the F 
center electron to the lattice vibrations was determined 
from the electrostatic the F center 
charge distribution on individual ions rather than on a 


forces exerted by 


smoothed out charge distribution. Simpson’s? wave 
functions for the F center electron were used and no 
adjustable constants were introduced. The agreement 
of the results with the experimental breadths at various 
temperatures is very satisfactory. Moreover, light is 
thrown on why the semiempirical configuration co- 
ordinate analysis' of the behavior of the center is so 
successful and why the empirical frequency of the 
single hypothetical vibration mode considered in that 

1See the reviews by D. L. Dexter, 
epited by F. Seitz and D. Turnbull 
York, 1958), Vol. 6, p. 353; and by J. J 
Phys. 31, 956 (1959) 

2M. Lax, Proceedines of the Conference on 
{tlantic City, 1954, edited by Breckenridge, Russell, 
John Wiley & Sons, Inc., New York, 1956) 

J. H..Simpson, Proc. Roy. Soc. (London) A197, 269 

'G. A. Russell and C. C. Klick, Phys. Rev. 101, 1473 


in Solid-State Physics 
\cademic Press Inc., New 
Markham, Revs. Modern 


Photoconductivity, 
and Hahn 


1949) 
1956) 


analysis is much lower than longitudinal optical mode 
frequencies. 

rhe lattice vibration modes to which the coupling 
was explicitly calculated were those used by Keller- 
mann® in his determination of the lattice vibration 
spectrum, i.e., six modes for each of 48 values of the 
wave vector. For the problem the precise 
motions of the ions in the various modes were required 
and these were determined by calculating on an 
electronic computer the eigenvectors as well 


present 


as the 
eigenfrequencies of the appropriate 6X6 matrices. 

It was assumed throughout that the anharmonic 
part of the forces between ions is negligible. The change 
which a small displacement of an ion produces in the 
electrostatic force exerted on it by the F center charge 
distribution was also ignored. More important, 
assumed that modifications in the form of the lattice 
modes due to the missing ion at the F center could be 
disregarded; such modifications certainly exist and it 
is of interest that, at least for the problem considered 
here, a treatment neglecting them can give reasonable 
agreement with experiment. 

The electrostatic forces exerted on adjacent ions by 
the F center electron in both its s and p states were 
required. For simplicity the p state charge distribution 
was made spherically symmetrical. The screening effect 
of electronic polarization had to be considered; that of 
ion displacement is already included in the normal mode 
analysis. It was checked that reasonable forces on 
third to sixth nearest 
contribute in total only about 1% to the final results. 


it was 
| 


neighbor ions inclusive would 


The forces finally used were obtained by neglecting 
the forces on fifth and subsequent nearest neighbors 


5E. W. Kellermann, Phil. 
513 (1940). 


rrans. Roy. Soc. 


( Le yn kc mn ) A238, 
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BREADTH 


TABLE I. Breadth of the F band. 


O°K 50°K 


0.24 
0.29 
0.83 


100°K 150°K 200°K 250°K 300°K 


Theor. (ev) 0.24 
Expt. (ev 0.29 
Theor Expt. 0.83 


0.27 
0.32 
0.84 


0.31 
0.36 
0.86 


0.35 
0.41 
0.85 


0.39 
0.46 
0.85 


0.42 
0.50 
0.84 


and treating the polarization by considering the discrete 


dipoles induced on ions nearer than this.® 

These electrostatic forces on ions give rise to gen- 
eralized forces on the normal coordinates associated 
with the normal modes; the generalized force P on a 
normal coordinate & is by definition such that when & 
alone of the normal coordinates is varied by an amount 
5 the work done by the electrostatic forces from the 
F center on the ions is Péé. It is clearly possible to 
calculate this work, and so the generalized force P, in 
terms of the forces on the ions, since the ion displace- 
ments in each mode are known. 

When the F center electron is excited from the ground 
s state to a p state, changes in the electrostatic forces 
on the ions will change the generalized forces on at 
least some of the modes. If the generalized force on a 
mode changes, the equilibrium value for the associated 
normal coordinate will change and phonons may be 
emitted into the mode. The theory is just that used in 
the quantum mechanical treatment of the configuration 
coordinate model.’ It can be shown that if the change 
in generalized forces on a mode of angular frequency 
w is AP, and the kinetic energy of the mode can be 
written 3a, then the mean square fluctuation in the 
number of phonons emitted into the mode is 


} (AP?/atus*) coth(3hw/kT). 


Phonons are emitted into different modes in a sta- 
tistically independent manner, as follows from the 
preduct form of the expression for the transition 
probability. Thus the mean square fluctuation in the 
total energy emitted as phonons is the sum of the mean 
square fluctuations in the energies emitted into indi- 
vidual modes. This sum over all modes was estimated 
from a suitably weighted sum over the modes for which 
calculations had been made. The result gives the mean 
square breadth of the absorption band; the half-breadth 
follows on the assumption that the band is nearly 
Gaussian. In Table I the calculated half-breadths are 
compared with results estimated from the experimental 
data of Russell and Klick.‘ 

Practically all the discrepancy could be accounted 
for by assuming that the forces calculated from 

6 The procedure was essentially that used by N. F. Mott and 
M. J. Littleton, Trans. Faraday Soc. 34, 485 (1938). 

7 See, for example, Markham (reference 1), particularly Sec. 10. 
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Fic. 1. Histogram of contributions (in arbitrary units) of modes 
in various frequency ranges to the mean square breadth of the 
F band at 0°K. The configuration coordinate frequency occurs at 


w= 2.76X 10" sec, 


Simpson’s wave functions are about 15% too low. This 
would also account for a similar calculation of the mean 
energy emitted as phonons (which depends on the 
square of the electrostatic forces) giving a result (0.53 
ev) about 30% lower than Russell and Klick’s semi- 
empirical value of 0.8 ev. 

The form of the histogram (Fig. 1) of the contri- 
butions of the modes in the various frequency ranges 
to the mean square breadth of the F band is insensitive 
to the F center wave functions used.° It is rather similar 
to a plot of the vibrational frequency spectrum, but is 
more sharply peaked. The relatively small part of the 
mean square breadth arising from the high-frequency 
(longitudinal optical) modes suggests why earlier calcu- 
lations gave much too small breadths. The concen- 
tration of the bulk of the contributions in a fairly 
small frequency range, which includes the empirical 
configuration coordinate frequency (w=2.76X10"% 
sec!), appears to go far in explaining the success of 
the configuration coordinate approach. 
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The Hall coefficient in a series of tin-bismuth alloys has been measured at 75°K as a function of com 
position. The results are compared with previous results on the band structure in these alloys. They indicate 
that hole conduction is present though not always dominant throughout the range of alloys studied. 





I. INTRODUCTION 


REVIOUS studies' of superconductivity in tin- 
bismuth alloys were used to construct a picture 


of the density of states curve for the tin structure. The 
resulting curve showed the typical structure of a metal 
which conducts by virtue of an overlap between two 
bands. A study of the variation of the Hall coefficient 
seemed desirable since changes in sign of the Hall co- 
efficient should occur as the region of overlapping 
bands is filied. 


II. PREPARATION OF SAMPLES 


The samples were prepared from high purity tin 
and bismuth from the Vulcan Detinning Company and 
Cerro de Pasco Corporation, respectively. In both 
cases the purity was greater than 99.99%. The com- 
ponent metals were weighed on an analytical balance 
and melted over a torch in a high purity graphite mold, 
shaken vigorously to homogenize the melt, and then 
quenched in cold water. The resulting slug was then 
recast into strips of dimensions 2 cmX0.75 cm X<0.02 
to 0.06 cm. These strips were annealed at just below 
the eutectic point for a few days for the lower percent 
alloys, and up to two months for the higher percent 
bismuth alloys. The range of composition of the samples 
covered the range of solid solubility of bismuth in tin 
at the eutectic temperature. After removal of the 
samples from the annealing furnace, the current and 
Hall leads were soldered to the sample, and it was im- 
mediately immersed in liquid nitrogen to prevent any 
precipitation of the bismuth from solid solution. All 
data were taken at 75°K. 


III. EXPERIMENTAI TECHNIQUE 


The apparatus used for determining the Hall coeffi- 
cient is practically identical to that used by Teutsch 
and Love.? All data were taken at a magnetic field 
strength of about 9500 gauss. This was the maximum 
field available with the electromagnet, and it was used 
to obtain maximum Hall voltages for reasonable ac- 
curacy of the results. No systematic study of the pos- 
sible field or temperature dependence of the Hall co- 

* This research was supported by the U. S. Atomic Energy 
Commission and the Council on Research and Creative Work, 
University of Colorado 

1W. F. Love, Phys. Rev. 92, 238 (1953). 

2 W. B. Teutsch and W. F. Love, Phys. Rev. 105, 487 (1957). 


efficient was made. However, the Hall coefficient in the 
three atomic percent bismuth sample was found to be 
independent of the field strength within the experi- 
mental errors. Reversal of sample current and magnetic 
field was used to eliminate undesirable emf’s. Because 
of the small values of the Hall voltage observed, a total 
of about 30 readings were taken for each sample and the 
results averaged. The results are shown in Fig. 1, where 
the Hall coefficient in volt-cm per ampere-gauss is 
plotted versus atomic percent of bismuth in tin. Mean 
deviations were calculated to give the limits of error 
shown. For comparison the values of the density of 
states at the Fermi surface taken from reference 1 are 
also shown. 


IV. DISCUSSION 


No adequate theory of the Hall effect in metals with 
complicated band structures exists. The theory com- 
monly used’ assumes conduction in two bands contain- 
ing electrons and holes, respectively. The resulting 
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Fic. 1. 


Plot of Hall coefficient and density of states versus 


atomic percent of bismuth in tin at 75°K. All data were taken at 
9500 gauss. 


3A. H. Wilson, The Theory of Metals (University Press, Cam- 


bridge, 1953), 2nd ed., p. 213. 
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HALL 
expression for the Hall coefficient 
Ry P~+Re02 
R=— 


(o;+o2)? 


; (1) 


depends on the Hall coefficients R:,R2 and con- 
ductivities a1, 02 of the two bands, and therefore has 
too many unknown quantities for a quantitative com- 
parison with experiment. However it does allow for 
the presence of either sign of Hall coefficient depending 
upon whether electron or hole conduction predominates 
in the sense of Eq. (1), and is useful for a qualitative 
interpretation of the results. The Hall coefficient in 
pure tin is very small and negative at room temperature. 
This would indicate not a large number of conduction 
electrons but rather a delicate balance between electron 
and hole conduction. The fact that at 75°K the Hall 
coefficient is positive indicates that the temperature 
dependence of the conductivities in the two bands is 
sufficiently different to swing the balance in favor of 
hole conduction at the lower temperature. However, 
even a small percentage of bismuth added, correspond- 
ing to an increase of the electron-atom ratio, is suffi- 
cient to reverse the sign of the Hall coefficient. The 
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Hall coefficient, however, reverses sign again at about 
8 at. % bismuth, reaches a peak positive value at 10 
at. % bismuth, and is rapidly dropping toward negative 
values again at the highest atomic percent bismuth 
sample studied. On the basis of the density of states 
curve shown one would not expect quite the same be- 
havior. The sharp drop in density of states between 4 
and 6 at. % bismuth, and the rising portion beyond 6 
at. % indicate that complete filling of the lower band is 
taking place around 6 at. % bismuth, beyond which 
electron conduction predominates. Because of the be- 
havior of the Hall coefficient one can only conclude 
that the lower band (holes) does not drop sharply to 
zero just beyond 6 at. % as the extrapolation of the 
density of states indicates, but rather tails off in such 
a way that holes are present even out to 12 at. % bis- 
muth. Their density however must be small, and since 
the Hall coefficient is positive in the presence of higher 
density of electrons in the upper band, one can only 
conclude that the holes have a much higher mobility 
than the electrons. Upon complete filling of the lower 
band the Hall coefficient must become negative again, 
and it is gratifying to note a strong tendency in this 
direction beyond 10 at. % bismuth. 
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Thermal Resistance due to Point Defects at High Temperatures 


P. G. KLEMENS 
Westinghouse Research Laboratories, Beulah Road, Churchill Borough, Pittsburgh, Pennsylvania 
(Received March 7, 1960) 


An expression is obtained for the lattice thermal conductivity at high temperatures in the limit when 
the scattering of phonons by point defects is stronger than by umklapp processes. The latter limit the 
phonon mean free path at low frequencies and most of the heat is transported at frequencies such that the 
point defect and umklapp mean free paths are equal. The conductivity varies as (A T)~+, where A is propor- 
tional to the strength of the point defect scattering, T is the temperature. The theory is in rough agreement 
with the thermal conductivity of Ge-Si alloys, measured by Steele and Rosi. 


I. INTRODUCTION 
I ‘HE lattice thermal conductivity is given by 


1 
k=- fserrede, (1) 
3 


where S(w)dw is the specific heat per unit volume due 
to lattice modes of frequency w, dw, v is the velocity of 
the lattice waves, and r(w) their effective relaxation 
time. If the phonons are scattered by various interaction 
processes, each process contributes additively to 1/7, 
except that anharmonic three-phonon processes which 
conserve the total wave vector (V processes) do not 
contribute directly to the thermal resistance, but require 
special consideration.’ 


1 P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 


Point defects scatter phonons and contribute to the 
inverse relaxation time as 


“< 


1/7’ = Aa, (2) 


They thus increase the thermal resistance. In the present 
paper we shall discuss their effect on the thermal resist- 
ance at temperatures at and above the Debye tempera- 
ture 6 in the limit when the point defect resistance is 
larger than the intrinsic resistance. Previous authors'-* 
have discussed the low-temperature point defect resist- 
ance in terms of 7’, but relatively little attention has 
been paid to the high-temperature case; Ambegaokar* 
has, however, considered the high-temperature point 
2 J. M. Ziman, Can. J. Phys. 34, 1256 (1956). 


3 J. Callaway, Phys. Rev. 113, 1046 (1959). 
*'V. Ambegaokar, Phys. Rev. 114, 488 (1959). 
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defect resistance in the case when it is much smaller 


than the intrinsic resistance. 


The magnitude of the point defect scattering has been’ 


discussed by Klemens,® who obtained expressions for 
1/r’ due to the mass difference of the defect, differences 
in the binding between the defect and its neighbors, and 
anharmonic effects of the distortion about the defect. 
Of these quantities, the only one which is usually well 
known is the mass difference ; furthermore the theory of 
mass defect scattering involves fewer approximations 
than the theory of distortion and misfit scattering. The 
theory may thus be tested quantitatively in the case 
of an alloy of atoms of widely different mass, such as 
Ge-Si. The thermal conduc tivity of some Ge-Si alloys 
has been measured at 80°K and 300°K by Steele and 
Rosi.® 


Il. THEORY 


The intrinsic resistance at high temperatures is due 
to anharmonic three-phonon: processes which do not 
conserve the total wavevector (l’ processes). Their in- 


verse relaxation time at TS is of the form!” 


l/r. Bo? (3) 


where B« T. This expression appli Ss to freque ncies not 
too close to the Debye limit. 

If point defects scatter mainly in virtue of their mass 
difference, the scattering is described by a relaxation 
time (2) with 

A a®/ 411 (4) 


where a’ is the atomic volume, v the phonon velocity, and 


M? (5) 
M 


and where c; and M; is the concentration and mass of 
atoms of type 7. 
With / processes and point defect scattering acting 
together, 
Tu) (7) 


This equ ition disregards the effects of N 
While these processes do not directly cause thermal re- 
sistance, they tend to make 7(w) independent of w, and 


processes. 


thus enhance the effectiveness of the other scattering 


processes, particularly of those whose relaxation time 


varies strongly with frequency.’ However N processes and 
U processes occur with comparable frequency at high tem- 
peratures and if at high frequencies r’ <7,, then the effect 
of N processes ON 7(@) W ill be small at these frequen¢ ies. 
At low frequencies, on the other hand, where r>Tu 


r(w) is determined principally by 7,,(w), and since 7,(w) 


does not vary too rapidly with frequency, the effect of 


AOS, 1 


5 P. G. Klemens, Proc. Phys. Soc. (London 11 
29, 151 


6M. C. Steele and F. D. Rosi, J. Appl. Phys 
7P. G. Klemens in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 1 


3 (1955). 
7 


(1958) 


KLEMENS 


N processes will not be too severe.’ We are therefore 
justified in disregarding V processes in the present case 
of strong point defect scattering. 
Substituting (7) into (1) and using for S(w) the high- 
temperature limit 
3K w 


2r* v° 
where K is the Boltzmann constant, 
K 
) 


2r*1 


Ambegaokar' has used (9) in the limit of weak point 
defect resistance (7r’>~7, for all w). In 


becomes 
K “D dw 
; 10) 
2rvB 1+w°A 


W 


general (9) 


One can define a frequency aw» by 


so that 


The thermal conductivity in the absence of point 
defects is, from (3), 
K Wp 
(13) 
2r*v B 


so that x of (12) can be expressed in terms of ko. 

We are interested in the extreme case of strong point 
defect scattering, when 
wy<wp. In that case tan 


| , ° 
when T (\Wp)K<Tzyl@p), 1.€., 


*(wp/ wr y and 


From (11) 


(16) 


in contrast to the case of weak point defect scattering,' 
when the additional thermal resistivity is independent 
of T and proportional to e. 

It should be noted that because 7’ (w 
rapidly with increasing w, most of the heat is carried 


in contrast to the case 


} de creases SO 


by the modes of frequency w», 
of intrinsic conduction, where most of the heat is carried 
by the modes of highest freque NCY wp. Thus (12) is 
relatively insensitive to deviations of the frequency 
spectrum from the Debye model. Even more significant 
is the fact that (12) and (14) are insensitive to any 
deviations of 7’ from (2) at highest frequencies. Such 
deviations must occur whenever scattering is strong. 
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TABLE I. Thermal resistivity W of germanium-silicon alloys. 
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For example, if e~1, expression (4) leads to a mean 
free path at highest frequencies which is less than a 
lattice spacing; clearly perturbation theory fails in this 
case and grossly overestimates the scaitering. Never- 
theless we can still expect the present theory to give a 
reasonable result for this case of strong scattering. 

Because most heat is carried by relatively low fre- 
quencies, we would expect (12) and (16) to hold also 
for temperatures somewhat below 8. 


III. APPLICATION TO Ge-Si ALLOYS 


Steele and Rosi® have measured the thermal conduc- 
tivity of germanium, silicon, and Ge-Si alloys containing 
11, 35, 56, and 90% Si at 80° and 300°K. These alloys 
meet the condition that the point defect resistance is 
much larger than the intrinsic resistance. Furthermore, 
it is highly probable that the impurity atoms scatter 
mainly because of their mass difference, since ger- 
manium and silicon are chemically similar and since 
their lattice spacing differs only by a small amount. 

To test (14) quantitatively, note that 


wo Kv 7 
= (17) 


WD a*gneKo 


where gp=wp/? is the Debye limiting wave number, xo 
is the intrinsic thermal conductivity. For intermediate 
compositions neither v nor xo are well known. However, 
according to a relation by Leibfried and Schloemann,° 
x M the 


properties of germanium and silicon were to arise solely 


xox Mv® and 7 Thus if the difference in 


from their mass-difference, v/xo would vary as M~ and 


8G. Leibfried and E. Schloemann, Nachr. Akad. Wiss. Géttin 
gen, Math.-physik. KI. Ia, No. 71 (1954). 


(cm-deg-watt 


W (300 ’ »p/mw W (300) /W (80) 


1 


“a 


Present theory 


wo/wp should be practically independent of composition, 
except for the factor e 

Thus using values of v and a for germanium, and using 
the observed value of xo7=1.5X10? watt-cm™, we 
obtain 


3.3X10-(T/e)! 


W/W p= 


where T is expressed in °K. 

In Table I values of 2wp/mwo at 300°K, calculated 
from (18), are compared with observed value of W/Wo 
=o/x at 300°K for various Ge-Si alloys.® Values of Wo 
for the various alloys were estimated from the observed 
values of the two elements by linear interpolation. It 
will be seen that the present theory consistently over- 
estimates x/xo by a factor ~ 1.5; however within a range 
of « over a factor 5 the e? variation of W seems to be 
satisfied. Even for the 11% alloy W=3Wo and wp/w» 
= 3.4, hence the basic assumption that ry(wp)>>r’ (wp) 
seems satisfied for this and for all other cases. 

The temperature dependence of W « T! seems also to 
be roughly satisfied for all these alloys between 80° and 
300°K, even though one would expect the theory to 
break down at lower temperatures, especially for low 
values of «. The value of W(80) for the 11% alloy is 
certainly already somewhat high. 

The reason for the discrepancy from (14) by a factor 
of about 1.5 lies probably in a failure of (13) relating 
B and xo. The expression for xo is fairly sensitive to the 
behavior of the lattice waves near the zone boundary, 
and it is known that the dispersion of the lattice waves 
is particularly strong in germanium and silicon. A 
discrepancy of the present magnitude is thus not too 
unreasonable. 
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Symmetry of the Green Phosphorescence of Heat Pretreated 
Colored KCl Crystals 
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On thermal pretreatment in the open air (at 700°C), the phosphorescence of KCI crystals after x coloring 
at liquid-air temperature turned from violet to green. While the former phosphorescence showed no ani- 
sotropy the green was found to become partially polarized after irradiation with [011] light. The irradiation 
also induced dichroic absorption at 3650A. Both the polarization in the phosphoresence and the dichroic 


absorption persisted up to nearly 200°K. 


The polarized light bleached the component of the 3650A absorption in parallel to it, but enhanced the 
green phosphorescence with the main effect on the perpendicular component. 
It is suggested that oxygen which diffused into the crystal during the heat treatment is responsible for 


the asymmetric center. 


INTRODUCTION 


HE nature of the processes involved in the emission 
from colored alkali-halide crystals is not yet clear. 
Investigation of the symmetry properties of this emis- 
sion might help in establishing a model for the transitions 
involved. Lambe and West have found! that bleaching a 
KCI crystal with 3650A light polarized in the [011] 
direction after coloration with x rays at 77°K induces 
anisotropy in the low-temperature phosphorescence. 
This polarized emission was found to persist up to about 
130°K, the temperature at which the V; band bleaches 
thermally. On the other hand, the V; band itself did not 
show any dichroism, which is in accordance with the 
symmetrical model ascribed to it by Seitz.? Lambe and 
West suggested, therefore, that a center other than V; 
with an axis of symmetry along [011] and absorbing 
at 3650A should be present in KCI x rayed at 77°K. Such 
a center was, in fact later observed experimentally,’ 
and was ascribed to Cl.~ molecule ions. 
It was the aim of the present work to examine in 
more detail the low-temperature phosphorescence of 


x L 
































Fic. 1. Experimental setup for bleaching and for detection of 
the polarized emission. L—Light source, Q—quartz condensing 
lens, DU—the Beckman DU monochromator, A—the analyzer, 
P—the polarizer, C—the crystal in the cryostat, D—the detector 
and amplifier, and R—a 50 my Brown recorder. 


J. Lambe and E. J. West, Phys. Rev. 108, 634 (1957). 
F. Seitz, Revs. Modern Phys. 26, 7 (1954). 
T. G. Gastner and W. Kanzig, J. Phys. Chem. Solids 3, 178 
957). 

C. J. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 111, 
1235 (1958). 
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colored KCl crystals, its symmetry properties, and its 
possible correlation to the Cls~ center. 

Surprisingly enough, no anisotropy could be detected 
with our untreated KCl crystals. It was only after 
thermal pretreatment, which completely changed the 
spectral distribution of the phosphorescent light, that 
anisotropy could be induced in it. This polarized emis- 
sion seems to differ, however, from that observed by 
Lambe and West as will be described below. 


EXPERIMENTAL 

The specimens used were cleaved from KCl single 
crystals grown by Harshaw Chemical Company to form 
plates approximately 8X61 mm in size. They were 
held in a vacuum cryostat designed as described pre- 
viously.® A heating element made it possible to warm 
up the crystal in the cryostat at a uniform rate from 
liquid-air temperature to over 600°K. 

Polaroid films, selected to give good transmission 
down to nearly 3000A, were used as polarizer and ana- 
lyzer. They were fitted in suitable holders on either side 
of the cryostat, and could be manually rotated through 
360°. The analyzer was fitted with stops which enabled 
it to be switched over with ease from one fixed position 
to another; e.g., from +45° from the vertical to —45° 
from it and vice versa. 

The crystals were colored at liquid-air temperature 
by x rays (35 kvp and 14 ma). After coloring they were 
bleached with polarized monochromatic light. A Beck- 
man DU monochromator with an air-cooled Xe compact 
arc (Hanovia 507 c, 800 w) supplied the monochromatic 
light. 

The whole experimental setup is shown in Fig. 1. L is 
the light source, 0—a quartz condensing lense, DU—-the 
monochromator, P—the polarizer, A—the analyzer; 
C—the crystal in the cryostat, D—the detector (JP 21 
photomultiplier) and amplifier, and R—a 50 mv Brown 
recorder. Details of amplification were as described 
elsewhere. ® 


5 A. A. Braner and A. Halperin, Phys. Rev. 108, 932 (1957) 
6 A. Halperin and A. A. Braner, Rev. Sci. Instr. 28, 959 (1957). 
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PHOSPHORESCENCE HEAT 

The monochromator slit was suitably changed on 
passing from one wavelength to another so as to have 
the polarized bleaching light equal in intensity for all 
wavelengths. Calibration of slit widths was carried out 
for the set as a whole, taking into account the depend- 
ence on wavelength of the sensitivity of the photomulti- 
plier. Absorption of the Polaroid was, of course, also 
included in the calibration. 

The crystalline quartz windows in the cryostat showed 
optical activity, and were, therefore, replaced by win- 
dows of fused silica. 

For optical bleaching the polarizer (P in Fig. 1) was 
fixed in parallel with either the (011) or the (010) plane 
of the crystal. After a fixed bleaching time the lamp was 
extinguished, when the phosphorescence and the ther- 
moluminescence were recorded. During these measure- 
ments the analyzer was switched back and forth between 
the two positions indicated by the stoppers, one fixed 
in parallel with the plane of polarization of the bleaching 
light, and the other perpendicular to it. 

Some of the bleaching experiments were carried out 
with a filter (Wratten 18A, maximum transmission near 
3660A) replacing the monochromator. In these experi- 
ments the detector D (Fig. 1) was removed to enable 
bleaching of the crystal with the filtered light from a 
mercury arc (MD/E, 250 w) through the analyzer A 
which served now as a polarizer. After the fixed bleach- 
ing time the detector was replaced when measurements 
were taken as before, with the polarizer functioning 
again as analyzer. 

Measurements of spectral distribution of the weak 
phosphorescence at low temperature and of the thermo- 
luminescence peaks were carried out as described 
elsewhere.’ 

Absorption measurements were made with a Beckman 
DK spectrophotometer. Two Polaroid films were fitted 
in two of the holes of the filter slide near the exit slit 
of the DK monochromator. One of these Polaroids was 
fixed parallel and the other perpendicular to the plane 
of polarization of the bleaching light, so that the trans- 


PRETREATED 


COLORED KCl S11 
mission of the crystal could be recorded with light 
polarized in either of the two orientations. 


RESULTS 
(1) Polarization of the Phosphorescence 


Attempts to reproduce the results of Lambe and West! 
were unsuccessful. In some crystals the phosphorescence 
at liquid air temperature could hardly be detected. In 
others, which showed phosphorescence, the polarized 
bleaching light did not induce any anisotropy in the 
phosphorescence. 

Earlier work in this laboratory’ showed that thermal 
pretreatment affects the spectral distribution of the low 
temperature phosphorescence in KCl. The failure in the 
attempts to induce polarization in the phosphorescence 
was, therefore, attributed to differences in the emitted 
light. 

The thermal pretreatment experiments were success- 
ful. Preheating the crystal for 2 hours at about 700°C 
changed the phosphorescence of the crystals. They then 
showed polarization of the emitted light after bleaching 
with polarized light. It will be shown below that the 
phosphorescence of these crystals were composed mainly 
of a green emission band (about 5200A), instead of the 
violet one (~4000A), which was the main band in the 
untreated crystals. Figure 2 shows a typical run. The 
intensity of the phosphorescence shortly after x raying 
the crystal is shown at the left side of the figure. The 
crystal was then bleached for 30 min with monochro- 
matic light (3600A) polarized along the [011] crystal 
direction. The phosphorescence after bleaching was now 
measured with the analyzer switched over back and 
forth between [011] and [011] directions (the corre- 
sponding portions on the curve are indicated by || and _L 
in the figure). After measuring the partially polarized 
phosphorescence for a few minutes, the heating coil in 
the cryostat was turned on, and the glow was recorded, 
again with the analyzer switched in parallel and perpen- 
dicular to [011] at intervals. 
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Fic. 2. The polarization in the 
emission from x-colored KCI crys- 
tal bleached with [011] polarized 
light. || indicates the intensity in 
[011], and 1 in [011] direction. 
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7 A. Halperin and N. Kristianpoller, J. Opt. Soc. Am. 48, 996 (1958). 
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The results can be summarized: 


(a) Bleaching induced negative polarization® in the 
phosphorescence. 

The bleaching increased the phosphorescence in- 
tensity both in the parallel and perpendicular 
directions. 

The phosphorescence added by the bleaching 
light seems to decay faster than that present 
before bleaching. 

The anisotropy persists to nearly 200°K, when 
a strong glow starts. 

No anisotropy was found in the thermolumi- 
nescence, neither at about 200°K nor at higher 
temperatures (not shown in Fig. 2). 


(b) 


(c) 


(e) 


The effect of wavelength of polarizing light on the 
polarization of the phosphorescence is shown in Fig. 3. 
Wavelengths around 3600A are shown to be most effec- 
tive in inducing the anisotropy. For a given wavelength 
the polarization depended on the intensity of the bleach- 
ing light and on bleaching time, but became saturated 
on prolonged bieaching. Polarizations of about 20% 
were obtained at saturation in our experiments. Care 
has been taken, in the set of measurements for the curve 
in Fig. 3, not to approach saturation, which might have 
masked the effect of different wavelengths. 

The enhancement in the phosphorescence by the 
bleaching light was obtained from the same set of 
measurements. Figure 4 shows the dependence of this 
enhancement on wavelength. The ordinate gives the 
ratio of the perpendicular component of the phosphor- 
escence intensity after bleaching (J,) to that before 
bleaching (Jo). Again we have the strongest effect at 
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Fic. 3. The effect of wavelength of the bleaching light on 
the polarization of the phosphorescence. 
8 Polarization is defined as P= (7),—J,)/(J14+J,), where J); and 


I, are the intensities of the light emitted parallel and perpendicular 
to the direction of the bleaching light, respectively. 
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about the same wavelength as in Fig. 3. It should be 
noted that no correction has been made for the self 
decay in the phosphorescence which would have taken 
place during the bleaching time (30 
experiments). 


min in these 


(2) Spectral Distribution of the Phosphorescence 


The spectrum of the phosphorescence of our untreated 
crystals is shown in Fig. 5, curve a. It peaks at about 
3900A. The phosphorescence of the same crystal after 
pretreatment for two hours at about 700°C in the open 
air is given by curve 0. There is still a very weak com- 
ponent at 3900A. The main band, however, appears now 
at 5200A. The band at 5200A proved necessary for ob- 
taining anisotropy in the phosphorescence in our crys- 
tals; crystals showing a stronger green phosphorescence 
showed also more pronounced anisotropy. Further 
bleaching with polarized light (3660A) was found to 
effect mainly the green component. This is shown in 
Fig. 6, where curve a corresponds to the crystal just 
after x raying, and curve b was obtained after bleaching 
with [011 ] polarized light. There is some decrease in the 
intensity of the violet band, while the green band was 
considerably enhanced by the bleaching light. The 
bleaching light also caused a reduction in the intensity 
of the thermoluminescence. 


(3) The Optical Absorption Bands 


The x-ray coloration of the heat treated crystals 
differs entirely from that of the untreated ones.’ The 
absorption spectrum of a colored heat treated KCl 
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Fic. 4. The dependence of the enhancement of the phosphor- 
esence on the wavelength of the bleaching light. J» is the intensity 
of the [011] component of the phosphorescence after x coloration, 
7,—that after bleaching with [011] light. 


* A. Halperin and M. Schlesinger, J. Chem. Phys. 30, 339 (1959) 
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Fic. 5. The spectral composition 
of the phosphorescence of an x 
colored KCl crystal. a—before 
heat treatment, b—after heat 
treatment. 
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crystal, whose phosphorescence was described in the 
preceding paragraph (Fig. 5, curve 0), is shown in Fig. 7. 
Curve @ was measured just after x raying and it is 
shown on a reduced scale to the right of Fig. 7. The 
absorption was the same whether taken with [011] or 
[011] polarized light. The spectrum consists of a main 
absorption band at about 4200A with a shoulder towards 
shorter wavelengths. The F band (at about 5400A) is 
hardly apparent. Bleaching (20 min) with [011 ] polarized 
light (3600A, filtered) caused a reduction in the 4200A 
band, which was equal with [011] and [011] light. In 
the shoulder at about 3600A, however, the bleaching 
induced some dichroism. This is shown in Fig. 7 curves 
6 and ¢ taken with [011] and [011] polarized light, 
respectively. The difference between curves c and 6 
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(Fig. 8) fits well the curve obtained by Delbecq et al.‘ 
for doped KCl crystals, which was ascribed to the Cl.~ 
center. 

The thermal stability of the absorption bands was 
also examined. The results are given in Fig. 9, in which 
curve @ gives the thermal bleaching at 4200A and 
curve b—that at 3600A. 

At first sight it appears as if the 3600A band bleaches 
only partly at about 210°K, while most of it remains 
stable till about 360°K. Detailed inspection of the spec- 
trum, however, shows that the 3600A band bleaches 
completely at the lower temperature range, while the 
sharp drop at 360°K is entirely due to the disappearance 
of both, the band at 4200A, and another weak band at 
3350A. The latter is completely covered by the 3600A 
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Fic. 6. The spectral com- 
position of the phosphor- 
escence of a heat-pretreated 
x-colored KCl crystal. o— 
after x-coloration, b—after 
bleaching with [001] light 
(360 mz) for 15 minutes. 
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Fic. 7. Absorption spectra of a heat-pretreated x-colored KCl 
crystal. a—after x coloring (taken with either [011] or [011] 
light), 6 and ¢ taken after bleaching with [011] light (360 my) for 
20 minutes. b>—taken with [011] light, c—with [011] light. 


band at temperatures below 210°K, but can be seen 
above this temperature, when the former bleaches away. 


DISCUSSION 


The center responsible for the asymmetry in the green 
phosphorescence is certainly not the V; center, which 
was shown by Lambe and West! to be symmetrical. 
Lambe and West encountered some difficulty trying to 
explain the equal thermal stabilities of the asymmetrical 
phosphorescence and the V; center. This was not the 
case with the phosphorescence of our heat treated 
crystals, which showed higher thermal stability, and 
differed also in spectral distribution from that of the V; 
glow at 130°K. It is of interest that a green thermal 
glow peak was observed’ in KCI crystals slightly below 
200°K, which is just the temperature at which the 
asymmetry in the green phosphorescence disappears. 

We have repeated many times, and with different 
crystals, our attempts to induce anisotropy in the violet 
phosphorescence present in our untreated crystals. All 
the efforts were, however, unsuccessful, and it is not 
clear why Lambe and West succeeded in this point. A 
possible explanation might be that the phosphorescence 
in their untreated crystals was different from that in 
ours. Unfortunately Lambe and West did not measure 
the spectrum of the weak phosphorescence in their 
crystals. 

Our results seem to be rather similar to those reported 
by Lambe and West for thallium activated KCl crystals. 
Not only the thermal stabilities of the polarized phos- 
phorescence were similar, but it seems also that the 
spectral bands of the phosphorescence were the same 
in both cases. 

The optical absorption of our colored crystals (Fig. 7) 
was very similar to that obtained by Delbecq et al.‘ 
for silver activated KCI crystals. In addition, the di- 
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chroism induced in the 3600A absorption band, as it 
appears in our subtraction curve (Fig. 8), follows closely 
the one obtained by Delbecg et al. for their metal doped 
crystals (reference 4, Fig. 5). 

These authors attributed the asymmetry in the ab- 
sorption band to Cl.~ centers. It is, however, difficult 
to explain the higher thermal stability of the centers in 
the doped crystals unless we assume some proximity 
between the Cl:- ions and the metal impurities. Were 
this the case it would be still more difficult to explain 
how the introduction of oxygen by the heat treatment 
resulted in just the same spectral band, and just the 
same thermal stability of the Cl.- center as the doping 
of the crystal with thallium, lead, or silver. 

It is worth noting at this point that oxygen was shown 
by several investigators to induce long wavelength 
luminescence in alkali-halide crystals. Honrath' has 
shown that alkali halide crystals heat treated in oxygen 
luminesce on irradiation with ultraviolet light. This 
emission showed a band structure extending from the 
blue to longer wavelengths, with maximum intensity in 
the green. Although we did not observe such a structure 
in our green phosphorescence this might have been due 
to experimental limitations, viz., the wide monochroma- 
tor slits (2 mm, 500A spectral half width at 5500A) 
used to measure the spectrum of the weak phosphores- 
cence, and the steep drop in the sensitivity of our photo- 
multiplier (RCA JP28) at longer wavelengths beyond 
the green.!! 

Honrath attributed this long wavelength emission, 
which was shown to be nearly the same for all alkali 
halides, to an isolated center like ClOy. Ewles and 
Barmby,” who also investigated the oxygen induced 
luminescence in alkali halides, came to the conclusion 
that it must be due to the oxygen itself. Otherwise, they 
argue, it would be difficult to explain how the replace- 
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Fic. 8. Subtraction curve, showing the difference 


between curve c and 6 in Fig. 7. 


1 W. Honrath, Ann. phys. 529, 421 (1937). 

1! More accurate spectral measurements being carried out now 
in this laboratory, show that the green phosphorescence possesses 
indeed a band structure. 

2 J. Ewles and D. S. Barmby, Proc. Phys. Soc. (London) B69, 
670 (1956). 
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ment of the chlorine atom in the center by another 
halide does not change the separation between the emis- 
sion bands. These authors suggest that O2* ions should 
be responsible for the long wavelength emission. 

Recently Kinzig and Cohen" reported observations 
of paramagnetic resonance spectra of alkali halide crys- 
tals heat treated in an oxygen atmosphere. They came 
to the conclusion that the centers induced by the treat- 
ment are O:- ions. Their observations indicated that 
the Os center is oriented in [011], and they have 
suggested that the long wavelength luminescence ob- 
served by Honrath” and by Ewles and Barmby” might 
be associated with the O. centers. Our asymmetric 
centers seem also to be associated with the long wave- 
length emission. However, they cannot be identified 
with the O- centers for the latter are stable even above 
room temperature.'* It is also difficult to identify the 
asymmetric centers in our heat treated crystals with 
Cl.- which differ in thermal stability. In addition, the 
Cl.- absorption band in pure KCl crystals seems to 
differ towards the longer wavelengths from our sub- 
truction curve (Fig. 7). This curve fitted well those 
given by Delbecq et al.,* but it did not fit the Cli 
absorption curve given by Lambe and West for pure 
KCI (reference 1, Fig. 3) so well. 

It cannot be decided from our experiments what the 
exact nature of the asymmetric centers induced by heat 
treatment is. It should, however, be associated in some 
way with oxygen. The similarity in behavior between 
these centers and those obtained with metal doped 
crystals'* might then be attributed to oxygen that 
penetrated in some way into the metal doped crystals. 
One cannot, however, speculate more in this point, and 

13 W. Kinzig and M. H. Cohen, Phys. Rev. Letters, 3, 509 
(1959). 

4 W. Kinzig (private communication). 
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Fic. 9. Thermal bleaching curves for the absorption bands in 
heat pretreated x-colored KCl. a—at 420 my, b—at 360 mu. 


only very careful growing methods might give the right 
answer. 

Another point in our results remains difficult to ex- 
plain. The polarized bleaching resulted in a reduction 
in intensity of the thermoluminescence glow peaks, and 
of the violet phosphorescence. This can be explained by 
the release of trapped carriers responsible for both the 
glow and violet phosphorescence. Assuming that some 
of these carriers were transfered into levels, involved in 
the transitions responsible for the green phosphor- 
escence, one expects an increase in the green phosphor- 
escence, as was found experimentally. If this were the 
case, however, the component of the phosphorescence 
polarized in parallel with the bleaching light should 
have been the stronger in contrary to our experimental 
results (Fig. 2). It seems, therefore, that the transitions 
affected by the bleaching light are more complicated 
and involve more energy levels in the forbidden gap of 
the crystal. 
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gle crystals of rutile, causing relaxation spectra in the low-frequency range, cat 


produced by thermal quenching or optical irradiation at the edge of the characteristic absorption region 


(4200 A). They are only 


dependence of the main ¢ 


lispersion peak indicates an activation energy of 0.18 ev 


observed when the ac field is applied parallel to the optic axis. The temperatur: 


Introduction of silver or 


copper by thermal diffusion did not produce low-frequency absorption maxima. 


INTRODUCTION 


ITANIUM dioxide holds a key position in the 

research program of this laboratory as a starting 
material for the development of ferroelectrics and 
semiconductors.' Once rutile single crystals, grown as 
boules by the flame-fusion technique, became available, 
an extensive study of their electrical and optical 
properties was initiated a number of years ago,’ and 
has since been continued in various laboratories.’ The 
purpose of the present investigation was to study the 
of absorption centers in the electrical 
range. 


formation 
frequency 


EXPERIMENTAL PROCEDURES 


Crystal plates (ca 3X 2X2 mm) were cut from boules' 
with the smallest dimension either parallel or perpen- 
dicular to the optic axis (accuracy of +1°), polished, 
cleaned, and annealed for several hours in oxygen. 

For the production of absorption centers two methods 
were used: 

(a) Thermal quenching. The sample was placed in a 
Vycor or alundum boat, inserted in a Vycor tube, and 
heated to temperatures 330° and 
900°C. A slow current of oxygen, air (dried or undried), 
nitrogen, or helium was passed over the sample. After 
heating for the desired length of time, the sample was 


selected between 


removed and quenched in liquid nitrogen. In later 
experiments, heating and rapid quenching of the sample 
could be ac omplished without removal from the system 
(Fig. 1). The basket containing the sample was dropped 
into liquid oxygen, condensed by liquid nitrogen. 

(6) Optical irradiation. The optical irradiation of 
samples was confined to narrow bands (1 to 6, Fig. 2) 
in the tail of the ultraviolet characteristic absorption. 
A xenon ar continuum in this 
wavelength region served as light source; infrared was 


which provides a 


* This research was supported the U. S. Atomic Energy 
Commission. 

+t Present address: Allahabad University, Allahabad, India. 

1A. von Hippel, R. G. Breckenridge, F. G. Chesley, and L 
Tisza, Ind. Eng. Chem. 38, 1097 (1946 

21. C. Cronemeyer, Phys. Rev. 87, 876 

3 See the recent survey by F. A 
31, 646 (1959) 

‘Made by the National Lead Cor 


Line Air Products Company (Boules B 


Grant, 
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Boules A) 


and the 


filtered out by a water jacket with quartz windows. A 
multilayer dielectric interference filter (Baird Atomic 
Company) of suitable constants provided the narrow 
transmission regions by rotation about a vertical axis. 
(Rotation by 20 degrees shifted the wavelength of peak 
transmission from 4194 to 4088+2 A.) The intensity 
of the radiation, checked photoelectrically, varied less 
than 5%. 

The initial state of the samples could be restored by 
heating followed by slow cooling. The absorption 
centers in quenched samples could also be destroyed by 
exposure to intense sunlight for several hours. Sunlight, 
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Fic. 1. Apparatus for thermal quenching 
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Fic. 2. Transmission charac- 
teristics on interference filters used 
for irradiation (solid lines) in refer- 
ence to eigenabsorption edge of 
rutile (dashed line, right-hand 
scale). 
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when filtered through a thick glass plate, proved 
ineffective. 

The presence of absorption centers was detected by 
dielectric constant and loss characteristics. The optical 
absorption curves in the visible and infrared regions 
did not show any change. Dielectric measurements 
ranged from 100 cps to 100 Mc/sec (Table I). For 
measuring capacitances <4 yuf, the crystal holder was 
connected in parallel with a linear micrometer capacitor. 

Conducting silver paint served as electrodes for 
room- and low-temperature measurements after control 
experiments had shown that in this range the results 
were the same as with evaporated electrodes. The 
electrode area was checked for continuity and then 
covered by tin foil. For high-temperature work, 
electrodes of evaporated gold were used with thin gold 
foil pressed over them. Figure 3 shows the various 
sample holders; the oscillator output was held below 
2 to 3 volts. 


EFFECT OF SILVER OR COPPER IMPURITIES 


In crystals received during the latter part of the work, 
absorption centers could not be produced by quenching 
or optical irradiation. Spectral analysis® showed that 
the earlier samples contained slightly more (0.01%) 
silver and copper. Attempts were therefore made to 
introduce silver and copper in the newer samples by 
thermal diffusion. 

To add silver, fine filings of pure silver were placed 
on the rutile samples in an alundum boat and heated in a 
Vycor tube to about 800°C for more than 6 hours in a 
stream of oxygen. Silver oxides are unstable at this 
temperature; metallic silver slowly diffused into the 
rutile, manifested by the development of a distinct 
yellow tinge throughout the volume and a shift of the 
optical absorption edge toward longer wavelengths. 

For the introduction of copper a temperature of 
1370°C was used. Since cuprous oxide is stable even at 
this temperature, the sample together with finely 


5 New England Laboratories for Industrial Research and 


Development, Ipswich, Massachusetts. 


4150 
Wavelength (angstroms) 


divided pure copper filings was placed in a quartz tube, 
which was then evacuated, sealed, and heated for 14 
hours. Copper diffused in, but the samples assumed a 
dark color (almost opaque) because of oxygen loss. 
After reoxidation at 700°C they resumed their charac- 
teristic color, and the presence of copper could only be 
detected by increased dielectric loss at low frequencies. 
Hence, silver or copper do not produce the characteristic 
absorption peaks observed in the original crystals. 


RESULTS 


Low-Frequency Dispersion Obtained by 
Thermal Quenching 


The variation of the loss tangent with frequency at 
room temperature for a typical quenched-in dispersion 
(field applied parallel and perpendicular to the optic 
axis) is shown in Fig. 4. The peak at 88 kc/sec appears 
only when the field is parallel to the optic axis; it can be 
annealed out and recreated. Measurements as function 
of temperature show a systematic shift (Fig. 5). The 
thermal change of (tan 6) max in amplitude and frequency 
is given in Fig. 6. At —180°C the peak decreased by a 
factor of 100. The formation of the absorption was also 
investigated as function of heating time and tempera- 
ture prior to quenching (Fig. 7). No centers could be 
produced by heating at 400°C for 12 hours; less than 
one hour sufficed to produce saturation at 860°C. 

In the measurements reported thus far, the samples 
were heated in oxygen before quenching. Figure 8 


TABLE I. Equipment used for dielectric measurements. 


Bridges Oscillator 

General General 
Radio Radio 
type type 


Frequency range Detector 


100 eps to 40 ke/sec 716-€ 713-B Designed*® and built in 
this laboratory. 
40 ke 


500 ke 


sec to 500 ke 
sec to 18 Mx 


805 
805 


716-C 
16-A 


sec 

Wells Gardner BC-348-N 
receiver. 

National hfs receiver with 
BC-348-N receiver. 


sec 


28 Mc/sec to 100 Mc/sec 1601-A 


805 and 
1208-A 


«J. L. Upham, Rev. Sci. Instr. 22, 659 (1951). 
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Thermocouple 


Thermocouple 


* Heater 
leads 
BeCu contact fingers 
enclosing electrode 
Fic. 3. Crystal holders used in 
the dielectric measurements (a) 
for low-temperature immersion; 
b) for high temperatures; (c) for 
high frequencies 36 to 100 
Mc/sec); (d) for room tempera 
ture 

















(d) 


illustrates the profound influence of the type of atmos- 
phere used during heating at 820°C followed by 
quenching at — 180°C. While helium causes only a slight 
shift, vacuum eliminates the absorption, and nitrogen 
creates a different one at higher frequencies. 


Optical Irradiation 


Optical irradiation of samples from Boules A at 
4200+ 100 A produced two peaks at 10 and 88 kc/sec 
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Fic, 4. Loss tangent vs frequency for quenched rutile 
sample at room temperature 
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(Fig. 9, curve a). Narrower bands in the absorption edge 
were then used for irradiation (see Fig. 2) and showed 
that radiation at 4155423 A produced only the one 
peak (Fig. 9, curve c) at 10 kc/sec, while radiation at 
4140+23 A produced both dispersion peaks (Fig. 9, 
curve b). The buildup of the absorption peak at 10 
kc/sec by irradiation with 4200+100 A is illustrated 
in Fig. 10. 
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Fic. 5. Thermal shift of the quenched-in absorption of rutile. 
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DISCUSSION 


Three characteristic frequencies corresponding to 
absorption centers (10 kc/sec, 88 kc/sec, and 14 
Mc/sec) have been observed when the electric field 
is parallel to the optic axis. An increase in the low- 
frequency conductivity, caused by the quenching 
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Fic. 6. Variation of loss peak with temperature 
of quenched-in absorption. 
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Fic. 7. Effect of temperature and time before quenching 
on build-up of absorption. 
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Fic. 8. Effect of heating in various atmospheres before quenching. 
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Fic. 9. Dielectric absorption spectra produced in rutile 
sample by optical irradiation. 
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“1G. 10. Build-up of dielectric absorption maxima as function 
of time of irradiation at 4200+-100 A. 


treatment, may mask additional absorption peaks. The 
14-Mc/sec centers are produced only by heating in 
nitrogen} while the 88-kc/sec centers can be created by 
either therma! quenching or optical irradiation. The 
tané peak shifts with temperature according to an 
activation-energy equation v=voe—/*7, where v is the 
frequency for (tan 5)max. The activation energy U of 
0.18 ev may correspond to the infrared absorption of 
3.45 uw, observed by Cronemeyer.? The nature of these 
absorption centers, which occur only in specific crystals, 
has to be clarified by further experiments. 

Low-frequency absorptions were primarily found in 
the alkali halides, starting with a study by Breckenridge 
in this laboratory. Absorptions have been seen in 
rutile? when several mole percent of calcium, strontium, 
or magnesium oxides were added to TiO, melts. The 
creation of such absorption centers by the quenching of 
rutile single crystals and by optical excitation ap- 
parently has not been reported; preliminary measure- 
ments were made by Sandler and Westphal® in the 
for Insulation Research, some 
characteristic absorption obtained by quenching or 
substitution. 


Laboratory and 


®R. G. Breckenridge, J. Chem. Phys. 16, 959 (1948); 18, 913 
(1950). 

7G. I. Skanavi and A. I. Demeshina, Zhur. Eksp. i Teoret. Fiz. 
19, 3 (1949). 

8 Y. L. Sandler and W. B. Westphal (unpublished, 1954). 
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Electron transfer and onset of field emission has been investigated in TiO single crystals with dc curr 
time characteristics parallel and perpendicular to the optic axis as function of voltage, temperature, elect 
material, and light absorption. The currents are much larger and field emission sets in at lower vol 
the field is parallel to the optic axis. Higher temperature favors the current transfer by increasing th 
mobility. The effect of different electrode materials proved minor, except in the case of Ti, which as cathode 
raised the current by about one order of magnitude. Photoelectric measurements showed that, in t] i 
voltage region of incipient field emission, light absorption can apparently force the current r 


the field-emitting stag 


THE PROBLEM keeps the electrons mobilized throughout the crystal. 


HE transfer of electrons through alkali halide BY observing these electronic currents as function of 


- a: : time, wi roltage, te ature, and crystal trea 
crystals has been studied in the Laboratory for 1e, with voltage, temperatur: I crystal treatment 


as adjustable parameters, much can be learned about 
field emission into dielectrics. 

This work can be extended to crystals in which the 
electron transfer does not require optical activation. 
In TiO:, for example, electrons move relatively freely, 
once mobilized by reduction or light absorption.* At the 


Insulation Research in some detail by a novel use of 
F-center discoloration.!” Additively colored crystals 
can be described as electrons frozen into a positive 
matrix. The electrons may be mobilized by light 
absorption and moved toward the anode in a dc field. 
If they are discharged at the anode but not replaced 
from the cathode, a cathode fall builds up in an adjust- 
able manner. When the field gradient at the cathode dielectric constant, two features of great interest for 


same time rutile offers strong anisotropy and high 


becomes high enough to enforce field emission, perma- _ field-emission studies. The present investigation reports 


nent currents can be drawn as long as the incident light — on the de current transfer through rutile single crystals 
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TRANSFER OF ELECTRIC 
as function of time, temperature, voltage, orientation, 
and electrode material. 


SAMPLES AND MEASUREMENT TECHNIQUE 


Planes, cut from rutile boules of the National Lead 
Company, were oriented parallel and perpendicular to 
the optic axis, polished, cleaned by boiling in oqua 
regia, washed in warm KOH solution, rinsed in distilled 
water and steam, and dried at 125°C.‘ Three-terminal 
electrodes of various metals (Al, Ag, Au, Ca, Ni, Pt, or 
Ti) were deposited by evaporation. For room- 
temperature measurements, silver or platinum paint 
or an indium-gallium alloy was also used on occasion. 
In evaporating reactive metals, such as Al, Ca, and Ti, 
special care was taken to intercept the initial part of the 
metal as a getter and to protect the electrode against 
subsequent oxidation by an overlay of evaporated gold. 
Tin oxide electrodes served for some of the photo- 
conductivity measurements because they are trans- 
parent in the wavelength range in question. 

Figure 1 gives a schematic survey of the experimental 
setup, and Fig. 2 shows the sample holder, a modified 
version of that used previously by Geller.’ 

A vibrating-reed electrometer covered the range 
from 5X10-" to 3X10 amp; an electrometer-type 
de amplifier served for larger currents. Up to 3600 
volts, the voltage was supplied by dry cells in grounded 
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RESULTS 


the current at 25°C for various 
voltages, measured with evaporated gold electrodes. In 
accord with Cronemeyer’s conductivity measurements,’ 
the currents drawn parallel to the axis are orders of 
magnitude larger than those perpendicular to it. At 


Figure 3 shows 
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*See also K. G. Srivastava, preceding paper [Phys. Rev. 119, 516 (1960) ]. 
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Fic. 4. Direct-current cur 
rents through rutile || and | to 
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the lowest voltage (perpendicular) the current decays 
without stabilization, otherwise a definite leveling off 
to finite transconductance takes place. 

In comparison to KBr,'* the conductivity of TiQy is 
appreciably higher and, as the final currents indicate, 
field emission sets in much more easily. At 2400 volts 
parallel to the axis the current flow becomes so large 
that the heat input prevents stabilization. 
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Fic. 5. Steady-state currents through rutile || and | to axis as 
function of voltage at various temperatures. 


For the alkali halides, temperature has a minor effect 
on the final currents because the electrons are kept 
mobilized by light absorption. In TiO, the trans- 
conductance depends on thermal activation; hence, we 
expect and find that at —186°C the final currents are 
appreciably reduced (Fig. 4), while at +90°C and at 
+ 180°C they are strongly increased and simultaneously 
reach saturation faster. Obviously, the build-up of the 
field distortion that precedes field emission proceeds 
much more rapidly. The steady-state currents are 
summarized in Fig. 5. 

The measurements shown in Figs. 3 and 4 are virgin 
characteristics : Between each step-up of the voltage the 
crystal is discharged and thus restored to its original 
condition. Figure 6 shows a set of such short-circuit 
characteristics. The space-charge polarization increases 
with applied voltage; its discharge proceeds more 
rapidly || than to the axis and is speeded up at higher 
temperatures. 

The measurements shown thus far refer to crystal 
plates of 0.27-mm thickness. In increasing the thickness 
to 0.49 mm, the final currents for equal voltage are 
reduced approximately by an order of magnitude 
(Fig. 7). This great field-strength sensitivity is in 
keeping with the field-emission situation. 

If the current through the crystal, and with it the 
voltage drop between cathode and guard ring, becomes 
too high, surface discharges will develop from the 
cathode, acting now as anode against the guard elec- 
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Fic. 6. Space-charge polarization as seen by short-circuit currents in rutile || and 1 to axis at (a) room temperature, (b) —186°C. 
trode. They have the typical pattern of positive 
Lichtenberg figures’ (Fig. 8) and are drawn black into 
the crystal surface by reduction of the TiOs. 

The difference in final currents for various electrode 
materials at room temperature proved only noticeable 


at lower voltages and not startling. The exception was 
Ti, which produced currents increased by about one 
order of magnitude (Fig. 9). A comparison between 
gold and titanium electrodes in various combinations 
(Table I) shows that the influence arises only when Ti 
is the cathode, in keeping with the field-emission 
concept. 
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Fic. 7. Final currents at — 186°C for crystals of 
Sa, 0.27- and 0.49-mm thicknesses. 
5F. H. Merrill and A. von Hippel, J. Appl. Phys. 10, 873 re, . 5 
(1939). Fic. 8. Surface-discharge pattern at 240 kv/cm. 
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response and the optical] absorption shift to longer 


wavelengths as temperature increases, has been studied 
in some detail by Cronemeyer. 

Measurements as function of light intensity with 
applied voltage as parameter show interesting compli- 
cations introduced by field emission (Fig. 10). At 2 
volts the photocurrent increases about proportionally 
to light intensity, as expected for normal photo- 
conductors. At 6 and 8 volts, the dark current is still 
undetectable but the light current shows a rapid rise 
near the full intensity level. This sudden increase 
becomes still more pronounced at 10 volts (dark current 
7X 10-" amp), where a change from half to full intensity 
increases the photoe urrent about sevenfold. With 
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higher voltage the dark-current level moves up and the 
light influence begins to diminish, until at about 300 
volts no photoeffect can be discerned with our present 
equipment. 

As the preceding dark-current measurements suggest, 


the large nonlinear photosensitivity seems connected 


with the onset of field emission. In the critical transition 
region, light absorption may raise the current and thus 
change the field distribution sufficiently to push the 
crystal reversibly into the field-emitting state. 
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A Heitler-London treatment is applied to the transfer mechanism which has been traditionally associated 
with the fundamental absorption of alkali halide crystals. In particular, detailed calculations are made for 
NaCl using the free atom Na 3s Hartree-Fock solution for the one-electron transfer function and the free 
ion Hartree-Fock solutions for the remaining one-electron functions. The energy and oscillator strength 
so determined are irreconcilable with experiment showing that the free atom Na 3s function cannot be used 
in conjunction with the transfer model if the model is to yield sensible results. In a very semiquantitative 
way it is shown that an electron-hole overlap integral of about 0.1 coupled with Overhauser’s exciton model 
leads to a doublet structure which is in agreement with experimental results for many of the chlorides, 
bromides, and iodides. These findings do not distinguish the transfer model from the “‘excitation model.” 


I. INTRODUCTION 


HEORETICAL studies of the fundamental ab- 

sorption of alkali halide crystals have been based 
on two different models. The ‘‘electron transfer model” 
presupposes the primary absorption process to be the 
transfer of an outer shell electron from a lattice anion 
to a nearest neighbor cation, leaving the halogen atom 
in the ground-state configuration. Using this model, 
Klemm! and von Hippel,’ within the limits of a classical 
approach, were able to obtain satisfactory agreement 
with the observed position of the absorption peak in 
most of the alkali halide crystals. The transfer model 
has been extended by Overhauser* in a group theoretic 
treatment of the multiplet structure of exciton absorp- 
tion lines. Dexter, in his calculations of the absorption 
cross section associated with exciton creation in NaCl, 
assumed localization of the excited electron in a 4s 
state on the same chlorine site as the hole, and has 
referred to this as the “excitation model.”® Muto and 
Okuno® have studied this model in great detail for KCI 
and more recently it has been studied for the remaining 
alkali chlorides.? Both models are subject to criticism. 
For example, in the work of Klemm and von Hippel 
questionable assumptions are made concerning the 
polarizability of the alkali and halogen ions and atoms. 
The work of Muto and Okuno is essentially an applica- 
tion of the Wannier theorem in which the dielectric 
constant and effective mass near the bottom of the con- 
duction band play the role of parameters. Judicious 
choice of these parameters yields results in accord with 
experiment. However, the choice of parameters implies 
an electron-hole separation of about 2.5 Bohr radii 
which is by no means large relative to a lattice con- 


* Based on a thesis submitted to Cornell University in partial 
fulfillment of the requirements for the Ph.D. degree (unpublished) 
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stant, so that validity of the Wannier theorem is ques- 
tionable in this instance. 

On the basis of the excitation model, Muto et al.’ 
have predicted a multiplicity exceeding the doublet 
structure. In their analysis, the Wannier functions 
describing the hole belong to the irreducible repre- 
sentation I,’ (here the notation of reference 3 is used), 
while the excited one electron function is a basis for I. 
rhe singlet spin function of the electron and hole be- 
longs to Ty, while the triplet spin functions belong to Ty. 
The product representations are, therefore, 


ry’ XMixrialy, 
ly’ XM X= +P +l +l. 


Since the perturbation operator for an optical dipole 
transition belongs to I'y’, we see that the excitation 
model (as applied by Muto, Oyama, and Okuno) will 
not yield a multiplicity exceeding the doublet structure. 

No treatment to date based on either model has taken 
into account exchange energy associated with the over- 
lapping of the excited electron with its neighboring 
electrons. In Sec. Il, the electron transfer model is 
treated in the spirit of a Heitler-London approximation. 
The calculations are applied to NaCl using the free 
atom Na 3s Hartree-Fock® solution for the one electron 
transfer function and the free ion Hartree-Fock® solu- 
tions for the remaining one-electron functions. Correla- 
tion effects, other than exchange, are taken into ac- 
count by a classical treatment in which the dielectric 
constant (x) of the material appears as a parameter. 
In the absence of overlap and exchange effects, and 
choosing « equal to its high-frequency value for NaCl, a 
value of 7.8 ev is obtained for the excitation energy. 
Agreement with the room-temperature value of 7.7 ev 
is fortuitous, however, since inclusion of overlap and 
exchange effects of the excited electron with its nearest 
neighbor Cl- 3p and 3s electrons yields an excitation 
energy about 8 ev too high. These results indicate that 

§D. R. Hartree and W. 
A193, 299 (1948). 


9D. R. Hartree and W. 
A156, 45 (1936). 


Hartree, Proc. Roy. Soc. (London) 


Hartree, Proc. Roy. Soc. (London) 
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if the transfer mechanism is to yield sensible results, 
the transfer function must be either more localized than 
the free atom Na 3s function or have an oscillating tail 
which tends to reduce the overlap and exchange effects. 

These results leave open for criticism the conse- 
quences of Overhauser’s’ analysis; namely, that the 
fundamental band of an fcc crystal should consist of a 
multiplet of five lines, while that of a bec crystal should 
consist of six lines. However, in his development it is 
necessary only that the excited one-electron wave 
functions located about the hole transform into each 
other under the symmetry operations of the cubic 
group. This leaves considerable freedom for the selec- 
tion of the one-electron transfer function. Proceeding, 
therefore, on the premise that transfer is the primary 
mechanism involved in the absorption process, the model 
has been investigated in the following approximations. 

In Sec. III, the problem of total oscillator strength 
associated with the five exciton lines predicted for an 
fcc crystal is discussed. Using the free atom Na 3s 
function for the transfer function and including its 
overlap with the nearest neighbor Cl- 3p and 3s func- 
tions as well as overlap between nearest and next 
nearest neighbor Na 3s functions, an oscillator strength 
of 5.2 is computed for NaCl. In view of the preceding 
results, the disparity between this value and the experi- 
mental value of about 1'°:"" is not surprising. 

In Sec. IV, a semiquantitative study of chloride, 
bromide, and jodide structure is made by neglecting all 
overlap and exchange effects except those associated 
with the excited electron and its nearest neighbor outer 
p shells. The overlap, a, between the transfer function 
and its nearest neighbor outer shell functions is treated 
as a parameter in the sense that all Coulomb and ex- 
change interactions involving overlaps of the transfer 
function with neighboring p electrons are assumed pro- 
portional to a; the proportionality constant being deter- 
mined from the results obtained using the free atom 
Na 3s function and the chlorine ion 3p functions. Ex- 
perimental values for the spin-orbit splitting of the 
ground-state configuration of the halogen atoms are 
used in conjunction with the spin-orbit term of the 
Hamiltonian. The polarization correction is assumed to 
be a multiple of the unit matrix, and therefore does not 
contribute to structure. Within the limits of these 
approximations and choosing a= 0.1, agreement is found 
for the doublet structure observed in the chlorides, 
bromides, and iodides. For NaCl this choice of a yields 
an oscillator strength of 0.8. 


II. ELEMENTARY TRANSFER PROCESS 


Consider a localized excitation in cell L of a NaCl 
crystal having .V unit cells. The excited electron can be 
localized on any one ol the six nearest neighbor Nat 

0 P. L. Hartman, J. R. Nelson, and J. G. Siegfried, Phys. Rev. 


105, 123 (1957) 
"J. Hopfield, thesis, Cornell University, 1958 (unpublished). 


ions and may have either (+) or (—) spin. These will 
be represented by x,+*, €,*, yx*, 7,*, 2.*, Z,* where 
the barred and unbarred quantities are on opposite 
sides of the Cl- ion, the superscripts denote spin, and 
the subscript Z denotes unit cell location of the hole. 
The one-electron functions appearing in the ground- 
state wave function of the crystal will be designated by 
v. The Cl 3p functions (taken to be polarized along 

the cubic axes) at cell LZ will be denoted by %,+*, ¥z+, 21 

The Cl 3s functions at cell LZ will be denoted by +. 
Suppose that the electron occupying the ¥,* state is 
excited to an x,* state. The crystal wave function corre- 
sponding to this excitation will be written as 
= B’x,+(1)Yz-(2), (2.1) 

where 
B’= A/(28N!)}, (2. 


Vr (2) = Fx (2) * (3) 1 (4)F2* (5) 
<F2-(6) I] D(s,)]. 


vr*3PL 


‘ 
In the above, []»3Pz, »(r,) represents the product of 
one-electron functions excluding the Cl- 39 shell at cell 
L, and A is the antisymmetrization operator. The wave 
function ® is now regarded as an approximate eigen- 
function of the Hamiltonian 


H=D H+} YD Hat Hye, 


i,kxi t 


(2.4) 


where 
p2 Zea e 
Hj=—-@D—; Ha=—; 
2m G Tig Vik 


H#=¢(i)L,-S,. 


Kinetic, Coulomb, and spin-orbit energies are repre- 
sented by (2.4). Ionic motion is neglected. Before writ- 
ing out explicitly the inner product (®|H/®), it is 
convenient to use the Schmidt orthogonalization pro- 
cedure and replace the excited electron wave function by 

Pyt=y1+—L, (yi*| »)y, (2.5) 
where 


YL*=xz*, f1-, VL> 


Thus, (2.5) stands for 

X 1+ =x, —->, (£r> 
In our approximation, the sum in (2.5) is over those 
Cl- 3p and Cl- 3s wave functions which are centered 


about the six ions neighboring the neutralized alkali. 
We define 


v)v, etc. 


a= (*%,~*| Xz.) (2.6) 


B= (x1*| 5,3 (2.7) 


Direct calculation gives a=0.219 and B=0.232. Since 
the remaining overlaps are on the order of 0.05 or less, 
it is felt that by including the @ and 8 overlaps we have 
considered (as far as exchange effects are concerned) 


v2 
0 


2 
3 
5 
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the important contributions. It is to be noted that 
p= B'x1*Yi-= BX YL, (2.8) 
because of the exclusion principle. It is now a straight- 
forward procedure to show that the energy associated 
with the wave function (®) minus the ground-state 
energy is 
E=—M(¥; 9)+(1/p) 
X[M(X; X)—C(X; X)4+1(X;X)], (2.9) 
where 
p=1—6(a?+8?), 
M (n; 9’) =>, ((n*v| Hy2| 9'+v)—(n*v| A y2| vn'*)) 
+(n*| Hi|n'*), 


C(n3 0') = (n*5*| Aire | 9'+5*) = (n* Fa | Ai2| 0'+9*), (2.12) 


(2.10) 


(2.11) 


I(n; 0’) =(n*9*| Ai: 
(ab Hs\ed)= fff a*(1)0*(2)Hze(t)dQ)dradrs, (2.14) 


Where the asterisk denotes the complex conjugate 
transpose and the integrals imply integration over 
spatial coordinates and summation over spins. The 
terms in (2.9) are easily identified. Minus M(¥; 9) is 
the energy required to remove a Cl 3p electron from 
the crystal to infinity. The quantity (1/p)[M(X; X) 
—C(X;X)] apart from the contributions of overlap 
effects, represents the energy release associated with 
taking the infinitely removed electron and placing it in 
a 3s state on a Nat site which has had one of its nearest 
neighbors neutralized. The term (1/p)J(X;X) is re- 
lated to the electron-hole exchange energy. 
In the absence of overlap and exchange, evaluation 

of (2.9) gives 

E=104 ev. (2.15) 
Evaluation with overlap and exchange included gives 

E=23.2 ev. (2.16) 


The disparity between (2.15) and (2.16) has its origin 
in the following term which occurs in the expansion of 
(1/p)M(X; X). 


(1/p){ —126[(x*| H1(3) | 3+) 
+3, ((atv| Ais] Sv) — (atv | Aie| x3*))] 
+ 68°C (3+ | Hi(3)| 3+) +E,’ ((5+0| Aie| Sv) 
— (5+v| Hy2| v3*)) |} — (66°/p)(5*| A? | 5+) 


=164ev. (2.17) 


H* is the Hartree-Fock operator for the Cl- ion about 
which the function 5 is centered. The prime on the 
summation over vy signifies that the sum is to include 
only those functions centered about the same site as § 
and H,(5) implies the one-electron operator associated 
with the nucleus G about which the function $ is lo- 
cated. The term (2.17) may be regarded as the inter- 
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action between an exchange hole and the Cl- ion; 
proximity of the hole to the Cl- nucleus giving rise to 
an overwhelming repulsive energy. 

To illustrate that the inordinately large energy given 
in (2.16) is not peculiar to the elementary transfer func- 
tion &, we list the corresponding energies for the other 
elementary transfer functions which would be expected 
to yield energies different from ®. 


B’x1*+Yz*-++23.2 ev, 
B’xy*+Xp-- + -21.4 ev, 
B’xy*+%y +--+ +20.4 ev. 


It is clear that the large energy represented by (2.16) 
is not peculiar to . The degeneracy between B’x,+Y,- 
and B’x,;*+V,* is accidental. 

Calling (w.,V.) and (w,,V,) the charge density and 
vacuum potential associated with the electron and hole, 
respectively, the polarization energy released during 
the transfer process is estimated as follows: The elec- 
tron-hole pair is assumed to be initially in a vacuum 
infinitely removed from the NaCl crystal which is 
treated as a large homogeneous isotropic dielectric 
(dielectric constant x). If the electron-hole pair is now 
introduced into the dielectric, the resultant decrease in 
electrostatic energy (i.e., Coulomb interaction plus 
self-energies) is just the polarization correction which 
must be applied to (2.15) and (2.16) to account for the 
polarization energy released by the lattice during the 
absorption process. This polarization correction is 


1/1 
P= (—-1) f oVetonit 2a Vidar (2.18) 
2\k 


In the absence of overlap and exchange and choosing 
xk=2.25 (the high-frequency value for NaCl), the po- 
larization correction becomes P= —2.6 ev. Combining 
this with (2.15) gives an excitation energy of 7.8 ev. 

When overlap and exchange are included, the calcula- 
tion of (2.18) becomes much more difficult because the 
normalized orbital of the excited electron has the 
complex form 


7 6 @ 3 6 6 6 
=—(x?— 2a +g xO + 2a > x8; +a x 62—28 > xs; 
p p cre i=4 i=l i=l 
6 3 6 
+f? > 5°+2a8 i 5,0;—2a8 pa 5,0;), 


i=l i=l i=4 


(2.19) 


where 6; represents either %;, ¥;, or 2; and the indices 
i=1 to 6 label the six sites neighboring the site about 
which the Na 3s function is centered (i=1, 2, 3 are 
taken to be the sites for which (x|@;)=a and 1=4, 5, 6 
those sites for which (x|@;)=—a). We shall make the 
simplifying assumption that (2.19) represents six equal 
charges each having the value — (a?+?)/p, in units of 
the electron charge, symmetrically spaced about the 
charge 1/p. To estimate the self-energy associated with 
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is further assumed 
that the charge is distributed uniformly throughout a 
Finally, interactions between the 
1 to 6 as well as the inter- 
action between these charges and the charge 1/p are 
approximated by replacing the distributions by point 
charges. The polarization correction then assumes 
the form 


each of the charges — (a?+8?)/p, it 


sphere of radius r,. 
charges centered about 7 


P=(10.2+6.7/1 c— 1), (2.20) 


where P is in electron volts and r, is to be expressed in 
choice which gives maxi- 
. value of r,~1.3 Bohr 
into agreement with 
self-energies of the individual 
charge distributions contributing to the charge situated 
1 to 6 have been determined 
determined by assum- 


Bohr radii. Choosing x m0. a 
mum correction, it is found t] 
radii is necessary to bring (2.16 
experiment. Now the 
about each of the sites 7 
along with their radii r (i.e., ras 
ing the charge is uniformly distributed throughout a 
sphere). These radii are listed below: 


Charge density r (Bohr radii) 
(1/p) 2.49 
(1/p)¢? 2.16 
| 2.61 
1 3.06 


These calculations indicate that the charge distribu- 
tions contributing to the charge situated about each 
of the sites i=1 to 6 are not sufficiently localized to 
make the value of ro~1.3 seem reasonable. Moreover, if 
a more palatable choice of x were used, such as x= 2.25, 
a totally unreasonable value of r,~0.4 is necessary to 
bring (2.16) into agreement with experiment. A reason- 
able value of r, would appear to be ~2.5. Using this 
figure and taking x= 2.25 gives an excitation energy of 
16 ev. It must be concluded, therefore, that the simple 
electron transfer model in which the excited electron 
function is taken to be the free atom Na 3s function 
leads to results which are irreconcilable with experi- 
ment. This conclusion is corroborated by the oscillator 
strength calculation given in the following section. 


III. OSCILLATOR STRENGTHS 


Defining B=A/| (28.V! to be 


the normalizing constants, 


and p, (n=1-—5) 


iy 
the five exciton functions VY, 


formulated by Overhauser? may be written as follows: 


VY; 2, (su*4 1) 


> 
LS) 


PAP?PERT 


Vv 5 


where 


A quantitative study of structure requires finding 
those linear combinations of (3.1) through (3.5) which 
diagonalize H. However, the total oscillator strength 
associated with the five exciton lines can be computed 
without knowledge of the eigenstates. The total os« il- 
lator strength associated with the five exciton states is 


(3.12) 


WV | 2 


Here, Vo is the ground-state wave function of the 
crystal, >>, @,*¥, is the eigenfunction of H correspond- 
ing to the eigenvalue £*, and E’ is the energy difference 
between the energy E* and the ground-state energy. 
The energy E° is taken to be 7.7 ev for each of the 
exciton lines. In addition to the a and 8 
overlaps, we shall also include in the calculation the 
overlaps 


including 


(3.13) 


Direct calculation gives 6=0.359 and y=0.144. Using 
(3.1) through (3.5) it can be shown that for the overlaps 
considered 


M, 


N} 


Wi) rl [40:+802 ju, 14) 


19) 


the y 


In the above, u is a unit vector in direction. 
Using (3.14), (3.15), and (3.16), it is a simple matter to 
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reduce (3.12) to the form 


: (3.20) 
N 3h 


f 8mET(Qi+2Q2)? 2(Qi1—Q2)* 
pi pe 
Direct evaluation gives 
pf; = 1.52, 
O:=+0.604, 


= 0.025, 
QO» = +0.334. 


(3.21) 
(3.22) 


Inserting these values in (3.20), we obtain the value 
5.2 for the total oscillator strength per unit cell. This is 
in gross disagreement with the experimental value of 
™~1. 

Taking the transfer function equal to the free atom 
Na 3s function and including the 5, y overlaps, Dexter® 
has calculated the total oscillator strength associated 
with the exciton lines to be 1.585. The discrepancy be- 
tween this value and the present value of 5.2 is due in 
part to the effect of the a, 8 overlaps on the normaliza- 
tion constants p; and p2 and in part to the effect of the 
8 overlap on the matrix elements Q; and Q». While 
Dexter’s value for the total oscillator strength leaves 
open to question the applicability of the free atom Na 3s 
function as the transfer function, the present value 
demonstrates quite conclusively its inadequacy. 


IV. STRUCTURE 


We now find the linear combinations of (3.1) through 
(3.5) which diagonalize the Hamiltonian given in (2.4). 
Such combinations will be an improvement on the 
simple electron transfer functions investigated in Sec. II 
because they incorporate the symmetry demands of the 
lattice and satisfy as well the requirements for an 
optical dipole transition from the crystal ground state. 
However, they will at best still be approximate solu- 
tions, since a one-electron approximation is made. We 
write 


H as 4,°¥,.=E" >). a,>V ». (4.1) 


Taking the inner product of (4.1) with ¥,, yields 


Lin (Amn— E*pmn)an*=0, (4.2) 


where H,,, are the matrix elements of H in the space 
defined by the functions (3.1) through (3.5). This is a 
secular equation of order five which will yield five eigen- 
values and five associated eigenvectors. Writing 


> Hu, 


iki 


(4.3) 


H’=> H;+} 


the matrix elements of H’ are most easily derived by 
replacing x by X, y by Y, etc. (where X, Y, etc., are 
defined in 2.5), in (3.6) through (3.11). This substitu- 
tion does not alter the wave functions (3.1) through 
(3.5) because of the exclusion principle and because it 
is only the combinations (x+Z), (y+g), and (s+2) 
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which occur. The matrix elements H,,,,' are listed below. 
Hy'=G—M (9; 9) + (1/p:) [3M (X+-X; X+-X) 
+4M(X; ¥)—410(X+X; X+X) 
—ic(V+Y;V¥+Y)—(8/3)C(X; Y)—4C(X; Z) 
+27(X+X;xX+¥)+21(¥+Y;¥+YP) 
+ (16/3)I(X ; VY)+(8/3)1(X ; Z)+4Dy], 
Hoo! =G—M (9; 9)+ (1/p2) [3M (X+X ; X+X) 
—2M(X; Y)—3C(X+X;X+X) 
—4C(Y+Y; ¥+ Y)+(8/3)C(X; Y)—3C(X; Z) 
+37(X+X;X+¥%)4+21(¥+Y; ¥+P) 
— (16/3)I(X ; ¥)+41(X; Z)+3D, 
—32D;+4D,], 
H33'=G—M (9; 9) + (1/p:)[3M (X+X ; X+-X) 
+4M(X; VY)—4C(X+X; X+X) 
—1c(V+Y; Y¥+ Y)—(8/3)C(X; Y) 
—4C(X; Z)], 
Hy! =G—M (9; 9)+(1/p2) [3M (X+X; X+X) 
—2M(X; Y)—3C(X+X; X+X) 
—4C(Y+Y; V¥+Y¥)+(8/3)C(X; Y) 
—3C(X;Z)], 
Hss'=G—M (9; ¥)+(1/p2)[3M (X+X ; X+-X) 
—2M(X; VY)—3C(X+X; X+X) 
+2C(X ; Z)], 
Hye! = Hy! =[1/ (pips)! 3C (X +X 5 X+-¥) 
—41C(¥Y+Y; ¥+Y)—4$C(X; V)+4C(X; Z) 
—27(X+X;X+X)+21(¥+Y; Y+ Pf) 
+ (8/3)I(X ; Y)—(8/3)1(X; Z)4+2D, 
3D3—4$D,], 
Hq! = H43'=[1/ (2prp2)* [4C (X+-X 5 X+-X) 
—3C(V+Y;V¥+Y)—4cC(X; Y) 
+C(X;Z)]. 


(4.4) 


(4.5) 


(4.8) 


(4.9) 


(4.10) 
In the above, G is the ground-state energy of the crystal, 
M (n,n’), C(n,n’), and I(n,n’) are given in (2.11), (2.12), 
and (2.13), respectively; p: and p2 are given in (3.19). 
Also 


Dy= > exp(iK-L)((Xo+Xot Vot YotZot-Zo) Fz 
L+0O 


X | Ai2| Fo(Xt+Xi+Vi+¥Pi4+Z14+Z1)) (4.11) 
D.= > exp | iK- L)<( Yot Vo) 


L+0 


X | Mi2| Fo(V¥r+¥1)), 
D;= > exp(iK-L)((Yo+ Vo) Fz 


LO 


(4.12) 


X | Ais| Fo(Xt4+X1+2Z14+Z,)), 
Dy= 2. exp(iK- L)((Xo+X0+Z04+Zo) Fx 


L+0 


X | Mie| Fo(Xt+X1+Z1.4+Z1)). 
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The terms (4.11) through (4.14) occur because the wave 
functions are excitons. Here it is necessary to retain 
the phase factor exp(iK-L) (K equal the photon wave 
number) since these terms represent dipole-dipole inter- 
actions which in the absence of a phase factor would be 
volume dependent. We have used the results of Heller 
and Marcus” to evaluate these dipole-dipole inter- 
actions and have assumed K to be normal to the dipole 
moment associated with the charge overlaps which 
occur in the terms D,, Ds, Ds, and D, (i.e., transverse 
excitons have been assumed). 

The matrix [mn] is readily shown to be equal to the 
unit matrix. Finally, the spin-orbit matrix given below 
has been derived by Overhauser.® 


[(Vm| >> Ai |¥,)] 


Here X is the spin-orbit splitting parameter of the 
ground-state configuration of the halogen atom. These 
results for the matrix elements H,,,, as well as the re- 
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Fic. 1. Relative intensity, Rm, of the alkali chloride exciton 


lines and their energy separations, «”", plotted for values of the 
overlap integral, a, equal to 0.05 and 0.10. 


2 W.R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951). 
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sult of the unit matrix property of [mn] could be used 
in a calculation which included the four major overlaps 
(a, 8, y, and 6) and their associated exchange effects. 
However, it is clear from the results of Secs. {I and III 
that such a calculation would yield absurd results if 
the free atom Na 3s function were used for the transfer 
function. We will investigate the structure assuming 
that it is only the overlap of the excited electron with 
its nearest neighbor outer p shells which is important. 
We shal! also assume that the “jump” frequency of the 
excited electron about the hole is of the same order of 
magnitude as the frequencies of the atomic electrons so 
that they will be able to follow the motion of the 
excited electron. We also assume that the exciton 
propagates so rapidly that the ions cannot follow the 
disturbance. The polarization correction then becomes a 
multiple of the unit matrix and does not contribute to 
structure. The overlap a between the excited electron 
function and its nearest neighbor outer shell  func- 
tions is treated as a parameter in the sense that all 
Coulomb and exchange interactions involving overlaps 
of the transfer function with neighboring p electrons 
are assumed proportional to a; the proportionality con- 
stant being determined from the calculations per- 
formed in establishing the results of Sec. II. Within the 
limits of these approximations the only dependence on 
lattice parameter (as far as exciton structure is con- 
cerned) enters into the matrix elements H’ through the 
combination [C(Y ;, ¥)—C(X; X)] which can be shown 
to a good approximation to vary as 1/da,* (a being the 
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Fic. 2. Relative intensity, R,, of the alkali bromide exciton 
lines and their energy separations, e”, plotted for values of the 
overlap integral a, equal to 0.05 and 0.10 
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lattice constant). The difference [C(Y; Y)—C(X; X) ] 
for an average bromide and iodide can then be inferred 
from the results for the NaCl lattice (for which the 
difference equals 0.06 ev). Inserting the spin-orbit 
splitting parameter for Cl, Br, and I in (4.15), the 
secular equation (4.2) has been solved for a=0.05 and 
a=0.10. The results are shown in Figs. 1 through 3. 
The ordinate R,,, a measure of line intensity, is defined 
as follows: From (3.14), (3.15), and (3.16) and recalling 
that in the present case p1= 2, the square of the dipole 
matrix element connecting the Ath eigenstate and the 
ground state is readily found to equal 


M*|?= (4N/3p1)| (Qi +2Q2)ay* 
+ (2)!(Qi—Qz2)a2*|*. 


In the present case Q, and Q2 are calculated from (3.17) 
and (3.18) to be 


(4.16) 


(4.17) 
(4.18) 


Q1= (y| r-u| 9) =0.832, 
Q2= (x| r-u| ¥)=0.562. 
Inserting these values in (4.16) gives 


| M>|?= (4N/3p1)| 1.96a,°+-0.382a2*|2. (4.19) 


We have taken the quantity R,,= | 1.96a;"+-0.382a."|* 
as a reasonable measure of relative intensity and this is 
plotted as the ordinate in Figs. 1 through 3. 

For a=0.05, Fig. 1 shows two intense lines separated 
by 0.09 ev, the higher energy line being the more in- 
tense. The case a=0.10 shows the two lines separated 
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Fic. 3. Relative intensity, Rm, of the alkali iodide exciton lines 
and their energy separations, e”, plotted for values of the overlap 
integral, a, equal to 0.05 and 0.10. 
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Fic. 4. Hartman’s Nelson’s, and Siegfried’s low-temperature 
reflectivity measurements for NaCl and KCl. 


by 0.16 ev and the ratio of intensity of the higher 
energy line to the lower to be 8:1. In both cases there 
are less intense higher energy lines. The feature of two 
relatively intense lines separated by the spin-orbit 
splitting of Cl agrees with the results of Hartman et al.," 
shown in Fig. 4. The doublet separation as determined 
from their curves is 0.14 ev. Choosing a=0.10, placing 
pi=p2= 1—S5a’ in equation (3.20) and assuming Q; and 
Q2 to be proportional to a [the proportionality con- 
stant being determined from (4.17) and (4.18) ] gives 
a total oscillator strength of 0.8 for NaCl which is in 
reasonable agreement with Hopfield’s" analysis of 
Hartman’s experimental results. 

For a=0.10 the bromide structure shown in Fig. 2 
consists of two relatively intense lines separated by the 
spin-orbit splitting of Br which agrees with the room- 
temperature measurements of Hilsch and Pohl." 

The results shown in Fig. 3 may be compared with 
Martienssen’s“ experimental absorption curves for the 
iodides shown in Fig. 5. Both cases (a=0.05 and a 
=0.10) agree reasonably well with Martienssen’s re- 
sults for NaI and KI. However, splitting of the high- 
energy component in RbI is not explained. Goodman 
and Oen,'® without giving details, have reported calcu- 
lations of the structure for NaI and CsI to be expected 
on the basis of Overhauser’s model. For the fcc crystal 
they have given a doublet structure similar to that 
shown in Fig. 3. 
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Fic. 5. Martienssen’s transmission measurements for the iodides. 


SR. Hilsch and R. W. Pohl, Z. Physik 59, 812 (1930). 
‘4 W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957). 
© B. Goodman and O. S. Oen, J. Phys. Chem. 8, 291 (1959). 
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The rather general feature of two relatively intense 
lines indicated by our results may be explained on the 
basis of Eq. (4.19). This shows that the pure “‘s” state, 
¥1, will have a dipole matrix element squared which is 
about 25 times that for the pure “d” state, yz. When 
the Coulomb and exchange matrix elements which con- 
tribute to structure are small relative to the spin- 
orbit matrix elements, the direct coupling between y 
and 3 by virtue of the spin-orbit matrix gives rise to a 
doublet structure separated in energy by an amount 
comparable to the spin-orbit coupling of the halogen 
ion. If, on the other hand, the Coulomb and exchange 
matrix elements which contribute to structure are large 
relative to the spin-orbit matrix elements only one 
intense line would be expected on the basis of Eq. 
(4.19). This, for example, is what is found for the 
chlorides if a is taken equal to 0.219. 


Vv. CONCLUSIONS 


The energy of the near ultraviolet absorption in NaCl 
as calculated on the basis of the elementary transfer 
model using the Hartree-Fock free atom Na 3s function 
for the transfer function is irreconcilable with experi- 
ment. The total oscillator strength, as determined using 
the exciton functions formulated by Overhauser*® in 
conjunction with the undistorted Na 3s function for 
the transfer function is approximately five times the 
experimental result.”-” It must be concluded, therefore, 
that the undistorted free atom Na 3s function cannot 
be used for the one electron transfer function if the 
transfer model is to yield sensible results. 

In a very semiquantitative way we have shown that 
an electron-hole overlap integral of about 0.1 yields 
agreement with the doublet structure observed in 
many of the chlorides, bromides, and iodides and a 
total oscillator strength in NaCl of about 0.8 which is 
in reasonable agreement with the experimental value 
of approximately one." It is apparent that these con- 
siderations do not distinguish the transfer model from 
the “excitation model.”’ ‘ 

In view of the semiquantitative nature of Secs. IV 
and V, it is clear that reliable results can be obtained 
only if the transfer function is determined in a rigorously 


consistent way. This is a very complicated correlation 
problem, complicated not only by electronic polariza- 
tion but also by lattice polarization in a way similar 
to the polaron problem.'* When considering the problem 
of line intensity, this requirement on the accuracy of 
the transfer function becomes even more demanding 
since oscillator strengths depend more sensitively on 
the wave function than energy. Work has been reported 
on a quantum mechanical calculation of the exciton 
peak in NaCl using the elementary transfer model." 
However, numerical details of the one electron transfer 
function incorporated in the calculation have not, to 
the author’s knowledge, been published. 

In carrying out the calculations of the foregoing 
sections, extensive use has been made of the techniques 
developed by Léwdin."* 
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Note added in proof. Since the completion of this work 
two particularly relevant papers have appeared: 


(i) R. S. Knox and M. Inchauspé” discuss similar 
aspects of the “excitation” and 
models. 

(ii) Eby, Teegarden, and Dutton” give measured 
absorption spectra of the alkali halides, with the ex- 
ception of LiF, at room temperature and 80°K in the 
region from 1100 A to 2500 A. 


“charge transfer” 


16H. Haken, Z. Physik 147, 323 (1957 
177. M. Dykman and A. A. Tsertsvadze, J. 


Exptl. Theoret. 
Phys. (U.S.S.R.) 34, 1319 [translation: Soviet Phys.- 
JETP 34(7), 910 (1958) ]. 

18 Per-Olov Léwdin, Some Properties of Ionic Crystals 
and Boktryckeri AB, Uppsala, 1948) 

19 R. S. Knox and M. Inchauspé, Phys. Rev. 116, 1093 
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Surface Elastic Waves in Cubic Crystals* 
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A theoretical investigation of surface elastic waves in cubic crystals has been carried out using a theory 
developed by Stoneley. The range of elastic constants for which Rayleigh type surface waves exist on a (100) 
free surface has been determined. For other allowed values of the elastic constants generalized Rayleigh 
waves exist which are characterized by complex attenuation constants. In either case waves may not be 
propagated in certain directions parallel to the surface depending on the values of the elastic constants. A 
lattice dynamical theory of surface waves has been developed for a monatomic simple cubic lattice with 
nearest and next nearest neighbor central forces and angle-bending forces involving successive nearest 
neighbors. The surface waves exhibit dispersion when the wavelength is comparable to the lattice spacing. 
In the case of Rayleigh waves a critical wavelength exists, in general, such that for shorter wavelengths the 
atomic displacements show a reversal in phase between successive layers parallel to the surface. 


I. INTRODUCTION 


HE existence and properties of elastic waves on 
the surface of a solid have been the subject of 
investigation since the time of Lord Rayleigh.' Seismol- 
ogists such as Stoneley’ and Press and Ewing? have been 
interested in the possible interpretation of seismic waves 
in terms of various types of surface waves in either a 
semi-infinite solid or a material made up of many layers. 
In engineering applications of crystal plates* such as to 
frequency control, surface waves have been considered 
as limiting cases of extensional or flexural modes at high 
frequencies. The properties of many semiconductor de- 
vices are strongly influenced by surface characteristics, 
e.g., the mobilities of electrons and holes in surface 
layers. An understanding of surface waves and their 
interaction with current carriers may contribute to our 
knowledge of these mobilities. Finally, the physical 
properties of very small crystal particles may be in part 
determined by surface modes of vibration. For example, 
specific heats and optical absorption coefficients of very 
finely powdered crystals may exhibit effects due to 
surface waves. 

The first investigation of surface waves was carried 
out by Lord Rayleigh' who discussed the case of waves 
at the surface of a semi-infinite isotropic medium. These 
waves are characterized by an exponential decrease of 
displacement amplitude with increasing distance from 
the surface and as customary will be referred to as 


* A preliminary account of this work was presented at the 
New York meeting of the American Physical Society, January 
27-31, 1960 [Bull. Am. Phys. Soc. 5, 40 (1960). 

+ Consultant to the Research Laboratories, General Motors 
Corporation. 

! Lord Rayleigh, Proc. London Math. Soc. 17, 4 (1887). 

2R. Stoneley, Monthly Notices Roy. Astron. Soc. Geophys. 
Suppl. 5, 343 (1949). 

*F. Press and M. Ewing, Trans. Am. Geophys. Union 32, 677 
(1951). 

4H. Deresiewicz and R. D. 
(1957). 


Mindlin, J. Appl. Phys. 28, 669 


Rayleigh surface waves. For straight-crested Rayleigh 
waves in an isotropic medium the displacement of a 
point executes an ellipse in the sagittal plane, i.e., the 
plane normal to both the bounding surface and the 
wave front. Another type of “surface” wave, which has 
been treated by Love,°® involves transverse shear de- 
formation and occurs in an isotropic slab of infinite 
length and breadth resting on a different semi-infinite 
isotropic medium. 

The existence of surface elastic waves in anisotropic 
media has been investigated by Stoneley® who considered 
the special case of cubic symmetry. Other work on sur- 
face waves in anisotropic media includes that of Gold? 
on cubic crystals, that of Deresiewicz and Mindlin‘ on 
monoclinic crystals, and that of Synge.* 

Stoneley showed that in cubic crystals Rayleigh-type 
surface waves exist for certain values of the three elastic 
constants ¢11, C12, and ¢44 but not for others. In the latter 
cases a real phase velocity is associated with attenuation 
constants which are complex rather than real. This im- 
plies that the displacements contain components which 
vary with distance from the free surface as the product 
of a trigonometric function and an exponentially decay- 
ing function. Surface waves of this type will be referred 
to as generalized Rayleigh waves. Synge® has recently 
given a formal treatment of the various types of surface 
waves which may occur in anisotropic media. Synge 
found that surface waves may not propagate in certain 
directions for particular values of the elastic constants. 

Another approach to vibration problems in crystals 
is provided by considering the material as a lattice of 
interacting discrete particles rather than a continuum. 
Theories of surface modes of vibrations in crystals have 


SA. E. H. Love, Some Problems of Geodynamics (Cambridge 
University Press, London, 1911), Chap. XI, p. 160. 

®R. Stoneley, Proc. Roy. Soc. (London) A232, 447 (1955). 

7L. Gold, Phys. Rev. 104, 1532 (1956). 

8 J. L. Synge, J. Math. and Phys. 35, 323 (1957). 
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been discussed from the discrete atomic point of view 
by Lifshitz and Rosenzweig* and by Wallis.”” Lifshitz 
and Rosenzweig employed a technique comparable to 
that used by Montroll and Potts" in their investigation 
of localized vibrational modes at point defects. The y 
found that two types of surface modes may exist in 
diatomic crystals, one analogous to Rayleigh waves and 
a second type derived from the optical branch and 
having no analog in continuum theory. This second type 
of surface mode was also found by Wallis. 

The work of Lifshitz and Rosenzweig’ is primarily 
formal, and it is not clear that their method is easily 
adapted to calculations based on realistic models. The 
work of Wallis” is based on very specialized models. 
For these models the surface modes disappear if the 
lattice becomes monatomic and are replaced by ordinary 
bulk modes. 

In the present paper we report the results of an in- 
vestigation of surface elastic waves in cubic crystals 
from both the continuum and discrete particle points of 
view. We employ methods which are sufficiently flexible 
so that detailed calculations can be carried out for 
realistic models. Using Stoneley’s® continuum treatment 
of cubic crystals we have studied the nature of the sur- 
face wave displacements, velocities and attenuation 
constants for various possible values of the elastic con- 
stants ¢11, C12, and c4s. The discrete particle method has 
been applied to the study of surface wave characteristics 
in the monatomic simple cubic lattice. Nearest and next 
nearest neighbor central forces and angle-bending forces 
involving successive nearest neighbors were assumed. 
For wavelengths long in comparison with the inter- 
atomic distance the discrete particle theory, as to be 
expec ted, yields results equivalent to those of the con- 
tinuum theory. When the wavelength becomes com- 
parable to the interatomic distance the particle theory 
leads to dispersion, whereas the cuntinuum results re- 
main nondispersive for all wavelengths, since the con- 
tinuum solutions can be scaled. 


II. CONTINUUM THEORY 
A. Frequency Equation 


Our treatment of the continuum theory of surface 
waves in cubic crystals is based on that of Stoneley. 
We present only those of his results which are needed 
in the subsequent discussion. 

Consider a semi-infinite continuum of cubic symmetry 
bounded by a principal plane z=0 which is free of 
traction. At any point x, y, z in the medium the dis- 
placement components u, v, w, are assumed to be of 
the form 


(u,v,w) = (U,V,W) expxlL—gz+i(lx+my—c)], (1) 


*I. M. Lifshitz and L. N. Rosenzweig, J. Exptl. Theoret. Phys 
18, 1012 (1948) 


WR. F. Wallis, Phys. Rev. 105, 540 (1957). 
1 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (195: 
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where c is the phase velocity, x the wavenumber, and 
the attenuation constant. Substituting Eq. (1) into the 
equations of motion [see Stoneley® Eq. (4) ] one obtains 
a set of linear homogeneous algebraic equations for the 


amplitudes U, V, W whose nontrivial solution requires 

that 

glt+m—p—¢_¢ 
Im(g2+1) 
1q(g2+1) 


where 


lm(g2+1) lq(g2+1) 
P+ gim?— p—q mq(g2+1) =0 (2) 


mq (go+1) P’+2:¢°—1 


£1>=C11/ C44, 


£2>=C12/ C44, 

p= pc C44, 
in which the c,; are the well-known elastic constants 
and p is the density. 

Equation (2) is a bicubic in g and p. Thus to a given 
velocity-ratio p correspond three values of the square of 
the attenuation constant g. The displacements w, 2, 
and w given by Eq. (1) decrease toward zero as 2 
increases provided that the constants g; are positive real 
numbers or complex numbers with positive real parts. 
This is possible if all three of g;? as given by Eq. (2) 
are either positive or complex. The amplitudes U;, V;, 
and iW, corresponding to any g; are given by 


where 
£;= (P+ gim?— p’— 97) (P+ 2197-1) — mq? (g24 
nj=lm(g2+1)[9;7(ge+1—2:) +1-— £7], 
£j)=19;(go+1)[m?(g2+1—¢:)-P+p'+ 97] 

Thus under the stated restrictions on g;, the general 
values of the displacements which satisfy the equations 


of motion and, in addition, tend to zero as z tends to 
infinity are given by 


(v,u,iw)= > (&;, 


7=1,2,3 


j,6))K; 


Xexpxl—gjz+i(lxt+my—ct)]. (6) 


The ratios of the K; are determined by use of the bound- 
ary conditions which are that the stresses on the bound- 
ary plane vanish. [See Stoneley® Eqs. (10). | 

Substituting Eqs. (6) into Stoneley’s Eqs. (10) one 
obtains a homogeneous linear system of equations with 
three unknown variables K;. A nontrivial solution is 
obtainable if 


D(p) =| fi; 
where 
frg=Ki5— G56), 
foj=m6j— Qin), 


fs; = lé; +mn; + (¢ 
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Equation (7) may be used for the determination of 
the velocity ratio p, for given elastic constants and 
direction of propagation, as follows. For an assumed 
value of p three values of g; are computed from Eq. (2) 
and the corresponding values of &;, n;, ¢; from Eqs. (5). 
These values are entered in Eq. (7) and the zero of D, 
considered as a function of p alone, is determined by a 
suitable approximation technique. In the present in- 
vestigation an “interval halving” technique was used 
which determines a root in a given range of the inde- 
pendent variable within a specified small relative error. 
When the velocity ratio p, satisfying Eq. (7) is deter- 
mined, the corresponding displacement components are 
derived according to Eqs. (6). The numerical computa- 
tions were performed on an IBM 704 electronic digital 
computer. 


B. General Remarks 


The characteristic Eq. (7) pertains to the general case 
of wave propagation along any arbitrary direction 
(/,m,0) on the plane z=0. There is no @ priori assurance 
that any root of this equation corresponds to a physi- 
cally acceptable surface wave. The nature of the attenu- 
ation constants g; which are involved in the formal solu- 
tion of the problem determines whether or not this 
solution actually describes a surface wave. If all the g; 
involved in the solution are positive real then the dis- 
placement components decay exponentially with z, a 
case defined in the introduction as that of Rayleigh- 
type waves. However, two of the three roots g;* of the 
bicubic Eq. (2) may be complex conjugate. The corre- 
sponding attenuation constants g; are also complex con- 
jugate and the displacements associated with these gq; 
may be expressed in terms of products of trigonometric 
and exponentially decaying functions of s (generalized 
Rayleigh-type). Finally, if one or more of the three roots 
g;* of the bicubic are negative, the corresponding q; are 
pure imaginary. The displacements associated with pure 
imaginary g; do not decay with z and hence no surface 
wave is possible in this case. 

As seen from the derivation of the general character- 
istic equation, for an arbitrary direction of propagation, 
all three waves associated with the three attenuation 
constants g; must, in general, be superimposed in order 
to satisfy the boundary conditions. Furthermore, the 
displacement components u and » are not necessarily 
proportional to 7 and m. As a result, the movement of 
every point in the continuum, as described by Eqs. (6), 
is along an ellipse which is, in general, inclined with 
respect to the sagittal plane. Exceptions discussed by 
Stoneley® are the case of isotropy and the two symmetric 
cases, (=1, m=0) and (I=m=1/v2). As pointed out 
by Stoneley, only two of the three waves associated 
with the three attenuation constants q; are necessary in 
these special cases for the possible composition of 
Rayleigh-type surface waves. Furthermore, the motion 
corresponding to these waves is executed in the sagittal 
plane and is uncoupled from motion associated with the 
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third attenuation constant, which is perpendicular to 
this plane. The latter motion accounts for Love-type 
waves which will not be discussed in this paper. 

The three special cases of physical or geometric sym- 
metry are the only ones considered in detail by Stoneley 
because of the considerable computational difficulties 
involved in the case of any other arbitrary direction of 
propagation. Only one such direction was considered by 
Stoneley for NaCl in order to demonstrate the character- 
istics of motion in the general case. However, in his 
investigation of a limited number of materials, Stoneley 
gave an indication of what is to be expected from a more 
detailed investigation of Rayleigh-type waves. He found 
that such waves are possible for some materials of cubic 
symmetry, e.g., NaCl. They are not obtainable in other 
materials, e.g., Al, for which the attenuation constants 
are complex for /=1, say. 

As mentioned in the introduction, complex attenua- 
tion constants yield displacements whose amplitude 
varies with the distance from the free surface as the 
product of trigonometric and decreasing exponential 
functions.. Waves which involve such displacements 
were defined as generalized Rayleigh surface waves. It 
is natural to ask what circumstances lead to one or the 
other type of surface wave. In order to answer this and 
other questions we have conducted an analytical and 
numerical investigation, in the entire range of permissi- 
ble elastic constants, as discussed in the following 
sections. 


C. Investigation of the Stable Region 
of Elastic Constants 


As is well known, the elastic constants cannot be 
completely arbitrary if they are to correspond to a 
physically stable material under arbitrary conditions of 
strain. A well established criterion of stability is afforded 
by the condition that the strain energy be a positive 
definite quadratic function of the strain components.” 
This is true if the 66 matrix of elastic constants c¢,; is 
positive definite. A necessary and sufficient condition 
for this occurrence is that the discriminants of the 
matrix ci be positive." For a cubic crystal the latter 
condition yields the inequalities 


Cu>0, 
Cu—Cyw2>0D, 
C1ut+2¢i12>0, 
Cu>O0, 


(9) 


which determine the “stable region” of elastic constants. 
In the plane gi=c1:/cs4 versus go=C12/Cs4 the stable 
region is the sector which includes the positive g; axis 


2A. E. H. Love, Theory of Elasticity (Dover Publications, 
New York, 1944), p. 99. 

13 R. A. Frazer, W. J. Duncan, and A. R. Collar, Elementary 
Matrices (The MacMillan Company, New York, 1946), p. 30. 
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Fic. 1. Region of stability of 
cubic crystal continua. The bound 
1 separates materials for which 
only Rayleigh surface waves exist 
from those in which generalized 
Rayleigh waves may be propagated 
in some or all directions. Excluded 
directions of propagation are ob- 
served for materials above bound 
2. Also shown in this figure are the 
line of isotropy and contours of 
constant normalized phase veloc- 








and is bounded by the lines 


g1— go=0, 
and 


(10) 


as shown in Fig. 1. 

We now seek to establish the bound, or bounds, be- 
tween subregions of the stable region corresponding to 
materials which propagate the two different types of 
surface waves, i.e., the Rayleigh and generalized Ray- 
leight type. To this end we recall that the type of the 
wave is determined from the nature of the associated 
attenuation constants. It has already been mentioned 
that, in general, these constants are the roots of the 
cubic Eq. (2), provided that this equation and Eq. (7) 
are simultaneously satisfied for an appropriate value of 
the frequency parameter, p. It is rather difficult to in- 
vestigate the nature of the roots g; for the general case 
of arbitrary direction of propagation. This is so because 
p cannot be obtained explicitly in terms of the g;, and 
also, because the g; are obtained from a cubic equation. 
However, in the special cases of propagation in the (100) 
and (110) directions these difficulties disappear, and one 
can perform a reasonably thorough investigation of the 
attenuation constants. This investigation is fairly ade- 
quate for our purposes since it is reasonable to expect 
that any phenomena observed here display some sort of 


ity, ¢/c2, for waves in the (100) 
direction. 


continuity as the direction of propagation varies from 
(100) to (110). Consequently we now direct our atten- 
tion to these two special cases. 

For waves in the (100) direction, the frequency equa- 
tion degenerates into 


(1—p*) (g:°—g2?—gip’)?— pigi(gi—p*)=0 = (11) 
and the attenuation constants of the two superimposed 
waves are obtained from an equation quadratic in @, 
namely, 


(a—p—-¢)(1 —P—gig)t+¢ (get 1 )? = Q, (12) 


as discussed by Stoneley.® A transition from Rayleigh- 
type to generalized Rayleigh-type waves occurs when 
the two roots g;* of Eq. (12) change from positive real 
into complex. A condition for the transition is obtained 
by setting the discriminant of Eq. (12) equal to zero. 
Thus, one obtains a possible bound, hereafter designated 
as bound 1a, from the simultaneous solution of Eq. (11) 
and the discriminantal of Eq. (12) which is obtained, 
after reduction, in the form 


d= p*(gi— 1)? +2 (g1 +1) (g1 4+ £2) (g2+2—21) h 
+ (gi+g2) (go— 21) (go+2— 81) (g2o+2+ 21) =0. 


The approximate position of bound 1a can be estimated 
by observing that in the plane g; versus g» the straight 


(13) 
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g2+2—g2:=0, (14) 


(15) 


corresponds to the isotropic case. The left-hand side of 
Eq. (13) is positive if Eq. (14) is satisfied, hence, one 
always obtains Rayleigh-type waves for an isotropic 
material, in accordance with Rayleigh’s results.' The 
left-hand side of Eq. (13) is a quadratic in p? and hence 
it is positive if its discriminant is negative. This dis- 
criminant is 


d2= 16g: (g2+1)?(gi+g2) (got+2—g1), 


and it is negative if 


Crt 2¢u4—Cn=9, 


(16) 


got+2—g1<0. (17) 


It follows that only Rayleigh-type surface waves may 
exist for materials corresponding to points below the 
isotropic line, Fig. 1, and hence bound fa is located 
above this line. Eliminating p between Eqs. (13) and 
(11) one obtains an implicit function of g; and go. Points 
of bound 1a have been determined by selecting a value 
for go and computing the corresponding value of g; by 
iteration. For g:>>1 and g2>>1 it may be ascertained 
that the bound 1a is approximated by its asymptote 

gi=g2ts, (18) 
where 
s~1.778. 

It remains to be checked whether or not the attenua- 
tion constants obtained on either side of bound la 
correspond to amplitudes actually decreasing with in- 
creasing distance from the free surface. In the region of 
generalized Rayleigh waves, i.e., d:<0, it is always 
possible to obtain two complex conjugate g; with posi- 
tive real parts which yield displacements attenuated 
with z, as may be seen from Eqs. (6). In the region of 
Rayleigh waves, i.e., d;>0, the two values of g;? obtained 
from the quadratic Eq. (12) must be both positive. A 
check of the coefficients of Eq. (12) reveals that this is 
so in the entire region d,>0. In fact, the sum and 
product of the two roots g:? and gq, are 


gr’+92?=[g1(gi— p?) + (1— p”) — (g2+1)? )/e1, 
and - (19) 
qx'g2?= (gi— p*) (1— p*)/g1. 
In view of the location of bound 1a we may assume 


£1>g2ts, 


and (20) 


gi> 1. 


Then, under the verifiable assumption that p<1, we 
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obtain 
gi(gi— P?) + (1— p?) — (go +1)” 
> (gi— 1) + (g: +2) (gi —2—g2) >, 
(gi— p*) (1—p*) > (gi—1) (1—f*) > 0. 


Hence, surface waves are always possible in the (100) 
direction, on both sides of bound la. 

A similar investigation can be carried for waves in 
the (110) direction, leading to the derivation of bound 
1b analogous to bound 1a. Bound 1b separates materials 
which are characterized by Rayleigh type and general- 
ized Rayleigh type waves in the (110) direction. Follow- 
ing Stoneley® the frequency equation for this direction is 


(1—p*)[gigs—g2’— p’g: P— p'gi(gs— p’) =0, (22) 
where 
gs= (1/2) (gitg2+2). 


The squares of the corresponding attenuation constants 
are the roots of the quadratic equation 


(gs—P’— 9) (1—p?— gig’) + 4"(g2 + 1)?=0. 


The discriminant of Eq. (24) may be obtained in the 
form 


(23) 


(24) 


d;=Ap'+Br+C, (25) 
where 
A= (gi—1)?, 
B= (g24+2— 1) (g1°—3g1+2g2+2¢182), 
C= (1/4) (g2+2—g1) 
X (4g2°— g1°— 8g1g2+8g2°— 8¢1— 3g1°g2— 691"). 


(26) 


A transition from Rayleigh-type to generalized Ray- 
leigh-type waves occur across a bound, hereafter desig- 
nated as bound 1b, which is determined from a simul- 
taneous solution of Eq. (22) and one derived by setting 
d;=0. Again, it is seen that the line of isotropy lies 
within the Rayleigh region (d;>0). The bound 1b is 
estimated by eliminating p between Eqs. (22) and (25) 
and computing g: as a function of gs, by iteration. 
It lies slightly to the right of bound 1a, for relatively 
small values of g; and gs, it crosses bound 1a in the neigh- 
borhood of g:~9, go~7.2 and tends to an asymptote 
gi=gots’, gir, a 
2 ea (27) 
s ~ 1.7037. 
Just as in the case of waves in the (100) direction, we 
find that surface waves are always possible in the (110) 
direction. In the region d;>0 both the sum and the 
product of the two g?, namely, 


qi'+q2= [Lei (gs— p?) + (1— p*) — (g2 +1)? )/ gr, 


28 
qrg2’= (gs— 2") (1— P*)/e1, (28) 


are always positive. In the region d;<0 it is always pos- 
sible to take two complex conjugate g; with positive 
real parts. 
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It has already been mentioned in the preceding that 
it is rather difficult to conduct an investigation of waves 
in an arbitrary direction of propagation along the line 
used for the two directions of symmetry. It is conjec- 
tured, and verified by our computations, that bounds 
between regions of Rayleigh type and generalized Ray- 
leigh type waves, which may be established for various 
directions of propagation between (100) and (110), lie 
in the neighborhood of the very closely spaced bounds 
la and. 1b. For all practical purposes the lower of the 
two bounds, i.e., the one with smaller gs for the same g1, 
may be considered as a physical bound beyond which 
generalized Rayleigh-type waves appear for some direc- 
tions of propagation. This lower bound, designated as 
bound 1, is shown in Fig. 1. In the range of g; and ge in 
this figure bound 1 coincides with bound 1b. 


D. Excluded Directions of Propagation 


While computing the phase velocity for various ma- 
terials and different directions of propagation, it was 
discovered that some materials are characterized by the 
existence of an excluded range of directions of propaga- 
tion. In this range no surface waves are possible of either 
the Rayleigh or the generalized Rayleigh type. The 
excluded directions are generally in the vicinity of the 
(110) direction. It has been observed that for the ma- 
terials in question one of the attenuation constants tends 
to zero as the angle of the direction of propagation with 
the (100) direction increases from zero to some critical 
value @,. Beyond @, it is not possible to obtain the three 
surface waves which are needed in order to satisfy the 
boundary conditions. All of the materials examined 
which involve an excluded range of directions of propa- 
gation are within the region of generalized Rayleigh 
waves, and it is the real attenuation constant which 
vanishes at @,. The question arises whether or not it is 
possible to establish, within the stable region of elastic 
constants, a bound between subregions which are char- 
acterized by the presence or absence of excluded direc- 
tions of propagation. The answer is affirmative and 
such a bound, denoted as bound 2, is shown in Fig. 1. 
This bound is essentially a contour along which the 
condition 


0,= 1/4, (29) 


is satisfied. It is conjectured, and verified by numerical 
computations, that this contour leaves all other possible 
contours of 6,<2/4 above itself in Fig. 1. 

All the materials corresponding to elastic constants 
which lie above bound 2 are characterized by the exist- 
ence of an “excluded sector” of directions of propaga- 
tion, in the vicinity of the (110) direction. It should be 
remarked, however, that a surface wave can always 
propagate along the (110) direction, although this 
direction is within the excluded sector. This is because 
the Rayleigh or generalized Rayleigh wave in the (110) 
direction is uncoupled from the wave corresponding to 
the third attenuation constant which vanishes at 6. 
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According to the preceding discussion the bound 2 is 
determined from the simultaneous solution of Eq. (22) 
and the equation 


(1/2) (gi—g2)—p’=0. (30) 


Eliminating p from these two equations one obtains 


2(2—gitg2) (gige+g1— £2)” 


— g1(gi—g2)*(got1)=0. (31) 


The line of go as a function of g; given by Eq. (31) 
has been computed numerically and is shown in Fig. 1. 
It intersects the axis g; at g;=4/3 and tends to an 
asymptote 


A comparison of this asymptote with the asymptotes of 
bounds 1 and la of the preceding section shows that 
bound 2 crosses these bounds at some points. This im- 
plies that excluded directions may exist also for ma- 
terials of the Rayleigh region, for relatively large elastic 
parameters g; and ge (i.e., reiatively incompressible 
materials). No further investigation of the region of 
large g, and gs has been deemed necessary at the present, 
since no real materials of cubic symmetry have been 
found in that region. 


E. Numerical Computations 


The phase velocity and attenuation constants were 
computed for different directions of propagation be- 
tween (100) and (110) and for various cubic crystals. 
The materials considered include typical metallic sub- 
stances (Cu, Al), alkali-halides (NaCl, KCl) and ma- 
terials of special crystallographic structure (diamond, 
8-brass). The elastic constants of al! these materials, as 
well as all other known cubic crystals lie within a rather 
limited region in the plane gi, go, as shown in Fig. 2. 
Very few substances have a negative ¢j2, or go. Virtually 
all of the simple elements lie within the generalized 
Rayleigh region, and most of them above bound 2. 
Most of the alkali-halides are within the Rayleigh region. 
The values of elastic constants for all these materials 
were taken from Trent and Stone,'* Mason,“ and 
Huntington."® 

Figure 3 contains a plot of the phase velocity ratio, 
p, versus the angle 6 of the direction of propagation with 
(100) for some of the aforementioned materials. It is 
seen that the phase velocity varies very slowly with 
6 in the case of the alkali halides, whereas its variation 
is more pronounced in the case of materials which are 
characterized by the existence of excluded directions of 
propagation. The variation of the phase velocity appears 
to be more rapid in the neighborhood of @,. In any case, 


4 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), pp. 2-56, 3-81, and 3-83. 

16 Solid State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, Inc., New York, 1958), Vol. 7, p. 276. 
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lic. 2. Position of various ma- 
terials with respect to bounds 1 
and 2. The values for the elastic 
constants are taken from references 
14 and 15. It may be noted that 
there are wide variations in the 
measured values_for the elastic 
constants of PbS. 








the minimum phase velocity is within 30% of the maxi- 
mum phase velocity for all the materials considered 
here. Having obtained the phase velocity ratio p, one 
can compute immediately the corresponding attenua- 


tion constants g; from the cubic Eq. (2). Figures 4 and 5 
contain plots of g; versus 6 for a material in the Rayleigh 
region, KCl, and a material in the generalized Rayleigh 
region, Cu. 

Since the phase velocity does not vary too much with 
6, one can obtain an estimate of the phase velocities 
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Fic. 3. Normalized phase velocity, c/co, versus angle between 
the direction of propagation and the (100) direction, @, for various 


materials as given by the continuum theory. 


which are to be expected in a given crystal by consider- 
ing the velocity in the (100) direction. For this purpose 
we have plotted contours of equal phase velocity in 
Fig. 1, for surface waves propagating in the (100) direc- 
tion. It may be ascertained that these contours are 
symmetric about the g; axis, since the frequency Eq. 
(11) is even in ge. All contours intersect the lower bound 
of the stable region and tend asymptotically to 


fi=get+h, go>, (33) 


where / varies with the value of 9, i.e., it is different 
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Fic. 4. Attenuation constants, g;, versus angle between the 


direction of propagation and the (100) direction, 6, as given by 
the continuum theory, for KCl. 
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for different contours. The line of isotropy is the asymp- 
totic line of the contour p~0.955. Since the line of 
isotropy does not intersect contours with p smaller than 
about 0.68, one obtains immediately an upper and lower 
bound for the phase velocity of Rayleigh waves in 
isotropic materials. The upper bound p~0.955 corre- 
sponds to an incompressible isotropic material, and the 
lower bound p~0.68 to a material on the verge of in- 
stability with a Poisson’s ratio equal to —1. In the case 
of anisotropy, for g.=Oand for g; > © the phase velocity 
ratio p tends to 1. 


III. DISCRETE PARTICLE THEORY 
A. Frequency Equation 


Consider a monatomic simple cubic lattice composed 
of particles with mass M and nearest neighbor distance 
a. We assume Hooke’s law interaction of nearest and 
next-nearest neighbors due to central forces character- 
ized by force constants a and §, respectively. We also 
assume forces due to angular stiffness of a system of 
three consecutive nearest neighbors which form a right 
angle in the equilibrium configuration. These angular 
stiffness forces are characterized by a force constant y. 
No account is taken of changes in geometry and force 
constants caused by lattice distortion near the free 
surface. We shall use a coordinate system with axes 
parallel to the principal axes of symmetry and assume 
that the material extends to positive infinity in the z 
direction and is bounded by a plane perpendicular to 
this direction. In the absence of body forces the equa- 
tions of motion can be written in the form'® 


M ti). m.n=O(Ui41,.m.n— 241,m.nt Ui-1,m,n) 


+B (tr l.m+1,n 1 Ui—1,m+1 at Mt+1,0—1,9 
tnt Uiei.m.nt¢1t U-1,.m,n41 


1+ 1-1. m.n—-17— Stim. n) 


(34) 


-+ Ui,m.n 1—4t1,m.n); 


with corresponding similar equations for the equi- 
librium of the y and z components of forces. In the pre- 
ceding Eq. (34), u, v, and w are the components of 
displacement in the x, y, and z directions and /, m, and n 
are integers specifying the corresponding coordinates of 
a particle in the equilibrium configuration with respect 
to some arbitrary origin. The determination of the cen- 
tral force contribution is straightforward.’ The com- 


ponents of the angular stiffness forces are determined by 
differentiating the expression for the strain energy due 
to angular deformation with respect to the respective 


16 It should be noted that / and m have not the same meaning 
here as in the continuum discussion where they represent direction 
cosines. 


17 FE, W. Montroll, J 


Chem. Phys. 15, 575 (1947). 
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_Fis. 5. Attenuation constants, g;, versus angle between the 
direction of propagation and the (100) direction, @, as given by 
the continuum theory, for Cu. 


displacement components. Thus, for example, the strain 
energy due to the deformation of the angle composed by 
the particles (/, m+1, n), (l,m,n), and (J+1, m, n) is 


E= (y/2)[ (102, m+1,n—Ut,m,n) + (U24 l,m, nv VU] ake (35) 


and the corresponding contribution to the x component 
of force on the particle (/,m,n) is 
Ok 


OUt, m,n 


=y[_ (161, m41,n—Ut,m.n) 


We seek a solution of Eqs. (34) of the type 
(16,0,2) t, m,n 
= (U,V ,W) exp —gn+i(o+¢2m+e2) ]. 
Introducing Eqs. (37) in Eqs. (34), one obtains, 
d;;X ;=0, 
where 
d= Mo?+ 2a(cos¢;— 1) 
+48 (cos¢; cosd2+ cos; coshg— 2) 
+8y (cosd2+coshg —?), 
e=dq= —4 sing) sings(8++¥ x 
= d3,;= —4 sing, sinhg(8+7), 
= Mu*+ 2a(cosd2— 1) 
+48 (cos; cosd2+cosd2 coshy— 2) 
+8y (cos@1-+coshg —?2), 
= —[Ma?+2a(coshg—1) 
-+48(coshg cos#:+coshg cosd2— 2) 
+8y(cosd1+cos¢2— 2) ], 
= d32.= —4 singz sinhg(6+7), 


X,=U, X:=V, X3=iW. 





SURFACE ELASTIC WAVES IN 


A nontrivial solution of Eqs. (38) requires that 


|d,;| =0. (40) 
For a given set of force constants and wave numbers 
¢; and ¢2, Eq. (40) constitutes a relationship between 
the frequency w and the attenuation constant g. Since 
it is a cubic in coshg, to a given frequency w correspond, 
in general, three attenuation constants q; with possible 
physical interest. As in the case of the continuum 
theory, a surface wave results only if the g; which are 
involved in the solution have real parts greater than 
zero. This condition is satisfied, for real coshgq;, if 
|coshg;| > 1. (41) 
The case coshg;>1 yields a positive real g; and hence 
a Rayleigh-type surface wave, i.e., one whose displace- 
ment amplitude decreases monotonically and exponen- 
tially away from the surface. The case coshg;<—1 
corresponds to a q; of the type 
qi=Qitin, (42) 
where gjo is positive real. The associated wave is a 
special case of the generalized Rayleigh surface wave 
involving phase reversal between successive layers in the 
direction normal to the free surface. The amplitudes 
U;, V;, and (iW,;) corresponding to a particular g; are 
determined by 
V; iW 
=e K;, 


be 


nj $j 


U; 
é 
SJ 


where 
§; = do0d33— d30d93, 


j= do3d31— doid33, 
j= d21d32— d31d29. 


(44) 


The general solution of the equations of motion, corre- 
. ‘ . . 
sponding to surface waves, is given by 


(u,v,iw)= >° (&,n3,0;)Kj 
3 


7=1,2, 


Xexp[—gn+i(ol+qdem+wt)], (45) 
where the K; are to be determined from the boundary 
conditions. The boundary is formed by removal of all 
particles on one side of the boundary layer, which is 
assumed to be the one defined by n=0. The boundary 
conditions express the vanishing of the components of 
forces, on a given particle, which arise from interaction 
with any of the removed particles. In our particular 
model the only particles which are affected are those of 
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the boundary layer, »=0. Thus one obtains 
B(Ui41,m 1-1 63—1,00, 1— 2u; m,0) 
+ B(Wi-1,m,—1— Wi41,m 
+y (Wi_t.m.0— W141, m.( 


1 +4y (u; m 1— 41, m,0) 


+ Wi-1,m,—1— Wi41,m,-1) =O, 
B( 02, m+1,—1+ 2t,m—1,—1— 202, m,0) 
+B (W1, m—1,-1— Wi,m41—1) $4 (21, m, 
+7 (Wi, m—1,0- 


17 U1 m.0) 
Wi ,m+1,0 
Wi, m—1,-1— U1, 

and 

(Wt, m,—1— Wi,m,0) FB(Wi41,m, 
TWi.wtt,—1 1 Wie-~1,—-1— 
+B (261-1, n,—1— 8041,m,—1 U1, m—1,—1— Pt, m41,—1) 
+2y (wry 1.m,0T WL 1,m,¢ Wi, m41,' 
+W1,m—1,0— 4W1.m.0) 
TY (8624-1, 00,0 %24¢-1,m,—1 TF BI—1,m,—1— 41 
(OF. eet, 0 ett, T Ol, —1— 


Ge, oe ee 


4wi m.o) 


1,m,0) 
v1, m—1.0) = 0. 


If Eqs. (45) are substituted into Eqs. (46) one obtains 


> 3 TyK;=0, (4, j=1, 2,: (47) 


where 
T1;= 2&8 (expq; cos¢,— 1) +27 (expg;— 1) ] 
— 2¢;[8 expg; sin¢:+y(expg;+1) sing: |, 
T 2;= 2n;[B(expg; cosd2— 1)+2y(expg;—1) ] 
— 2¢,[B expg; sin¢2+y(expg;+1) sings ], 
T3;= 2£, sind,[8 expg;t+y (expg;— 1) ] 
+ 2n; sings[8 expg;t+7 (expg,— 1) ] 
+5,{a(expg;— 1)+26Lexpg;(cos¢i+cospz) — 2] 
+4y[ cos + cos¢2— 2}. 
The secular equation which must be satisfied in 
order to have nontrivial solutions of Eqs. (47) is 


T;;| =0. 


(48) 


(49) 


For a direction of propagation specified by ¢1 and 
¢2 the frequency w and attenuation constants g; are 
determined by the simultaneous solution of Eqs. (40) 
and (49). In order to carry out the calculation for a 
given material it is necessary to know the values of the 
force constants a, 8, y. The latter can be related to the 
elastic constants and the interatomic spacing, a, by ex- 
panding displacement components such as U144,m4j,n¢k 
in power series about #,m,n, Substituting into Eqs. (34) 
and comparing the results with the continuum equations 
of motion. The results are 


e11= (a+48), d, 
(12> 26, a, 


Cu (28+ 47), a. 


(50) 


It may be noted that if power series expansions of the 
displacement components are substituted in Eqs. (46) 
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Fic. 6. Diagram showing the 
region of stability of simple cubic 
lattices, and the position of bounds 
1 and 2 and the line of isotropy 
within this region. Also shown are 
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and use is made of Eqs. (50), one obtains the continuum 
boundary conditions. 

The force constants a, 8, y must satisfy conditions 
for the stability of the lattice which are analogous to 
the conditions imposed on the elastic constants in con- 
tinuum theory. By substituting Eqs. (50) into Eqs. (9) 
and introducing the ratios B=8/a and C=y/a, 
obtains the following stability conditions: 


one 


a>0: B>—(1/8), 
C>—(B/2); 
and 

B<—(1/2), 


C<-—(B/2). 


One therefore has two regions of stability in the B-C 
plane. It is unlikely on physical grounds that the nearest 
neighbor force constant is negative, however, so the 
stable region of importance is specified by Eqs. (51). 


2.0 


Te Oba OP OTTO 
A = 8/a 


contours of constant critical wave 
number ¢,. The meaning of ¢, is 
that for greater wave numbers, the 
atomic displacements show a re 
versal in phase between successive 
layers parallel to the surface 


} SOtrop y 


The entire stable region is shown in Fig. 6. Also shown 
in this figure is the mapping of the bounds 1 and 2 which 
were discussed in the preceding sections. It should be 
noted that these bounds as indicated correspond to 
wavelengths large in comparison with the interatomic 
distance, in which case the lattice theory matches the 
results of the continuum theory. As the wavelength de- 
creases the positions of these bounds may change in 
the plane B versus C. 


B. Numerical Computations 


Calculations of the surface mode frequencies and 
attenuation constants for the monatomic simple cubic 
lattice discussed above have been made for various 
values of the force constants a, 8, and y which are con- 
sistent with the existence of Rayleigh waves in the con- 
tinuum limit. Only waves propagating in the (100) 
direction were considered. 
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Fic. 7. Dispersion curve of nor 
malized frequency versus the di 
mensionless wave number ¢, as 
given by the lattice theory for 
waves in the (100) direction in a 
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SURFACE ELASTIC WAVES 


A typical result for the normalized frequency, 
(¢/¢2)@=wL M/(28+4y) }}, 


as a function of the wavenumber ¢=¢, is plotted in 
Fig. 7. The physical parameters were chosen to fit the 
data for potassium chloride which is nearly monatomic 
in so far as atomic masses are concerned and which 
crystallizes in a simple cubic array. For small values of 
¢, w is proportional to ¢ and the phase velocity wa/¢ is 
nearly constant with the value given by continuum 
theory. For values of @ such that the wavelength is of 
the order of a lattice spacing, dispersion becomes ap- 
parent, and w is no longer proportional to ¢. The phase 
velocity decreases continuously as ¢ ranges from zero to 
its maximum value, r. The qualitative behavior of the 
dispersion curve in Fig. 7 is similar to that shown by 
the bulk modes of vibration in cubic lattices. ie 

The dependences of coshg; and coshg2 on ¢ are shown 
in Fig. 8 for KCl. For small ¢ both cohsg; and coshqs 
are greater than unity and g; and g2 can be taken to be 
real and positive. At a certain value of ¢, which we 
shall call the critical wavenumber ¢,, the value of 
coshg; approaches infinity. Beyond the critical wave- 
number the value of coshq; is less than —1 so that q; 
has the form giot+im, where gio is real. Consequently for 
@>¢-. the surface modes are of the special generalized 
Rayleigh type in which the displacement components 
corresponding to g; are 180° out of phase between ad- 
jacent layers parallel to the surface. 

The value of the critical wavenumber ¢, can be 
determined fairly simply for surface waves propagating 
in the (100) direction. For this direction Eq. (40) factors 
into two equations, one linear and one quadratic in 
coshg. The quadratic equation is the equation of interest, 
and the critical wavenumber occurs when the coefficient 
of the (coshg)? term vanishes. The value of ¢, is there- 
fore determined by 


(B cos@.+2C)[1+2B(cosd.+ 1) ] 
+2(B+C)? sin*¢.=0. 


In Fig. 6 the values of the critical wavenumber are 
shown as contours in the B-C plane. The regions of 
stability are also indicated as well as the bounds for the 
various types of surface waves in the continuum limit. 
The values of ¢, range from 0 to z, the former occurring 
for B=—2C and the latter for B=2C. It should be 
noted that the critical wavenumber ¢, has the physical 
significance discussed in the preceding paragraph pro- 
vided that coshg; as determined from Eqs. (40) and (49) 
are real and greater than unity in magnitude. The con- 
tours for constant ¢, were only drawn for the important 
section of the stable region corresponding to positive 
primary central forces, i.e., a>0. 


(53) 


(54) 


IV. DISCUSSION 


The results of the continuum calculations reported in 
this paper are restricted to surface waves on (001) sur- 
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Fic. 8. Variation of the hyperbolic cosine of the attenuation 
constants, coshg;, versus the dimensionless wave number ¢, as 
given by the lattice theory for waves in the (100) direction in a 
KCl crystal. 


faces of cubic crystals but are otherwise quite general 
within the framework of linear elasticity theory. Using 
Fig. 1 one can readily determine what types of surface 
waves exist for any cubic material for which the elastic 
constants are known. Thus, in the region below bound 1 
in Fig. 1, Rayleigh-type surface waves exist. Above 
bound 1 generalized Rayleigh waves may exist which 
have displacement amplitudes decreasing from the sur- 
face as do products of trigonometric and exponentially 
decaying functions. Between bounds 1 and 2 generalized 
Rayleigh waves exist for all directions of propagation 
in a (001) surface. Above bound 2, surface waves do 
not exist in a range of directions of propagation about 
the (110) direction, although a surface wave is always 
possible in the (110) direction itself. 

The continuum treatment presented here has assumed 
that the elastic constants and density of a crystal do not 
deviate from their bulk values in the region near the 
surface. Such deviations may be expected to be small 
for crystals of macroscopic size and should not seriously 
modify our results. 

The discrete lattice theory of surface waves discussed 
in this paper is restricted to (001) surfaces of cubic 
crystals just as is the continuum theory. The lattice 
theory is further restricted by microscopic considera- 
tions which limit the applicability of the results. For 
example, we have considered only the monatomic simple 
cubic lattice which, to our knowledge, occurs only rarely 
in nature. Despite the paucity of materials for applica- 
tion, calculations on the monatomic simple cubic lattice 
are important for establishing qualitative phenomena 
and providing a basis for comparison with results on 
more complicated lattices. Furthermore, the qualitative 
behavior of low-frequency (acoustic branch) elastic 
waves is a little different in monatomic and diatomic 
cubic crystals. 

Our results show that surface waves in discrete lattices 
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exhibit dispersion, i.e., a variation of the phase velocity 
with wavelength. This behavior is very similar to that 
found with bulk vibrational modes. We have also found 
for the monatomic cubic lattice considered here that a 
critical wavenumber generally exists in the Rayleigh 
wave region. For wavenumbers greater than the critical 
wavenumber the atomic displacements exhibit a phase 
reversal between successive layers parallel to the surface. 

A sufficient number of interactions has been chosen 
in our model to permit the fitting of an arbitrary set of 
elastic constants. Since the interactions are assumed to 
be short-range, however, one must hold certain reserva- 
tions concerning the validity of the quantitative results 
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for ionic crystals such as NaCl or KCI where long-range 
Coulomb forces are important. 

Work is currently underway on the generalization of 
the lattice theory to face- and body-centered cubic 
lattices as well as to diatomic cubic lattices and the 
diamond and zinc-blende lattices. It is hoped that a 
unified treatment can be obtained of both Ray!eigh-type 
waves and the optical surface waves. 
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i 


A quantitative study of the rapid decrease in photoconductivity accompanying the relatively less rapid 
bleaching of F centers in additively colored KCl is reported. The experimental observations agree, except 
during very early stages of bleaching, with an equation for the variation of sensitivity with total light ab- 
sorbed derived upon the assumption that negative-ion vacancies are created and traps of smaller cross 
section are filled during bleaching. Except during early stages, where several kinds of traps may be present 
in low concentration, only one kind of trap other than the negative-ion vacancy need be considered. 

The effects of added divalent ions, both positive and negative, upon photoconductivity are reported. 


INTRODUCTION 


HEN F centers in an additively colored alkali 

halide crystal are destroyed by irradiation with 
light which they absorb, the photoconductivity of the 
crystal is reduced relatively much more than is the 
optical absorption.'? In one experiment previously re- 
ported,? for example, the photoconductivity was re- 
duced by about 80% during bleaching, while the 
number of F centers, as given by the absorbance, was 
decreased by only 10%. The decrease in photocon- 
ductivity produced by bleaching is hereafter referred 
to as fatigue. 

The sensitivity of a photoconductor depends both 
upon the ratio of conduction electrons produced to 
quanta absorbed (that is, upon the quantum efficiency, 
n) and upon the average lifetime of a conduction 
electron, r. Oberly ascribed the fatigue to a decrease 
of » with bleaching, and proposed that two types of F 
centers may exist: a soft center which is photoconduct- 
ing and readily bleached by light (n=1), and a hard 

* Work supported by the Office of Naval Research and the 
National Science Foundation. This paper, based in part on a 
thesis submitted by F. C. Hardtke to Oregon State College as 
partial fulfillment of the requirements for the Ph.D. degree, is 
Research Paper No. 376, Department of Chemistry. 

1 J. J. Oberly, Phys. Rev. 84, 1257 (1951). . 

2G. W. Neilson and A. B. Scott, Defects in Crystalline Solids 
(The Physical Society, London, 1955), p. 297. 


center which is not photoconducting (n7=Q), nor cap- 
able of being bleached, but continues to absorb light. 
Accordingly, the photoconductivity would undergo a 
sharper decrease during bleaching than the optical 
density and approach a zero value as the “soft’’ centers 
are destroyed. Markham‘ attributed the diminishing 
photoconductivity to a decreasing 7 instead of n, and 
suggested that the decreased electron lifetime was 
caused by an increase in negative-ion vacancy con- 
centration as F centers were decomposed. 

This report describes experiments carried out to 
provide quantitative information regarding the fatigue 
of photoconductivity during bleaching. The data were 
consistent with equations for the variation in sensi- 
tivity with light absorbed, developed upon the assump- 
tion that as bleaching proceeds traps of small cross 
section, initially present in the crystal, are filled and 
negative-ion vacancies of large cross section are created. 
There appears to be no necessity to assume the existence 
of two types of F centers. 


EXPERIMENTAL 


(a) Sample Preparation 
All measurements were conducted at room tempera- 
ture in the F band of single crystals of KCl. The 
3J. J. Markham, Phys. Rev. 86, 433 
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majority were performed on crystals obtained from the 
Harshaw Chemical Company. Spectrographic analysis 
of the purity of similarly prepared KCl samples from 
the same company can be found elsewhere.‘ A few addi- 
tional measurements were conducted on single crystals 
grown from doubly-recrystallized reagent grade KCl. 
In two instances the melt was charged with divalent 
ions—0.05 mole % SrCle and 0.13 mole % K2SO,—and 
a third sample was grown in a graphite crucible under 
an inert atmosphere in an effort to produce a purer form 
of single-crystal KCI than that available commercially. 

Crystals were colored at a temperature between 480 
and 520°C, in a container with potassium metal held at 
300 to 400°C. After attainment of equilibrium (12 to 
72 hours), the crystals were brought to room tempera- 
ture in about 30 seconds, cut, and mounted in the 
apparatus in total darkness by means of positioning 
jigs. This precaution was essential because initial rates 
of fatigue were very high. The sample for measurement 
was about 5X21 mm with the light impinging on the 
edge and the electric field traversing the smallest 
dimension. 


(b) Photoconductivity Measurements 


The crystal was washed in absolute alcohol and 
placed between electrodes mounted on a Teflon base in 
an air-tight case containing magnesium perchlorate 
desiccant. The dark current was negligible. Light of 
wavelength 560 my was provided by a double-prism 
monochromator with a 300-watt source. The bandwidth 
was 30 my or less for all measurements. A mirror placed 
behind the crystal returned the light for a second pass, 
and produced fairly uniform absorption of light through- 
out the crystal, provided it was not too densely colored. 
A thermopile, calibrated by means of a carbon filament 
lamp supplied by the U. S. Bureau of Standards meas- 
ured the radiant energy impinging upon the crystal. 
The electric field strength was normally about 3000 
volt cm™. Photocurrents of the order of 10" ampere 
were amplified by means of a dc amplifier previously 
described? and recorded by a Brown potentiometer. 

Since space-charge polarization is evident for such 
currents in alkali-halide photoconductors, the recorded 
photocurrent was extrapolated to the initial time, that 
is, to the time at which the light was turned on the 
crystal. To avoid a long delay as the potentiometer 
came to balance, the recorder indicator was preset to 
approximately the position anticipated for indication 
of the photocurrent by means of an auxiliary adjust- 
able voltage; when the light was turned on the crystal, 
the auxiliary voltage was simultaneously switched off 
and the photocurrent signal switched on. Thus, the 
extrapolation could be carried out rather precisely, 
since the interval was short and the current-time curve 
was accurately exponential in this region. 

After each measurement the crystal was depolarized 


4 W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
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by illuminating it with the electrodes grounded. The 
total exposure to light, both during actual measure- 
ments and intervening periods, was recorded; and the 
amount of light absorbed by the crystal was calculated 
from the absorbance and the crystal size. 


(c) Absorbance and Bleaching Measurements 


A Beckman Model DU Spectrophotometer was used 
to measure absorbance; the F-center concentration was 
computed as previously described.5 Experiments on the 
initial rate of bleaching were carried out in this instru- 
ment. The intensity of the light used for bleaching was 
determined by means of the thermopile previously 
described. 


THEORY OF FATIGUE 


In developing a theory of fatigue of photoconduc- 
tivity, we make use of certain parts of the description 
of general photoconductive processes due to Rose.* We 
are concerned here with a system in which the holes 
arising from the generation of conduction electrons are 
immobile, being localized at the negative-ion vacancies. 
We are not concerned with holes in the valence band, 
as electrons are not removed from the valence band by 
light of F-band energy. The theory to be described pre- 
serves the conventional model of the F center. One F 
center is ionized, and one conduction electron is pro- 
duced, for each photon absorbed.’ 

For purposes of simplicity, we assume that conduc- 
tion electrons are removed from the conduction band 
by only two kinds of traps: (1) negative-ion vacancies 
(symbol, H) of concentration my and cross section sy, 
and (2) other traps (symbol, 7) which retain electrons 
stably at room temperature, of concentration my and 
assumed to be all of the same cross section sr. If sy>sv7, 
the photoconductivity will diminish as ny increases at 
the expense of 7, that is as F centers are destroyed and 
the traps T are filled during bleaching.* 

When the photocurrent attains a steady value (this 
is accomplished in a time very short compared to times 
of interest here) the rate of trapping of conduction elec- 
trons equals f, the rate of production of conduction 
electrons in unit volume. The rate at which the traps T 
are being replaced by negative-ion vacancies is also the 
rate at which F centers are being destroyed and is 
given by 


sr(n7°—n-+n,) 


J x Ss os b] 
Sp (n7°—n+n,.)+sy(ny°+n) 


dn STN 


—n 7 (1) 
dl S77 +SyNH 
5 A. B. Scott and W. A. Smith, Phys. Rev. 83, 982 (1951). 
6 A. Rose, RCA Rev. 12, 362 (1951); see also the Proceedings of 
the Conference on Photoconductivity, Atlantic City, 1954, edited by 
R. G. Breckenridge et al. (John Wiley and Sons, New York, 1956), 
p. 3. As far as practicable, the notation of Rose has been used in 
this paper. 
7R. W. Pohl, Proc. Phys. Soc. (London) 49, extra part, 3 (1937). 
§ The traps 7 in an actual crystal when filled probably are to 
be identified with M centers. 
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l 
B—test of Eq 12). 


where the superscript 0 indicates values of concentra- 
tion at time ‘=O, that is, at the beginning of illumina- 
tion, is the concentration of F centers which have 
been destroyed, or np°—np, mn, is the concentration of 
conduction electrons, and f is the number of excitations 
per unit volume per unit time. Since 7 is unity, f is also 
the number of quanta absorbed per unit volume per 
unit time. 

Taking m as space independent, f to be both space 
and time independent’ and , to be negligible with 
respect to the other concentrations,’ (1) may be inte- 
grated to give 


(2) 


ed 


For the case sy>>syr, this result may be simplified to 


give 
nN S7 : 
ft. 
+n”) 


) 


Ny’ +Ny? = Sy (ny! 


For short exposures, where is much smaller than 


® Use of a double-pass of the light beam, together with fairly 
low F-center concentrations, produces a moderately uniform ex- 
citation rate, f, and therefore also a uniform n, throughout the 
volume of the crystal. Regarding the time independency of f, a 
somewhat more serious problem is encountered, since with a 
constant illumination, f continually decreases as the F centers are 
bleached. Nevertheless, the relative decrease in f was generally 
less than 12% of the relative photocurrent fatigue in the ex 
posure region of interest. As a refinement, the variation in f was 
taken into account in the actual computations 

f can actually be expressed as a function of m, provided n is 
space independent; use of this function in (1) furnishes an in 
tegrable equation which is, however, extremely cumbersome in 
the integrated form 

” From the observed photoconductivity, and an estimated mo 
bility of 10 cm? volt sec™, , was less than 10° cm” in all experi 
ments. The »®’s are not likely to be less than 10'5 cm= and n 
exceeded 10'* cm~ very shortly after illumination was started. 
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either mr° or my", (1) upon integration leads to 


S7n7” 
n= jt 
S7n7?+ Suny 


(4) 


The steady-state concentration of conduction elec- 
trons, #., is fr, and the photoconductivity is 


o=eun.=eu)T, (5) 


where e is the electronic charge and yu is the mobility. 
The trapping frequency for conduction electrons at the 
start of illumination is 


1 ‘P=0(syny’+srn7), (0) 


and after m of the traps T have been replaced by nega- 
tive ion vacancies, the trapping frequency is 


1/r= ol su (nn°+n ) + S7\ Nr —N) 
=1/r°+0n(sy—sr). (7) 
Here v represents the thermal velocity of a free electron, 
and , has again been considered negligible with respect 
to the other concentrations. 
The sensitivity of a photoconductor may be expressed 
by o/f. When conductivity is measured in reciprocal 
? fd - 
time" and f in photons absorbed in unit volume per 
unit time, ¢/f has the dimensions of volume. For ex- 
pressing the fatigue of photoconductivity, the most 
convenient variable is the reciprocal sensitivity, or 
f/ao=R. Then, from (5) and (7) 
R= R°+ (on eu) (SH—Sr). (8) 
At t= 2, n=nz7", that is, all the traps are filled; so that 
R*® = R°+ (vn7"/eu) (su—sr). (9) 


Eliminating from (4) and (8), 


v S7nr” 
R= R°+- —(Sy—Sr) Di 
eu S7u7r + SHNn 


That is, for short exposures, the reciprocal sensitivity 
is linear in the total number of excitations that have 
occurred in unit volume, ft. For longer exposures, and 
for simplicity making the assumption that sy7>>s7, (3), 
(8), and (9) give 


( 10) 


R°—R R*— Ro 


— — - +In - 
R*® — R°+0s yn 7°/eu R*—R 
57 
ft. (11) 


ny + Ny 


The term vsyny°/eu represents a contribution to the 
reciprocal sensitivity due to the negative-ion vacancies 
originally present in the crystal. Generally 


US yNny” 


"This is equivalent to the use of cgs units, with permittivity 
dimensionless. 1 ohm™ cm7!=9X 10" sex 





DECREASE OF 


eu— R°® was small compared to R®, so that the quantity 


(12) 


Re—R ni 
— +in(- )=u 
R°—R 


R* 
should be linear with ff over the entire exposure range. 


RESULTS AND DISCUSSION 
(a) Fatigue of Photoconductivity 


Six samples from two different additively colored 
KCl crystals were studied, having mr’ between 2 and 
7X10'* cm™. As the crystals were exposed to light the 
sensitivity o/f fell very rapidly initially but approached 
a limiting nonzero value after the absorption of a 
number of quanta in the neighborhood of 10" cm~™. 
f was calculated from the initial light intensity and the 
measured absorbance of the crystal. As the absorbance 
changed gradually during bleaching, the value of f was 
recomputed at several points and ff actually represents 
an integrated product. In Fig. 1, Curve A illustrates 
the behavior of sensitivity upon irradiation for one of 
the samples. All samples displayed essentially the same 
behavior although the initial sensitivities were some- 
what variable, the range being from 7 to 14 10~'* cm, 
and the sensitivities after very long exposure ranged 
from 0.38 to 0.65X10~'® cm*. Since these numbers are 
dependent upon the initial trap concentrations, some 
variation is to be expected not only for crystals colored 
and quenched separately but for samples taken from 
different parts of the same crystal, as the trap con- 
centration is expected to be dependent on local cooling 
rate and strains produced by cooling. 

Curve B of Fig. 1 is a plot of L from (12) against ft, 
for the same crystal. R® was taken to be 2.65 x 10'* 
cm~*. The curves for all of the samples were similar, 
though some numerical variation appeared. The curve 
is reasonably linear over the greater part of its range, 
indicating that the error introduced by neglecting sy in 
comparison to sy was not serious and that sr can be 
taken to be constant for most of the range. However, 
the curve departs from linearity below ff=5X 10" cm, 
the departure arising from the failure of R to increase 
initially as rapidly with ft as it should. The presence of 
a small concentration of traps of about the same cross 
section as that of the negative-ion vacancy and which 
thus fill up rapidly is probably reponsible for this 
result. After these traps are full, the only other traps 
of importance are the traps H and T. 

The existence of a finite residual sensitivity after 
long exposure is consistent with the trap-filling postu- 
late, whereas the “soft” F-center proposal would require 
the sensitivity to go to zero exponentially. As a test of 
the reality of the residual sensitivity, one of the crystals 
which had already been exposed until ff=2.5x10" 
cm~* was given an equal additional exposure ; no further 
measureable change in sensitivity occurred. 
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(b) Bleaching 


The trapping of photoelectrons at sites other than 
negative-ion vacancies may also be investigated by 
means of studies on the bleaching of the F band. There 
is an important difference, however, in the two experi- 
ments. If these other trapping sites have the same cross 
section as negative-ion vacancies, bleaching would occur 
with no change in the photoconductivity ; if their cross 
section is greater than that of the negative-ion vacancy 
(an unlikely possibility) the photoconductivity would 
increase as bleaching proceeded. 

Ueta and Kiinzig™ observed that the F band in colored 
KCl was bleached in two stages; (a) a rapid initial 
stage during which, they proposed, traps originally 
present in the crystal were filled with electrons liberated 
from the F centers, and (b) a slow stage during which, 
they proposed, new traps must be formed by migration 
processes. They were able to estimate the concentration 
of iraps originally present by the decrease in F-center 
concentration during the first stage. We have utilized 
the same experiment in order to find m7". 

Ueta and Kinzig suggested that the traps formed 
during the slow bleaching stage were vacancy quartets. 
If a quartet were made from a negative-ion vacancy 
produced by bleaching, a positive-ion vacancy previ- 
ously ejected from a quartet, and a vacancy pair al- 
ready present, R would remain constant during that 
slow bleaching stage, as one negative-ion vacancy would 
be incorporated in the new trap for each one produced 
in bleaching. This agrees with the result that R attains 
a definite limit, R*, even though bleaching progresses 
indefinitely. 


(c) Trap Concentrations and Cross Sections 


We now proceed to the estimation of the constants 
of the equations. mr° was found as described above. v/eu 
was taken to be 7.0X 10" cm~ as a representative value 
for a polar crystal.’* For the example shown in Fig. 1, 
np Was originally 6.9X 10'* cm~, R° was 8.5 10" cm-, 
R*® was 26.5X10" cm’, and the slope L/ft was 2.6 
X 10-" cm*. Since, assuming s7<sy, 


R°= (v/eu) (syny®+srn7), 
R*= R°+ (v/eu)synr", 
L/ ft=s7/su(nu°+n7"), 


the cross sections and concentrations of both the traps 
H and T can be estimated. These results are tabulated 
for two crystals of different original F-center concen- 
tration in Table I. 

These results justify the previous assumption that 
s7rKsy. Further, the cross section found for the negative- 
ion vacancy is of the expected order of magnitude. 
Ueta and Kinzig reported mr° to be about 2.8x 10'* 


2M. Ueta and W. Kinzig, Phys. Rev. 97, 1591 (1955). 
18 Based on v= 10? cm/sec and n= 10 cm? volt™ sec. 





HARDTKE, 





-_ ® o Cc 
i Pure KCI 


he 


~ 








ej 
4 


Sensitivity, 
4 


cerey ae ee 


r 


— 


I 





Photons absorbed (x!0™®) in unit volume, cm™> 


Fic. 2. Fatigue of photoconductivity in pure and impure colored 
KCl. Shaded circles: measurements made after one year. 

cm” in their experiments; our results seem to indicate 
that 7° is related to the density of coloration. 


(d) Impurity Effects 


Divalent impurity ions may be expected to effect 
the photoconductivity: markedly through their in- 
fluence on the concentration of traps. Positive divalent 
ions increase the positive-ion vacancy concentration 
action, negative-ion va- 
cancies are removed to form vacancy pairs and clusters 
or are deposited at surfaces. my° should thus be de- 
pressed in KCl containing SrCly. Sr** ions themselves 
are traps of cross section probably about the same as 
Su; however, at room temperature a large fraction of 
Sr** ions are associated with positive-ion vacancies to 
give traps resembling the vacancy-pair with respect to 


and consequently, by mass 


cross section. 

Negative divalent ions, such as SOs”, increase the 
negative-ion vacancy concentration. A considerable 
part of the negative-ion vacancies are probably associ- 
ated with SO,” 
of a vacancy pair. 

Because of the association equilibria involving the 
impurity ions and vacancies, it is not likely that the 
sensitivity of doped crystals would follow the foregoing 
equations developed for a simpler model ; however, the 
photoconductivity of such crystals provides some in- 
teresting and useful information. 

Figure 2 illustrates the variation in sensitivity (pre- 


to give traps of about the cross section 


SCOTT, 
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TABLE I. Concentrations and cross sections of traps in additively 


colored KCl, assuming v/eun=7.0 10" cm. 


npr®,cm™? = my®, cm SH, Cm? nr, cm™3 sr, cm? 


6.9X 106 
2.8X 106 


5.9X 10 
6.2 10" 


1.7X10°% 
2.3X107! 


2.1 10" 
9.310% 


10X10" 
12x 


sented on a logarithmic scale), with exposure of four 
crystals of differing purity, all colored and brought to 
room temperature in the same manner. All except the 
crystal which was grown under conditions favoring a 
greater degree of purity displayed the usual fatigue 
upon bleaching ; the decrease of sensitivity of the “pure” 
crystal was slight compared to the others. 

The variation in initial sensitivity between samples 
was remarkable. Compared to the Harshaw crystal, 
addition of SO, depressed the initial sensitivity 
eightfold; addition of Sr*+* increased it tenfold and that 
of one sample of the “pure’’ crystals was increased 
about 30 times. Trap concentrations and cross sections 
cannot be evaluated in the doped crystals in the same 
way as before, since the initial decrease of F-center 
concentration on bleaching will not yield 7° as before. 
For example, in KCI:Sr**, bare Sr** ions and Sr**- 
vacancy complexes and other traps T all may trap 
electrons to produce bleaching, (with the formation of 
Z, centers among others) but the cross section of Sr**+ 
ions is such that their concentration cannot be included 
in ny. However, a rough indication of the effect of 
impurities may be obtained by taking m7° from the 
bleaching result, neglecting the concentration of Sr++ 
and including the cross section and concentration of 
complexes in sz and m7°. Taking sy and s7 from Table I 
as 2X10-" cm? and 1X10~' cm’, respectively, 2° in 
KCl: Sr*+*, computed from R°, is 5X 10" cm~. Similarly, 
ny® in KC1:SO47~~ was calculated to be 4X10" cm-*, 
It is seen that the negative-ion vacancy concentration 
was indeed markedly altered, in the expected directions, 
by the addition of divalent impurities. This result is in 
contrast to that of Rabin“ who found that NaCl con- 
taining CaCl, colored more rapidly under x irradiation 
than pure NaCl and concluded that the presence of 
Ca++ ions increased the negative-ion vacancy con- 
centration. However, Rabin’s estimate includes both 
free negative-ion vacancies and those in pairs and 
clusters. 

The KCI:Sr+* crystal was unusual in another re- 
spect, namely, recovery from fatigue occurred rapidly. 
An hour’s standing after bleaching served to restore 
most of the initial sensitivity, whereas practicaily no 
recovery from fatigue was observed in several hours 
following the bleaching of the other crystals. The high 
positive-ion vacancy concentration undoubtedly ac- 
celerates the rate of vacancy-pair formation, thus re- 
moving negative-ion vacancies with appreciable speed 
after their formation by bleaching. Thus the slope of a 


4H. Rabin, Bull. Am. Phys. Soc. 3, 126 (1958). 





DECREASE 


curve such as that in Fig. 2 is dependent upon the 
rapidity with which the measurements are carried out 
in the case of crystals doped with divalent cations. 

The behavior of the ‘“‘pure”’ crystal showed that both 
ny° and m7z° were very low. This result agrees with 
that of Kawamura’ who observed very little bleaching 
and consequently practically no M-center formation 
with specially purified colored KBr. 

All measurements on these crystals were repeated 
upon adjacent pieces after one year. Considerable de- 
crease in sensitivity occurred in the “pure” crystal, 
which may be ascribed either to inhomogeneity of the 
crystal or to aging. In the others there was no appreci- 
able change. It does not appear that sensitivity de- 
creases with time at room temperature, as previously 
reported,’ as a usual occurrence, provided storage and 
handling are in total darkness. 


(e) Additional Observations 


An interesting observation was made during the 
course of this study, which merits remark and further 
experimentation. The sensitivity of a given crystal was 
higher if measured immediately after depolarization 
(illumination with zero field) then if the crystal re- 
mained in the dark for a minute or so before measure- 


‘6H. Kawamura, J. Phys. Chem. Solids 8, 161 (1959). 
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ment. There seems to be a decay time associated with 
the presence of shallow traps which, during illumination, 
contain electrons in equilibrium with the conduction 
electrons. The half-time for attainment of equilibrium, 
or emptying of the traps, was found to be about 40 
seconds. Polarization entirely obscures the effect of 
such shallow traps upon the rise-time of photocon- 
ductivity, when dc measurements are made; the effect 
should be apparent when an ac method is used, but does 
not seem to have been previously noted in pure alkali 
halides containing F centers. MacDonald,'* however, 
using ac of frequency 20 sec observed an even slower 
photocurrent decay in KBr containing both F and U 
centers, which he attributed to the presence of shallow 
traps, possibly interstitial hydrogen atoms. 

In order to eliminate the effects of shallow traps on 
the sensitivity reported, all measurements were made 
after a 20-second dark interval following depolarization. 
This standardized procedure rendered successive meas- 
urements reproducible. 
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Formulas first derived by Kohler and more recently discussed by MacDonald are used to account for 
relative thermoelectric effects at low temperatures in pure metals, dilute alloys, and in cold-worked copper. 
Since calculations based on these formulas give diffusion thermoelectricity, phonon drag contributions to 
thermoelectricity should appear as differences between the calculated and measured curves of thermo- 


electric power as a function of temperature. 


I. INTRODUCTION 


HE thermoelectric behavior of relatively pure 

metals at low temperatures (say below 6/15) is 
often puzzling since it is possible to obtain absolute 
thermoelectric powers from different samples which may 
differ not only in sign but by as much as two orders in 
magnitude, although residual resistivity measurements 
indicate that there is but little difference in the overall 
purity of the samples. Kohler! (see also Nordheim and 
Gorter’) first derived expressions from formal electron 
transport theory which have been deduced again more 


1M. Kohler, Z. Physik 126, 481 (1949). 
2L. Nordheim and C. J. Gorter, Physica 2, 383 (1935). 


recently by MacDonald directly from simple thermal 
circuit theory.’ These, as we shall show, can be applied 
to account for relative thermoelectric phenomena in 
pure metals and dilute alloys at low temperatures. The 
theorem which considers the influence of competing 
scattering mechanisms on the thermoelectricity of a 
homogeneous conductor containing only one type of 
charge carrier by treating them independently in series, 
can be expressed as follows 


0 S=T WS/T W.. (1) 


3A. V. Gold, D. K. C. MacDonald, W. B. Pearson, and I. M. 
Templeton, Phil. Mag. (to be published). 
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Where S is the observed thermoelec tric power and O1, 
S2-++ and Wy, W2--- are, respectively, the character- 
istic thermoelectric contributions and thermal 
tivities at a given temperature due to the various 
scattering mechanisms 1, 2--- present in a metal. For 
Eq. (1) to be valid the characteristic thermoelectric 
powers, Si, S2:-- must be functions of temperature 
only, being independent of impurity concentration (i.e., 
the presence of impurity atoms must not effectively 
modify the electron density of states function of the 
solvent metal) and this is generally the case when only 
very dilute alloys are considered. 

In our discussion of the thermoelectricity of pure 
metals and dilute alloys which follows we shall consider 
only the diffusion thermoelectricity and ignore phonon 
drag, except when it is explicitly discussed, and we shall 
assume that the concentration of impurities is never 
large enough to cause any effective modification of the 
Fermi surface. 


resis- 


Equation (1) may be written in the form 


Win 
Sth, 
W tal 
where 1, 2--- refer to scattering processes due to physi- 
cal or chemical imperfections present in the metal and 
th refers to thermal scattering processes. If we consider 
only low temperatures where thermal scattering is 
negligible (i.e., in the Lorentz relationship, Lo=p/WT, 
Lo has a constant value of 2.45 10-8 volts*/deg*) then 
expression (1) can be written in the form 


Pi p2 
S= S,+ 


Ptotal Prot 


are the electrical resistivities due to the 
scattering mechanisms 1, 2---, ptotrai=>d. pi, and Sj, 
Se:++ are as before the characteristic thermoelectric 
powers due to 1, 2--- at a given temperature. If we 
consider only two scattering mechanisms this reduces to 


where p1, p2"*° 


(4) 


Il. THERMOELECTRICITY OF A PURE METAL 
AT LOW TEMPERATURES AND THE 
INFLUENCE OF PHYSICAL AND 
CHEMICAL IMPURITIES 

Equations (1) and (2) emphasize that in terms of 
scattering phenomena, thermoelectricity is an “inten- 
sive” parameter in contrast to thermal and electrical 
“extensive” 


resistances which are parameters of the 


system. Thus the size of the thermoelectric effect de- 


pends on the relative amounts of the scattering due to 


the various chemical and physical imperfections present, 


whereas the normal thermal and electrical resistivities 
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Fic. 1. Hypothetical plots of S against 1/ptora: for Eq. (4 
solute 2 is added to a metal having (1) Si, p:, and (2) S;’, p1’ as 
the thermoelectric and resistivity contributions from all residual 
chemical and physical impurities present in it. 


when 


depend only on the total amount. The important con- 
sequence of this is that the intrinsic thermoelectric 
power of a metal due to dominant thermal scattering at 
low temperatures cannot generally be determined from 
measurements on a single rather pure sample, especially 
if the characteristic thermoelectric power of one or more 
common impurities (solutes) is large in that particular 
metal. This is because the observed thermoelectricity 
due to an impurity with a large characteristic thermo- 
electric power can be as large when only 0.0001% is 
present as when, say 0.1% is present provided that this 
impurity gives rise to the dominant scattering mecha- 
nism in the metal. 

Let us now in Eqs. (3) and (4) attribute S» and pz to 
a particular impurity which is to be alloyed with a pure 
metal in which S; and p; represent the thermoelectric 
and resistivity contributions due to all other physical 
and chemical impurities already present, these being 
held constant throughout the alloying processes. As 
Fig. 1 indicates, the change in the observed thermo- 
electric power of the “pure” metal on alloying with 
impurity 2 may be either positive or negative and it will 
depend on the initial value of S; due to the residual 
impurities in the metal, and on S2 which is the value 
the thermoelectric power, S, of the metal must approach 
as the impurity 2 becomes the dominant scattering 
mechanism. Hence it can be seen that both the diffusion 
the 
change on alloying with a specific impurity may adopt 


thermoelectric power of “pure” metal, and its 
all kinds of values. This is particularly the case with 
copper (Gold et al.*) where one of the common im- 
purities, iron, has a large characteristic thermoelectric 
power and most of the other impurities have small ones. 
The observed behavior on alloying then depends on the 
relative fraction of the total residual resistivity of the 


initial copper which is due to iron. 
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Fic. 2. B. Observed thermoelectric power of an annealed sample 
of American Smelting and Refining Company copper as a function 
of temperature. A. Diffusion thermoelectric power calculated from 
Eq. (2) using thermal conductivity data from Powell et al. (see 
text). His data referred to a sample of lower resistivity than that 
giving Curve B, hence the deviation of A and B in the region 
from 15° to 30°K. 


III. THE EFFECTS OF THERMAL SCATTERING 
AT RELATIVELY LOW TEMPERATURES 


The theorem of Kohler and MacDonald can be used 
to account for the variation of the diffusion thermo- 
electric power with temperature, reproducing particu- 
larly the change when thermal vibrations become the 
dominant scattering mechanism. We shall give but one 
example from the work of Gold et al.* A particular 
copper sample which gave a residual resistance ratio 
[Rs.o°x/(Rove°k— Ra.2°x) ] of 1.1X10* was found by 
chemical analysis to contain about 0.0001 at. % Fe 
equivalent in scattering power to about half of the total 
residual resistivity. As we have already noted, iron has 
a very large characteristic thermoelectric power when 
dissolved in copper, whereas most other common im- 
purities have very small characteristic thermoelectric 
powers, so that we may assume that S;~0 at the tem- 
perature considered. The value of S,, at any tempera- 
ture is determined from the observed variation of S with 
T for copper at room temperature. Putting then the 
appropriate data into Eq. (2) where We, S» refer to iron 
in copper and W,, S; refer to the remaining impurities, 
and taking Wi~We2, S:~0, the curve A (Fig. 2) is 
calculated for S in fair agreement with the observed 
curve B. Such a calculation also indicates very clearly 
what we believe to be the contribution of phonon drag 
to the thermoelectricity of pure copper, since it appears 
in Fig. 2 as the difference between the calculated diffu- 
sion thermoelectricity and the observed thermoelec- 
tricity (shaded area). 


IV. THERMOELECTRICITY OF COLD-WORKED 
COPPER AT LOW TEMPERATURES 


We wish to devote the main portion of this paper to a 
discussion of the effects of cold-work on the thermo- 


AT 
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electricity of pure copper at low termperatures. Pearson‘ 
first showed that the thermoelectric power of cold- 
worked copper was positive relative to annealed copper 
below 20°K. van Ooijen® then confirmed this result and 
showed that at somewhat higher temperatures (say 
above 40°K) the thermoelectric power of cold-worked 
copper became negative relative to annealed copper. 
Recently Powell et al.® obtained results similar to those 
of van Ooijen but stated that their results were in “sharp 
disagreement” with those quoted above, principally 
because of the different magnitude of the effects, es- 
pecially for the positive AS found at low temperatures. 
It is easy to show in the light of the Kohler-MacDonald 
formula and the work of Gold et al.* that there is no real 
disagreement. From the work of Pearson‘ and the re- 
sults given below it can be ascertained that the charac- 
teristic thermoelectric power due to imperfections intro- 
duced into copper by cold-work is a rather small 
positive quantity at a temperature of 8°K. Hence the 
essential effect of cold-work on the thermoelectricity of 
copper at low temperatures is to introduce a dominant 
excess of scattering centers which cause a very small 
characteristic thermoelectric power in much the same 
way as thermal vibrations (see also van Ooijen). 

Now the copper examined by Pearson‘ had virtually 
no iron in solid solution; its value of S at 8°K was about 
—0.04 yuv/deg, hence the effect of cold work on the 
observed thermoelectric power was very small as re- 
ported in 4. Although Powell et al.* do not give a curve 
for the variation of thermoelectric power of their an- 
nealed copper with temperature, the copper was said 
to have come from the American Smelting and Refining 
Company. Such copper (see Gold et al.) generally con- 
tains a small but dominant quantity of iron in solid 
solution and thus shows a rather large negative thermo- 
electric power at low temperatures. The large change of 
thermoelectric power found by Powell et al. on cold- 
working the copper is mainly the consequence of the 
reduction of the contribution due to scattering by iron 
through the introduction of a large excess of scattering 
centers as shown above. Indeed we have deduced the 
thermoelectric power of Powell’s annealed copper at 
8°K from the data in our Figs. 5 and 7 and we have 
used Powell’s thermal resistivity data and thermoelec- 
tric data from Gold et al. to calculate from Eq. (2) the 
change of thermoelectric power due to cold work for 
Powell’s sample which was reduced 26.2% in cross- 
sectional area. The agreement beiow 40°K of the calcu- 
lated AS curve with the observed AS curve given by 
Powell is striking (see Fig. 3). 

Above about 40°K Powell and van Ooijen both find 
that the thermoelectric power of cold-worked copper 
relative to annealed copper is negative in sign. This is 

4W. B. Pearson, Phys. Rev. 97, 666 (1955). 

5D. J. van Ooijen, thesis, Tech. Hogeschool, Delft, 
Excelsior, ’S-Gravenhage. 


®R. L. Powell, H. M. Roder, and W. J. Hall, Phys. Rev. 
314 (1959). 
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Fic. 3. Full line: Measurements of Powell et al. of the thermo- 
electric power of cold-worked copper (reduced 26.2% in cross- 
sectional area) relative to annealed copper, AS, plotted as a func- 
tion of temperature. + + Calculated curve for AS 
(diffusion thermoelectricity cabs : see text). 


very interesting since it is exactly what would be ex- 
pected if there was an appreciable positive phonon drag 
contribution to the thermoelectricity of copper in this 
region. The work of Gold et al. suggests that this is the 
case, and the maximum contribution from phonon drag 
occurs at 60° to 70°K. In cold-worked copper we argue 
that the large number of defects introduced causes 
appreciable phonon scattering thus reducing the frac- 
tion of momentum transferred to the conduction elec- 


trons (see e.g., MacDonald’) and hence the magnitude 





TEMP °K 


Fic. 4. Thermoelectric power of cold-worked copper (reduced 
96% in cross-sectional area at room temperature) ~— to the 
same sample in the annealed state drawing, AS, plotted 
as a function of temperature. 

The figures to the left of the curves are the values of the greatest 
negative absolute thermoelectric power of the annealed samples 
(i.e., values at about 8°K). 


be fore 


*D. K. C. 
943 (1959) 


MacDonald, Physica 20, 996 (1954); Science 129, 


of the phonon drag thermoelectric power. The thermo- 
electric power of cold-worked copper is thus expected to 
become negative relative to annealed copper in the 
region between about 40° and say 150°K where phonon 
drag appears to be important. It is interesting first to 
see that the maximum negative deviation found by both 
Powell et al. and van Ooijen occurs indeed at about 
60° to 70°K where the phonon drag contribution to the 
thermoelectric power of pure annealed copper appears 
to be greatest. And secondly, that the calculated curve 
in Fig 3 which gives the diffusion thermoelectricity only, 
departs significantly from the observed AS curve above 
40°K and does not reproduce the substantial negative 
values, further that they may be due 
to changes in the phonon drag component of the 
thermoelectricity. 

In order to confirm further the 
interpretation we give in 


suggesting 


correctness of our 
4 to 7 new data on the 


thermoelectric power of copper cold-worked at room 


Figs. 


temperature which we have collected using the approxi- 
mate methods of MacDonald and Pearson* and Pearson‘ 
and checked by more precise experiments at the lowest 
temperatures.’ Figure 4 shows how the change of ther- 
moelectric power of cold-worked copper relative to 
annealed copper, AS, depends on the greatest negative 
value of the absolute thermoelectric power of the pure 
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Fic. 5. Plots of S at 8°K against 1/protai [see Eq. (4) ] for three 
different copper samples which have been cold-worked for various 
amounts corresponding to between 20 and 96%% reduction in 
cross-sectional area. 

8D. K. C. MacDonald and W. 
(London) A219, 373 (1953). 

9 Cf. D. K. C. MacDonald, W. B. 
ton, Proc. Roy. Soc. (London) 
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RELATIVE THERMOELECTRIC 
copper. This in turn depends on the relative scattering 
importance of traces of iron present in the copper. In 
Figs. 5 and 6 we show plots of Sobservea at 8°K and 
15°K against the inverse residual resistivity (see Sec. 
II). Each of the lines shows results obtained for various 
degrees of cold-work on a copper sample of a particular 
purity. The plots represent the equation, 


Sobs. = Se old worked 


Pother impurities 


ee (Scold worked — Sother impurities), 


Ptotal 


the intercept on the ordinate giving Scola worked, the 
characteristic value of the thermoelectric power due to 
imperfections introduced by cold-work in copper at the 
temperature considered. The extrapolated values of 
Scold worked at 8°K for samples of copper of various 
purities, which lie within about 0.1 uv per deg of each 
other, suggest a small positive characteristic thermo- 
electric power of ~ 0.1 wv per deg for imperfections at this 
temperature. We use the data in Figs. 4 to 7 only to 
demonstrate the principles involved in our discussion, 
since the absolute values of thermoelectric powers are 
not known too precisely. This is apparent in Figs. 5 and 
6 where the extrapolated Scoid workea Values from differ- 
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Fic. 6. Plots of S at 15°K against 1/ptotai [see Eq. (4)] for four 
different copper samples which have been cold-worked for various 
amounts corresponding to between 20 and 96% reduction in 
cross-sectional area. 
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Fic. 7. Plot of the maximum values of AS from the curves in 
Fig. 4 against the values of the greatest negative absolute thermo- 
electric power of the annealed samples. These are given to the 
left of the curves in Fig. 4. 


ent copper samples agree only to +0.1 wv per deg. 
(comparison of absolute values of thermoelectric power), 
although the points obtained for various degrees of 
cold-work on a particular sample are closely collinear 
(comparison of relative values of thermoelectric power). 

It is interesting to use the data of Fig. 4 and plot the 
maximum value of AScoia workea due to 96% reduction 
in cross-sectional area against the greatest negative 
value of the thermoelectric power of the corresponding 
annealed copper (see, e.g., Fig. 2) both of which occur 
at about 8°K. A linear relationship is obtained which 
extrapolates to +0.15 wv per deg for a value of AS=0 
agreeing, as it should approximately, with the value of 
the characteristic thermoelectric power of imperfections 
due to cold-work in copper at 8°K (Fig. 7). 


IV. CONCLUSION 


We have demonstrated how relative thermoelectric 
effects as a function of composition or temperature in 
pure metals, dilute alloys and cold-worked metals can 
be accounted for by the use of formulas first derived by 
Kohler. The application of Kohler’s formulas, often 
overlooked in recent years, can contribute much to our 
understanding of thermoelectric phenomena in metals 
at relatively low temperatures, and to our recognition 
of phonon drag thermoelectricity at rather higher tem- 
peratures. The magnitude of the various thermoelectric 
effects still remains to be understood in detail. 
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The weak-field single crystals of 
p-type PbTe was measured at room temperature and 77°K. The 
general predictions of weak-field theory were precisely obeyed in 
the range of magnetic-field intensities for which the theory 
should apply. In stronger fields at 77°K, deviations from weak- 
field behavior of three types were observed which agree with the 
Gold-Roth theory of magnetoresistance at arbitrary magnetic-field 
strengths. The weak-field data at both temperatures conformed 
very closely to the (111) ellipsoid-of-revolution multivalley model 
with values of the mass and scattering-time anisotropy parameter 
K of 4.7 (room temperature and 4.2 (77°K 


magnetoresistance of six 


, and with values of 


INTRODUCTION 


W* report here weak-field magnetoresistance 
measurements at room temperature and 77°K 
on two [100]- and four [110 ]-oriented single crystals 
of p-type PbTe, and compare the results with theory. 
These data represent an extension of our earliel 
work on the lead salts'? which was restricted to [100 ] 
samples and to 77°K and lower temperatures (except 
for some crude room-temperature data on one sample). 
The present results were obtained on crystals pulled 
from the melt,’ in contrast to our earlier measurements 
which were made on crystals grown by the Bridgman- 
Stockbarger technique. 

Other data previously reported on magnetoresistance 
in PbTe**® were limited in extent, and except for those 
described in a recent abstract’ were obtained at 
temperatures of 90°K or lower. Shogenji and Uchiyama® 
and Shogenji® concluded from weak-field measurements 
on one [110] and one [100] crystal at 90°K that a 
(111) ellipsoid-of-revolution model was appropriate 
for p-type PbTe. We had come to the same conclusion 
from an analysis of weak- and strong-field data on 
[100] crystals at 77° and 4.2°K.! 

The compound PbTe belongs to the lead-salt series 
PbS, PbSe, PbTe, a group of partially-polar 
semiconductors crystallizing in the cubically-symmetric 
NaC] structure.® PbTe 


crystals grown in this laboratory generally have a low 


and 


Homogene US portions of 


1R. S. Allgaier, Phys. Rev. 112, 828 (1958). 

2 R. S. Allgaier, Naval Ordnance Laboratory Report NAVORD 
6037, 1958 (unpublished). 

3 One of these pulled crystals may be seen on the cover of the 
May, 1959, Physics Today. 

+E. H. Putley, Proc. Phys. Soc. (London) B68, 22 (1955). 

5K. Shogenji and S. Uchiyama, J. Phys. Soc. (Japan) 12, 1164 
(1957). 

® K. Shogenji, J. Phys. Soc. (Japan) 14, 1360 (1959). 

7H. N. Leifer, M. R. Ellett, K. F. Cuff, and R. S. Krogstad, 
Bull. Am. Phys. Soc. 4, 362 (1959) 

8 W. W. Scanlon, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1959), Vol. 9. 


the statistical-scattering factor G of 1.17 (room temperature) and 
1.016 (77°K). The dependence of the magnetoresistance at 77°K 
on the Fermi level was used to make a rough calculation of the 
effective-mass components of the carriers in p-type PbTe which 
led to a total density-of-states effective mass of 0.16 tires the 
free electron mass. Some preliminary room-temperature mag 
netoresistance data on n-type PbTe and on PbS and PbSe were 
also obtained which revealed that the longitudinal magnetoresist- 
ance in both n- and p-type PbS and PbSe was an order-of-magni- 
tude smaller than in p-type PbTe. 


resistivity, with about 10'S carriers per cm*. Their 
carrier concentrations are essentially constant from 
room temperature down to the lowest temperature 
studied (4.2°K). Despite the high carrier concentrations, 
the mobilities rise rapidly with decreasing temperature, 
and apparently are not affected by ionized-impurity 
scattering or other defect scattering down to about 
50°K.2.9 
These characteristics interesting and 
advantageous situation for a magnetoresistance study. 
The constant 
temperature 


create an 


carrier-concentration 
range 


and the wide 
over which lattice scattering 
predominates should simplify the analysis of the 
results. The low resistivity of the crystals has thus far 
prevented successful use of cyclotron resonance to help 
determine the band structure in the lead salts. The 
low resistivity also seems to eliminate the shorting 
effects of the sample contacts,! a problem which has 
plagued some magnetoresistance investigations in the 
past." 

Our aims in the work reported here were to obtain 
consistent data on a number of samples sufficient to 
make a meaningful choice of a band model, and to 
evaluate the parameters of the chosen model. 


THEORY 


Seitz has shown that the weak-field magnetoresistance 
in any cubically-symmetric crystal may be described 
in terms of three coefficients 6, c, and d."' A weak 
field implies that wH/C<1, where wu is the carrier 
mobility, H the magnetic-field intensity, and C a 
factor which depends on the system of units used. In 
emu, C= 1; in esu, C is the velocity of light in cm/sec; 
and in the practical system using oersteds, cm, and 


®R. S. Allgaier and W. W 
(1958). 

10 See, for example, M. Glicksman, J 
511 (1959). 

1 F, Seitz, Phys. Rev. 79, 372 


Scanlon, Phys. Rev. 111, 1029 
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mks electrical units, C= 108 cm?-oersted/v-sec. It has 
been shown” from Seitz’s work that to second order in H 


Ap, ‘po= [o6+c(X, uj)’ +d 2 un? JH’, (1) 


where Ap/po is the fractional change in the zero-field 
resistivity and the c; and n; are the direction cosines of 
the current and mangetic-field vectors with respect to 
the cubic axes. 

We prefer to work with dimensionless coefficients 0’, 
c’, and d’ obtained by removing the factor (u”/C)? 
from the Seitz coefficients; the Hall mobility uz may 
be obtained experimentally with the same equipment 
needed for the magnetoresistance measurements. Thus 

Ap 
=[B' +e’ (Sj nj? +d’ 5 u?n? ](un H/C) 
po 
Mas,°! (unH/C), (2) 


where aBy and def indicate the sample-current and 
magnetic-field directions, and b’=b/(un/C)*, etc. We 
will be using only transverse (current perpendicular to 
field) and longitudinal (current parallel to field) 


coefficients, and for easy identification we omit the 
superscript from the latter. 

We will make a detailed comparison of the experi- 
mental results with the magnetoresistance theory for 
the single-band multivalley models. For these it has 
usually been assumed that constant-energy surfaces 


in k space are ellipsoids of revolution centered at 
certain cubically-equivalent values of k (the wave 
vector of the charge carrier), and that a scattering time 
r exists which is a scalar function of carrier energy 
times a constant tensor which is diagonal in the 
principal-axis system of an energy ellipsoid. A solution 
via the Boltzmann equation for the magnetoresistance 
in such models then leads to expressions of the form'*-'® 


Masy®!=G fag, (K)—1 (3) 
and 


Masy=G fag,(K), (4) 


where K= (my,/mty)/(7u/71)3 mu and 7, and m, and 
T, are, respectively, the effective masses and scattering 
times parallel and perpendicular to the symmetry axis 
of an ellipsoid. 

The factor G depends on the statistics and on the 
energy dependence of the scattering time, and is 
given by 


f T.E (A fo ane f T° ENO fo/OE)dE 
0 


0 


G= : : 


i ! 


tT8EN(A fo aryat| 
2 G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 
13 B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 
4M. Shibuya, Phys. Rev. 95, 1385 (1954). 
16 C. Herring, Bell System Tech. J. 34, 237 (1955). 
16 C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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where 7, is the scalar part of the scattering time, E is 
the carrier energy and fo is the unperturbed Fermi 
distribution function. For classical statistics, G assumes 
its minimum value of one when 7, is a constant, and 
slowly increases with increasingly strong dependence of 
7, on energy. As the statistics become degenerate, G 
approaches one for any energy dependence of 7,. 

Theoretical magnetoresistance expressions have been 
worked out for the three multivalley ellipsoid-of- 
revolution models in which the energy surfaces are 
centered along the (100), (110), or (111) directions in 
k space. These expressions are summarized elsewhere! 
in terms of 8’, c’, and d’, from which any magneto- 
resistance coefficient may be obtained using Eq. (2). 
For each model, a symmetry relation (of the form 
b/+c’+xd’=0) and restrictions on the algebraic sign 
of d’ exist which are independent of the values of G 
and K. However, ellipsoids of revolution are not 
required by cubic symmetry when they lie along the 
(110) directions, and an investigation of this more 
general model'’ revealed that for certain values of the 
effective-mass components, « may assume the value 
appropriate for each of the ellipsoid-of-revolution 
models. The (110) general-ellipsoid model should be 
considered in view of the fact that the only theoretical 
band-calculation made for a lead salt'® suggested that 
both the conduction- and valence-band edges in PbS 
lie in the (110) directions. 

Another type of cubically-symmetric model consists 
of two warped spheres centered at k=0. Its transport 
properties have been investigated by Lax and 
Mavroides® and applied to the valence bands of 
germanium and silicon. The relation among the weak- 
field coefficients b’, c’, and d’ for this model depends on 
three parameters which describe the warping and 
curvature of the light- and heavy-mass bands. Lax and 
Mavroides ‘used parameter values obtained from 
cyclotron-resonance data for Ge and Si. We have no 
such data for the lead salts, but it would be possible 
in principle to obtain the relative values of these three 
parameters from experimentally-determined values of 
b’, c’, and d’ if the warped-band model is applicable. 


EXPERIMENTAL 


As before,! we used a simple dc method with appro- 
priate averaging out of unwanted voltage components. 
The equipment and techniques for the earlier work 
have been described elsewhere,’ and similar information 
for the present investigation is described in a recent 
report.” 

The lead salts cleave along the planes formed by the 
cubic axes. The PbTe samples used in the present work 

17 R, S. Allgaier, Phys. Rev. 115, 1185 (1959). 

1D. G. Bell, D. M. Hum, L. Pincherle, D. W. Sciama, and 
P. M. Woodward, Proc. Roy. Soc. (London) A217, 71 (1953). 

1 B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955); 
107, 1530 (1957): 

*R. S. Aligaier, Naval Ordnance 


Laboratory 
NAVORD-6748, 1959 (unpublished). 
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Fic. 1. Fractional change in 


resistivity as a function of the 
aad Temolé mobility-magnetic field strength 

=! product divided by C= 108 cm?- 
| oersteds/v-sec. Sample current 
in [100] direction. 











were prepared by cleaving and sanding by hand. This 
may have introduced alignment errors as large as 5° 
However, all of the magnetoresistance coefficients 
measured were of comparable magnitude, and all were 
extrema (or saddle points) with respect to variation of 
the sample-current or magnetic-field direction. A 
calculation for a typical case shows that a 5° alignment 
error leads to a {% error in the coefficient. 

The sample dimensions were generally about 0.50 
<0.75X4 mm‘. The small size was preferred because it 
minimized any inhomogeneities present, and because 
it produced voltage drops large enough for precise 
measurement with a small, more easily-stabilized 
current and a small heating-effect. 

We used two sample holders for the measurements; 
the sample length was horizontal in one and vertical in 
the other, and in both holders the sample could be 
rotated about a vertical axis in the presence of a hori- 
zontal magnetic-field. Thus in the horizontal holder, 
the angle between the sample current and the magnetic 
field could be varied continuously from 0 to 90°, while 
in the vertical holder, current and field were alway. 
perpendicular; the only variable in this case was the 


crystallographic orientation of the magnetic fields 





Fic. 2. Fractional change in 
resistivity as a function of the 
mobility-magnetic field strength 
product divided by C= 108 cm?- 
oersted/v-sec. Sample current 
in [110] direction. 
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The room-temperature and 77°K data were obtained 
with the sample directly immersed in water or liquiy 
nitrogen. The water temperature was continuousld 
monitored, and the carrier-mobility values used were 
obtained by a linear interpolation from mobilities 
measured at two temperatures near room temperature. 
All of the room-temperature data were obtained at 
298° +2°K. 

The precision of our results, which we estimate to be 
about +5%, was limited by sample inhomogeneities, 
and by errors in measurements of the sample dimen- 
sions and the separation of the resistivity probes. 
We believe any systematic errors were considerably 
smaller than this. 


RESULTS AND DISCUSSION 


(1) Magnetic-Field Dependence of 
Magnetoresistance 


We first studied the dependence of the four coefficients 
Moo, Mire, Mioo™, and My!" on the magnetic-field 
intensity, to determine the range of applicability of 
weak-field theory (i.e., the range over which the 
coefficients were constants). In Figs. 1 and 2, Ap/po 
vs (uxH/C) is plotted on a log-log scale. At room 
temperature, weak-field theory is precisely obeyed up 
to the maximum attainable nyH/C(+0.13). At 77°K, 
saturation effects are quite evident. It would have been 
desirable to extend the 77°K data to a lower uyH/C 
value than the minimum shown on the curves (~0.27), 
since the weak-field slope of two has not quite been 
attained. However, the very low resistivity of the 
samples (20 times lower than at room temperature) 
produced voltage changes across the resistivity probes 
which at lower magnetic fields were too small to be 
measured accurately. 


(2) Magnetoresistance as a Function of 
Magnetic-Field Direction 


We also studied the magnetoresistance at constant 


magnetic-field intensity as the field was rotated in 


0 
0.67 0 


0.4 


0.2/1 








° 


18) 90 80 270 360 
MAGNETIC FIELD DIRECTION (degrees) 


Fic. 3. Room-temperature weak-field magnetoresistance 
(unH/C+0.13) as a function of magnetic-field orientation. 
Upper figure: Sample current in [100] direction, magnetic field 
rotated in (100) and (010) planes. Lower figure: Sample current 
in [110] direction, magnetic field rotated in (110) and (110) 
planes. Magnetic-field directions indicated along each curve. 
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several planes. Weak-field theory predicts in every 
case a sine curve with extrema every 90° at the high- 
symmetry orientations. The configurations investigated 
may be identified by the notation Mag,“*, where 
ay, as before, refers to the sample-current direction, 
and the parenthesized superscript identifies the plane 
of rotation of the magnetic field. We studied Mj00%™, 
Myo, Mio, and Mio". At room temperature 
these studies were made at the maximum yuxH/C 
attainable (~0.13), and the sine curves predicted by 
Eq. (2) occur in each case (Fig. 3). For the Moo 
configuration, the theory predicts that the sine curve 
should degenerate into a straight line, because there is 
no distinction between the two “extrema” M jo0°" 
and Mio. The fact that the straight line occurs 
experimentally suggests the unimportance of any 
shorting effect due to the area of contact between the 
sample and the probes, since these two orientations 
are no longer equivalent when the shorted areas are 
included in the symmetry system. 

At 77°K the same configurations were investigated 
at the minimum (~0.27) and maximum (~2.1) values 
of uzH/C attainable. It was difficult to obtain precise 
curves at the lower field value, but deviations from the 
weak-field theory, if present, were small (Fig. 4). At 
the higher field value pronounced deviations occur 
(Fig. 5). The curve Mio, formerly constant, now 
exhibits four maxima at field orientations midway 
between the cubic-axis directions. Even at this high 
field, however, no difference has appeared between 
Mio and Mio. Also, the Mio and Myo 
curves are modified in that the maxima are sharpened 
and the minima broadened. Finally, the Miso™ curve 
shows an additional set of minima appearing at the 
longitudinal configurations Mj,;0, which are maxima 
at this temperature in the weak-field region. 

Each of these departures from weak-field theory is 
predicted by the Gold and Roth constant 7 theory for 
magnetoresistance at any field strength" for a (111) 
ellipsoid-of-revolution multivalley model. However, a 
closer examination of our data shows that the measured 
values of Ap/po at 77°K for the maximum attainable 
field strength already exceed the saturation values 


rane I. Hall coefficients and Hall mobilities in the samples used 
for the magnetoresistance measurements. 

Hall coefficient 

(cm*/Coulomb) Hall mobility 

(cm?/v-sec ) 


77°K 


Room 
temp. 77°K 


44 1.79 15,600 
39 1.71 15,300 
Ja , 385 15,500 
53 8 15,900 
38 ; 15,700 
2.46 15,200 


Sample 
orientation 


Sample 
number 


140 [100] 
149 [ 100 } 
110] 
[110] 
[110 } 
110} 


ho hd ht hb 


21 L. Gold and L. M. Roth, Phys. Rev. 


107, 358 (1957). 
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Fic. 4. Weak-field magnetoresistance at 77°K (uyH/C#0.27). 
Orientations as in Fig. 3. 


calculated from the Gold-Roth theory, by 58% for 
the Myoo™ orientation down to 9% for the Mj,0!%° 
orientation. Saturation is most closely approached for 
the My. orientation; the relative lack of saturation 
in the other configurations may be due to sample 
inhomogeneities.” 


(3) Weak-Field Magnetoresistance Coefficients 
and Band Models 


Having investigated experimentally the general 
predictions and the limits of applicability of weak-field 
theory, we then made careful and repeated measure- 
ments of the Myo0, Mico, Miro, Miw™, and My,0! 
coefficients at room temperature (298°+2°K, uyH/C 
0.13) and at 77°K (uyH/C=0.27). The measured 
Hall coefficients and Hall mobilities needed to evaluate 
the magnetoresistance coefficients are given in Table I. 

The room-temperature Hall coefficients listed in 
Table I were obtained at npyH/C~0.13, and were 
found to be independent of the magnetic-field strength 
to within +1% from this value of uyH/C down to 
the lowest attainable. However, the original Hall 
measurements at 77°K were inadvertently taken at 
too high a magnetic field strength (ugH/C~1.2). A 
later investigation of the magnetic-field dependence of 
the Hall coefficient revealed that it was constant 
to within +3% below peH/C~0.3, but gradually 
increased at higher values. We remeasured the Hall 
coefficients of the samples at the original value of 
uoH/C~1.2 and at a value (~0.1) small enough to 





| *Cioo) | 


0.2 (100), 
0,08 “Meo * 
eed) 7 


100 
0,044," 


0 
Od a 








asfdet) 008 
Miio + 3° “ 
0,04),¢ oan" 


[no] tool [iio] 





° 








fe) 30 180 270 3€ 

MAGNETIC FIELD DIRECTION (degrees) 

Fic. 5. Strong-field magnetoresistance at 77°K (ux#H/C=~2.1). 
Orientations as in Fig. 3. 


2 C. Herring, T. H. Geballe, and J. E. Kunzler, Bell System 
Tech. J. 38, 657 (1959). 
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rasLe Il. Weak-field magnetoresistanc: 
coefficients in p-type PbTe. 


Room temperature 


M00 1 : M jo0™ 


Holder 


used* 


Sample 
number 


140 : 3 0.146 
d 0.153 

b 0.410 0.153 

149 F 328 0.166 
: 3 0.146 

0.160 


Miro Miso 110)! ar VM 419%! My j91l9 


0.406 


V j 0.596 
H 0.275 

V 0.618 
H 0.280 : 

V 3: 0.612 
H 0.271 . 

V 3: 0.595 
H 0.274 


0.147 359 
0.145 
0.147 331 
0.136 
0.154 330 
0.156 
0.158 0.372 
0.146 


0.202 


* V =vertical, H =horizontal. 


lie within the true weak-field region. We found the 
former were larger than the latter by factors of 1.06 to 
1.08, and we applied these correction factors to the 
original Hall and magnetoresistance data at 77°K. 
The six crystals investigated were all from the same 
ingot, and the close agreement of their Hall coefficients 
is an indication of the homogeneity of the ingot. This 
degree of homogeneity represents a definite improve- 
ment over the Bridgman-Stockbarger crystals used in 
our earlier work. In addition, the room-temperature 
Hall mobilities in these pulled crystals were dis- 
tinctly higher than those in the crystals grown by 
the Bridgman-Stockbarger technique, suggesting a 
closer approach to crystal perfection. This was con- 
firmed by a comparative study of dislocation densities.”* 
The magnetoresistance are given in 
Table II. Each value listed represents an average of 


coefficients 


four series of readings of each of the four possible 
combinations of sample-current and magnetic-field 
directions. As indicated in Table II, some coefficients 
were measured in both the horizontal and vertical 
sample holders. The two vertical-holder Moo! values 
listed for each [100] sample were obtained at the two 
equivalent perpendicular orientations of the magnetic 
field. The reproducibility of the results is much im- 
proved over our earlier published results,! as well as 
over some more recent unpublished measurements we 
made on crystals grown by the Bridgman-Stockbarger 
method. The averages for all of the measurements of 
each coefficient are: 
Magnetoresistance coefficient 

VW i00 

VW io0 and My4o™ 


Vito 
M iio! 


77°K 
0.408 
0.151 
0.196 
0.348 


Room temp. 
0.531 
0.345 
0.275 


0.605 


The M 100™ Mi. were averaged 
together since they are equal, according to Eq. (2), for 


coefficients and 


73 B. B. Houston (private communication). 
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any cubic model. From these average values we obtain: 

Weak-field coefficient Room temp 77°K 
0.345 0 
0.330 
0.520 


15 
15 


1 
—0.152 
0.394 


In Table III we compare experimental and thoeret- 
ical values for the symmetry relations among J’, 
c’, and d’, the algebraic sign of d’, and relations 
among various magnetoresistance coefficients, using the 
averages of the experimental values listed above. To 
within experimental error, the data satisfy the condi- 
tions b’+-c’=0, d>0, and the other relations predicted 
for the (111) ellipsoid-of-revolution model, at both room 
temperature and 77°K. This agreement tends to make 
the (110) general-ellipsoid model and the two-band 
warped energy-surface model less likely choices, since 
these relations, although possible, are not required by 
the models. In fact, Long and Myers"! have pointed out 
that over the range of warping parameters for which the 
Lax-Mavroides theory for warped energy-surfaces is 
accurate, b’+c¢’ ~0 and d<0. 

We might also mention that the presence of a small 
number of high-mobility holes in the valence band of 
germanium causes the Hall coefficient and the transverse 
weak-field magnetoresistance coefficients to be strongly 
field-dependent. These results are predicted theoret- 
ically’.5 and are not particularly affected by the 
warping of the bands, the scattering law, or the 
statistics. The lack of field dependence of the Hall 
coefficient and weak-field magnetoresistance coefficients 
which we found in p-type PbTe in the weak-field 
region (u7H/C<0.3) indicates that if two or more 
bands are contributing carriers, the mobilities of these 
carriers must be nearly equal. 


(4) Band Model Parameters 


From the expressions for b’, c’, and d’ for the (111 
ellipsoid-of-revolution model we obtain the equations 


+1)(K—1)? 
M00 G (6) 
3K(K+2)° 


M 00/2, 
(2K-+1)? 


M jo0™"( _ Mi 001) G _ i. 
3K (K+2) 


M iw 


and 


M 110! My + M 339%. (9) 


From Eqs. (6) and (8) we find that the mass and 
scattering-time anisotropy parameter K may take the 
two possible values 
K,=(A+(A?—4)'//2, 
* TD. Long and J. Myers, Phys. Rev. 109, 1098 (1958). 


25 R. K. Willardson, T. C. Harman, and A. C. Beer, Phys. Rev. 
96, 1512 (1954). 


(10) 
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where 
A= (2+5B)/(1—2B) (11) 

and 

B= (M o0/2)/(1+M 100). (12) 
Both A, and K_ are positive and hence physically 
allowable. Since the theory contains only two param- 
eters and we have four distinct measured quantities 
M00, Miro, Moo (=Mis0™), and Mio', we per- 
formed a least-squares analysis of the data obtained for 
all six samples at each temperature which led to the 
values of K, and K_, and corresponding values of G, 
and G_, listed in Table IV. Since the minimum 
theoretical value of G is unity, the results favor G, 
and K, (prolate ellipsoids), a conclusion we had also 
reached on other grounds in our earlier paper.! The K 
values are to be compared with our earlier estimate that 
K lies between 4 and 6 at 77°K, and with the more 
recent estimate of Shogenji® that K=10/3 at 90°K. 
Values of G have not been published previously. 

The decrease in K at 77°K relative to its room- 
temperature value is interesting in view of a similar 
but more pronounced decrease which occurs in n-type 
germanium.”®* This decrease in Ge has been ascribed 
to anisotropy in rt due to the presence of ionized- 
impurity scattering. We have already mentioned 
that no defect scattering of any kind appears to affect 
the carrier mobilities in the lead salts down to about 
50°K ;? nevertheless, it is conceivable that a relatively 
small amount of impurity scattering is responsible for 
the reduction in K. 

The G, values appear to be quite reasonable. For 
classical statistics and acoustic lattice-scattering, Eq. 
(5) predicts G= 1.27. The somewhat lower value of 1.17 
which we calculate from the room-temperature data 
probably results principally from a departure from 
strictly-classical statistics; it may also be due to the 


TABLE IIT. Comparison of the experimental data and the theoret 
ical relations for the ellipsoid-of-revolution multivalley models. 


Theory 
Relations between 
magnetoresistance coefficients 
Min = 
y(M ir0! 


Symmetry Algebraic 
relation sign of 
b’ +c’ +xd’ =0 d’ 


Theoretical 
model 


x= ’ s= 
{100 1 <0 0 


(110 —1 >0 1.33 
111 0 >0 2 


Experiment 

Temperature 
Room 

temperature 


i7°K 


—0.03 >0 
0.003 >0 


1.06 
0.99 


26M. Glicksman, Phys. Rev. 108, 264 (1957). 

27 W. M. Bullis, Phys. Rev. 109, 292 (1958). 

28 C. Goldberg, Phys. Rev. 109, 331 (1958). 

2 R. A. Laff and H. Y. Fan, Phys. Rev. 112, 317 (1958). 
© F. S. Ham, Phys. Rev. 100, 1251(A) (1955). 
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TABLE IV. Values of the mass and scattering-time anisotropy 
factor K and the statistical-scattering factor G calculated from 
the experimental data assuming the (111) ellipsoid-of-revolution 
multivalley model. 


Parameter Room temperature 
K, 4.74 

G B47 

K 0.208 

G 0.92 


partially-polar nature of PbTe, since theories of polar 
scattering generally predict a weaker dependence of 
scattering time on energy than is predicted for acoustic 
lattice-scattering.*! 

At 77°K the degenerate statistics should reduce the 
G value almost to unity, because of the large carrier- 
concentrations (~10'* per cm*) present in the samples. 
One might argue that the small difference between 
unity and the G calculated from the 77°K data (1.016) 
is fortuitous. However, a calculation based on Eqs. 
(6), (10), (11), and (12), using the experimental values 
for Mjoo and Mo, revealed that increasing one or 
the other of these coefficients by 5% increased or 
decreased the calculated G value by only about 4%. 
Moreover, the major errors in the coefficients are 
likely to occur together, and to be in the same direction, 
due either to slight effects of saturation occurring at 
this temperature, or to an error in the mobility factor 
by which one divides to obtain all the magnetoresistance 
coefficients ; thus the variations in G will tend to cancel. 

An analogous calculation of the band-model param- 
eters may be performed for the (110) general- 
ellipsoid model.'” This model contains three parameters : 
G (the same G as before) and the two ratios K and L 
needed to specify the mass and scattering-time anisot- 
ropy. We avoided a more laborious calculation by 
assuming that the condition b’+c’=0 is satisfied. This 
restricts the solution to two lines in the K-L plane 


Kit L,=2 (13) 


and 


1, Ket h, L:= 2: (14) 


We use these conditions to eliminate the parameter L 
from the expressions for 6’, c’, and d’ for this model,!” 
and obtain 


2(K,—1)?(—K2+2K,42) 
Min=G ae (15) 
9K,(2—K;) 


Mi0= M 100 Z. (16) 
(—K2+2K,+2)? 

M 40" ( = M 410) =(> ee _ :. (17) 
9K,(2—K;) 

and 


M i0!'” M 30+ Miyo™, 


31 See, for example, D. J. Howarth and E. H. 
Proc. Roy. Soc. (London) A219, 53 (1953). 


(18) 


Sondheimer, 
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raBLe V. Values of the mass and scattering-time anisotropy 
factors K and L and the statistical-scattering factor G calculated 
from the experimental data assuming the (110) general-ellipsoid 
multivalley model with the condition b’+c’=0. 


Parameter Room temperature 


Ky 1.71 
Ly 0.29 
G, 0.96 
Ky 3.39 
E 0.58 
Ge 1.12 


M yo=G 
My 


M jo." (= M 0) =G 
2K.?+2K2—1) 
and _ 
M yy! = Mot Mi™. (22) 
The least-squares analyses of these systems of equations 
and the experimental data yielded the values listed in 
Table V. One solution leads to a G value less than unity 
at 77°K, the other to G values less than unity at both 
temperatures. This is further evidence that the (110) 
general-ellipsoid model does not apply to the valence 


band of PbTe. 


(5) Effective-Mass Components at 77°K 


== OL 
/ 


The degenerate statistics occurring at 77 make it 
possible to attempt a calculation of the individual 
effective-mass components in p-type PbTe, not merely 
their ratios. We used a generalization of a formula 
first derived by Sommerfeld® when he applied Fermi- 
Dirac statistics to the transport equation and calculated 
an approximation for highly-degenerate statistics. The 
generalization consists of expressing the result for the 
law +t« EE’ and including the effects of mass and 7 
anisotropy. The result again has the form of Eq. (3) 
or (4), except that 


rr skT\? 
ey 
3 ky 


where & is Boltzmann’s constant, J is the absolute 
temperature, and Er is the Fermi-level energy. The 
Fermi level for a multivalley ellipsoid-of-revolution 
model is given by 


(24) 


Planck’s constant, m,* and m,* are the 


transverse and longitudinal effective-mass components 


where / is 


# A. Sommerfeld, Z. Physik 47, 1, 43 (1927). 
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(relative to the free-electron mass mp) in the principal- 
axis system of a valley, and n, is the carrier concentra- 
tion per valley. We used the carrier concentra- 
tion obtained from the Hall data at 77°K, neglected 
anisotropy in the scattering time, and assumed r 
which is appropriate for acoustical mode lattice scatter- 
ing. From Eqs. (23) and (24) and the experimental G 
value at 77°K we obtained m;*=0.11 and m,*=0.025 
for eight ellipsoids, and m,*=0.17 and m,*=0.040 for 
four ellipsoids. The total density-of-states effective 
mass in either case is 0.16 mo. 

If we assume that the carrier concentration, effective 
mass, and scattering law do not change with tempera- 


—().5, 


ture, we may calculate a room temperature G value, 
using tables of Fermi-Dira¢ (Neither the 
approximation of nor strictly- 
classical statistics is applicable at room temperature.) 
We obtained G= 1.14, which is in reasonable agreement 
with the value of 1.17 derived directly from the experi- 
mental data. 

We cannot claim much accuracy for this effective- 
mass calculation, particularly in view of the arbitrary 
assumption of r=—0.5, a choice dictated by the 
limited number of exponents for which the Fermi-Dirac 
integrals have been tabulated. However, the results 
are not unreasonable, since we find that all except one 
(Shogenji and Uchiyama*) of the estimates of density- 
of-state effective conduction and 
valence bands of the lead salts lie in the range 0.10, 
—0.36mp.**-” Estimates of the geometric mean of the 
electron and hole effective-masses in PbTe*’** range 
from_0.16mp to 0.27mp. Our value for the holes coupled 
with an estimate of 0.325mo for electrons® leads to a 
geometric mean of 0.23mp. 


integrals. 


highly degenerate 


masses in the 


PRELIMINARY RESULTS FOR n-TYPE PbTe 
AND FOR PbS AND PbSe 


We would like to mention briefly some preliminary 
room-temperature data we have obtained on n-type 
PbTe and on n- and p-type PbS and PbSe. The samples 
used were all grown by the Bridgman-Stockbarger 
technique. We include these results now because they 
were unexpected, and because it may be some time 
before we can obtain crystals of as good a quality as 
the p-type PbTe material. 

Some approximate, representative values are listed 
in Table VI. (The results for p-type PbTe are also 

3% K. Shogenji and S. Uchiyama, J. Phys. Soc 12, 252 
(1957). 

4 E. H. Putley, Proc. Phys. Soc. (London) B68, 35 (1955). 

5 J. Bloem, F. A. Kréger, and H. J. Vink, Defects in Crystalline 
Solids (The Phy sical Society, London, 1955), p 273 

36 R. L. Petritzand W. W. Scanlon, Phys. Rev. 97, 1620 (1955). 

37 R. A. Smith, Physica 20, 910 (1954). 

38 G. G. Macfarlane and L. Pincherle (unpublished 
r. S. Moss, Proc. Inst. Radio Engrs. 43, 1869 (1955 

% EF. Z. Gershtein, T. S. Stavitskaia, and L. S. Stil’! 
Tekh. Fiz. 26, 2472 (1957) [translation 
Phys. 2, 2302 (1957) ]. 

“DP. M. Finlayson and D. Greig, Proc. 
73, 49 (1959). 
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WEAK-FIELD MAGNETORESISTANCE IN f 


TaBLE VI. Approximate values of room-temperature weak-field 
magnetoresistance in the lead salts. 


Coefficient 
Mi M i101! 


0.08 
0.10 
0.09 
0.09 


Material VW i10 Moo 


n-PbS 
P PbS 
n PbSe 
p-PbSe 
n-PbTe 
p-PbTe 


0.01 
0.02 
0.02 
0.03 


0.09 
0.11 
0.10 
0.12 


0.28 0.35 0.61 


given for comparison.) The surprising result is the 
relatively small room-temperature longitudinal mag- 
netoresistance in PbS and PbSe, both n- and p-type, 
perhaps ten times smaller than in p-type PbTe at 
this temperature. Our earlier work at 77° and 4.2°K! 
suggested that the longitudinal coefficients were as 
large or larger than the transverse in all three lead 
salts, and that the magnitude of each coefficient did 
not vary greatly from one material to the next. 

The newer, room-temperature data are not neces- 
sarily grossly inconsistent with the older results at 
77°K. For the smaller anisotropy suggested by the 
newer results, Eqs. (6) through (9) predict a relatively 
large increase in the ratio of a longitudinal to a trans- 
verse coefficient as the temperature is lowered and the 
statistics become degenerate. However, all of the earlier 
data at 77°K are probably too large; for example, the 
earlier results for p-type PbTe were Mio0~0.44 and 
M io0"'~0.21, whereas the results reported in this 
paper are 0.41 and 0.15, respectively. 

Despite the improved experimental techniques used 
for the room temperature results, the longitudinal 
coefficients were so small that they may well be in 
error by a factor of two, and hence the data cannot be 
used to select a band model. It is clear nevertheiess that 
the magnitude of the room-temperature magnetoresist- 
ance in PbS and PbSe is much different from that in 
PbTe, and we hope that eventually it will be possible 
to relate this difference to the anomalous band-gap 
sequence in the lead salts. 


CONCLUSIONS 


We have made a thorough study of the magnetoresist- 
ance in p-type PbTe, using six crystals from an ingot 
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which was pulled from the melt. We believe that the 
sample quality was considerably better than that of 
the crystals used for our earlier work, and that this 
had an important bearing on the accuracy of the data 
obtained. 

We found that the general predictions of weak-field 
theory in cubically-symmetric crystals were closely 
obeyed at room temperature and 77°K over the range 
of magnetic-field values to which the theory applies, 
and we observed deviations at higher fields at 77°K 
which were of the types predicted by Gold and Roth.” 
Their theory can present closed expressions for the 
magnetoresistance at arbitrary magnetic-field strengths 
because it makes the simplifying assumption that the 
scattering time is constant. We had the rather unusual 
opportunity of working under conditions of highly 
degenerate statistics which make the constant scatter- 
ing-time a realistic approximation. 

The close conformity at two temperatures to the 
symmetry relation for the (111) ellipsoid-of-revolution 
multivalley model suggests as strongly as is possible 
from magnetoresistance data alone that this model is 
appropriate for the valence band of PbTe. Assuming 
this model, we were then able to calculate reasonable 
values of the anisotropy ratio K and the statistical- 
scattering factor G. We also made a crude attempt to 
determine the absolute values of the effective-mass 
components, and we believe that this type of calculation, 
under the proper conditions, could become a useful 
method for obtaining a quick estimate of effective 
masses in low-resistivity crystals. 

We look forward to successful cyclotron-resonance, 
piezoresistance, magnetoacoustic, or other measurements 
which will confirm or contradict our conclusions on the 
valence-band structure of PbTe. 
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Entropy and Cross-Relaxation in Spin Systems* 
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Several examples of cross-relaxation and harmonic cross-relaxation between magnetic resonance trar 
sitions, both nuclear and electronic, have recently been reported. In these experiments, the appropriate 
cross-relaxation rate equations have generaily been invoked to predict the results observed. It is pointed 


out that if the phenomena can be described in thermodynamic terms using the spin temperatures, then the 
results can be predicted in a simple fashion by maximizing the spin entropy. A simple approximation for 


the entropy of a multilevel spin system in terms of the population differences An;; is derived an 


to a typical cross-relaxation problem 


INTRODUCTION 
EVERAL involving 
relaxation’ or harmonic cross-relaxation in spin 
systems (both nuclear and electronic) can be described 
as follows: two or more thermal reservoirs (the mag- 
netic resonance transitions) which have temperatures 
(the spin temperatures) come into equilibrium via a 
heat exchange process (the cross-relaxation process). 


recent experiments cross- 


For this description to be valid, the cross-relaxation 
time must be much less than the spin-lattice relaxation 
time, and the cross-relaxation process must be one which 
at least approximately conserves Zeeman energy. 

In cross-relaxation experiments, the final equilibrium 
conditions are usually predicted from the appropriate 
cross-relaxation rate equations. For multiple-spin 
processes, these equations become rather complicated. 
The main point to be made here is that if the thermo- 
dynamic description is valid, then it is probably simpler, 
and perhaps also more elegant, to predict the final 
equilibrium conditions from the appropriate thermo- 
dynamics, i.e., the maximizing of entropy in adiabatic 
cases. With this approach, the cross-relaxation rate 
equations need not be known, although the cross- 
relaxation process involved must always be known. 


ENTROPY OF A MULTILEVEL SPIN SYSTEM 
For a system of N spins distributed over 7 levels, 
with m,; spins in the ith level, the formula for entropy 


S is? 
n, Nn; 
S=-kN> ( n( 
i N N 


nj 
=kN Inn—kN > 


n; 
nf - ) 
V/n) 


* Based on research supported by the U. S. Army Signal Corps 


Engineering and the Wright Air 
Division. 

!N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 

2?Cf., papers by P. Sorokin ef al.; F. R. Nash and E. 
Rosenvasser; B. Bolger; W. S. C. Chang; and S. Shapiro and 
N. Bloembergen in Quantum Electronics, ed., C. H. Townes 
(Columbia University Press, New York, 1960). 
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Inc., New York, 1958) 
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The term &N Inv is the entropy when all levels are 
equally populated. In many cases, the level populations 
are nearly all equal, n;~V/n, and it would be useful 
to have an expression for entropy in terms of the 
population differences An;;=n;—n; rather than in terms 
of the actual populations. We will derive such an 
approximate expression as follows. Let 6;=n;—V/n, 
and shift the zero of entropy by dropping the &.V Inn 
term. Then, using the approximation for the In of a 
number near unity (two terms must be kept) and noting 
that >> 6;=0, we through the 
derivation: 


can go following 


S=—RkRN >; (1/n+6;/N) In(1+n6,/.NV) 
L(k/N) >>; nb? 

(k/N)CX; (n—1)62-25¢ 
(k/N) dois; (6:—86,;)? 


(k/N) do i>; An;;?. 


Nik ie ik b&b 


The final line expresses the entropy in terms of the 
population differences. 


APPLICATION TO A CROSS-RELAXATION 
EXPERIMENT 


A fairly simple example will demonstrate the thermo- 
dynamic approach. The cross-relaxation experiment of 
Sorokin et al. on nitrogen centers in diamond? was 
explained using the multiple-spin  cross-relaxation 
process of Fig. 1, where a, 6, c represent the three 
allowed magnetic resonance transitions. The entropy is 


S=—3(k/N)[An2+An?2+An2], 


and the cross-relaxation process imposes the constraints 





a b 


Fic. 1. Multiple-spin cross-relaxation process observed 
on nitrogen centers in diamond. 
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d(An,g) =d(An,) = —}d(Any). Suppose that transition ¢ 
is saturated by an rf signal, An, — 0. In thermodynamic 
terms, transition ¢ is placed in thermal contact with a 
heat source whose temperature is essentially infinite. 
The spin temperature of c will thereupon be heated to 
infinity. Transition c is also in heat contact with tran- 
sitions @ and 6 via the cross-relaxation process. The 
final equilibrium conditions for a and 6 must be pre- 
dicted by maximizing the total entropy, subject to the 
cross-relaxation constraints. 

If Av, and Am, have the same initial value Amo, the 
relationship between them at any time is An,=3Amo 
—2An,. The first two terms in the entropy expression 
can be written with Am, eliminated as 


S= —$(k/N)[S5An2—12An Anat 9Ane ]. 
Maximizing this expression against An, yields 


Ang=6/5Ano, Any=2Ano. 
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Sorokin et al. predicted this same result from the rate 
equations. They also experimentally verified the 20% 
increase in absorption on a and the 40% decrease on 6 
when c was saturated. 

An example in which a multilevel spin system with 
harmonic cross-relaxation between levels is initially 
perturbed and then allowed to come to equilibrium 
has also been analyzed by the author, using the same 
approach. The results show, as one would certainly 
expect, that the system comes to a new equilibrium in 
which a Boltzmann distribution prevails among the 
cross-relaxing levels. 


SUMMARY 
An approximate expression for spin-system entropy 
in terms of the population differences has been given. 
The expression is useful in finding the final equilibrium 
conditions in cross-relaxation experiments without 
needing the cross-relaxation rate equations. 
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Comparison of Structures of Surfaces Prepared in High Vacuum by 
Cleaving and by Ion Bombardment and Annealing* 


D. HANEMAN 
Barus Physics Laboratory, Brown University, Providence, Rhode Island 
(Received December 18, 1959) 


A comparison has been made for a bismuth telluride crystal of the structure of (0001) surfaces produced 
by cleaving in high vacuum, with similar surfaces prepared by the ion-bombardment and annealing tech- 
nique. The low-energy electron-diffraction patterns of the two surfaces were found to be similar and of 
approximately the same intensities. Only integral order beams were present. It is concluded that both 
methods produce essentially clean surfaces with the same atomic arrangements, in the case of this crystal. 


I. INTRODUCTION 


‘HE method of ion bombardment and annealing 
developed by Farnsworth et al.,' has been ex- 
tensively used for cleaning surfaces in high vacuum, 
particularly for nonrefractory substances where heat 
treatment alone is ineffective. Important evidence that 
surfaces so produced, under carefully monitored con- 
ditions, are atomically clean has been obtained from 
low-energy electron-diffraction measurements of the 
cleaned surfaces.” 

An additional method of producing clean surfaces on 
bulk single crystals is that of breakage or cleavage in 
high vacuum. At room temperature the method is ob- 
viously more suitable for brittle materials, for example 
most semiconductors. Comparatively large cleavage 


* This work was supported by a contract with the U. S. Air 
Force, Air Force Cambridge Research Center, Air Research and 
Development Command. 

1H. E. Farnsworth, R. E. Schlier, M. George, and R. M. Burger, 
J. Appl. Phys. 26, 252 (1955). 

2 H. E. Farnsworth, R. E. Schlier, M. George, and R. M. Burger, 
J. Appl. Phys. 29, 1150 (1958). 


faces can be obtained on cleaved and fractured surfaces 
of various semiconductors.’ Such surfaces can be as- 
sumed to be largely clean if there is negligible contami- 
nation from the surrounding low-pressure ambient, or 
from diffusion of impurities from the uncleaved sides 
of the specimen. It would be of interest, however, to 
make measurements, for a particular crystal, on known 
crystallographic surfaces produced both by cleaving 
and by ion bombardment and annealing. Since the 
structures of the surfaces might conceivably be affected 
by either treatment, low-energy electron-diffraction 
tests of the surface structures are of particular interest. 

Such a comparison has been carried out for bismuth 
telluride, a semiconductor of rhombohedral structure 
type R3m. Regarded as a hexagonal lattice, ready cleav- 
age is observed along (0001) planes, perpendicular to 
the hexagonal axis. Experiments were made on this 
material because it cleaves more readily than most 
semiconductors, a mechanical feature of importance for 


’D. Haneman, J. Phys. Chem. Solids 11, 205 (1959). 
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cleavage experiments in a 


diffraction tube. 


high-vacuum  electron- 


Il. EXPERIMENTAL TUBE AND CLEAVAGE SYSTEM 


The cleavage system was built around a low-energy 
electron-diffraction tube (assembled by Dr. R. E. 
Schlier) of a type described by Farnsworth et al.? The 
cleaving mechanism is shown in Fig. 1, being similar in 
principle of operation to one described by Haneman.? 
It consists essentially of a hinged molybdenum rod to 
whose upper end is screwed a molybdenum collar carry- 
ing a rigidly attached piece of razor blade. The rod as- 
sembly rests on the spring G and is supported laterally 
by chromel disks separated by glass spacers. A nickel 
slider C can be driven by magnetic control against 
either of the molybdenum collars H which are screwed 
firmly to the rod. 

For cleavage, the crystal is moved into a suitable 
position over the razor blade which can be positioned 
accurately parallel to the crystal face by rotating the 
rod assembly with a torque applied magnetically to D. 
The blade is driven into the crystal by applying mag- 
netically controlled blows with the slider C against the 











Fic. 1. Arrangement for cleaving bismuth telluride. A—crystal, 
B—razor blade, C—nickel slider, D—nickel ‘‘U”’ piece, E—nickel 
fork, F—retractable tungsten wedge shown in cross section, 
G—tungsten spring, 4—molybdenum collars screwed to shaft, 
I—molybdenum pin through shaft, /—hinge. The assembly rests 
on the spring G but can be held in other positions by causing the 
fork E to bear on the pin J. Vertical movement of the blade is 
achieved by forcing the slider C against the stops 7. The assembly 
may be rotated by applying magnetic forces to D. Details of the 
diffraction tube are given in reference 2. 
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upper stop H, the penetration into the crystal being 
about 1 mm. A tungsten rod which can be retracted 
into a side arm supports the crystal on the opposite 
side against the blow from the blade. With the blade 
held in the crystal, the latter is jerked backward by a 
magnetic pull applied to a nickel slug attached to the 
other end of the rod holding the crystal. This causes a 
segment of crystal to be flicked off, exposing a flat 
mirror-like cleavage surface. 

After this the blade is moved out of the way by 
forcing the slider C down against the lower stop H, and 
clamping the assembly in this position by pushing the 
fork E over the pin J. The crystal is then moved into 
the electron diffraction chamber for measurements. 


III. CRYSTAL PREPARATION AND MOUNT 


The high-purity single crystals were undoped p type. 
They were tetragonal in shape, with a 5-mm square 
front face, parallel to (0001) planes, and a length of 6 
to 7 mm. Before insertion of a crystal in the tube, a 
fresh front face was produced by cleavage. 

Two ‘U”-shaped molybdenum-sheet clamps, re- 
inforced by tungsten clips, held the crystal in position, 
as shown in Fig. 2. The clamps were attached to a 
molybdenum block to whose other end was screwed a 
molybdenum rod. A chromel-alumel thermocouple 
passed through a hole in the block and made permanent 
contact with the back of the crystal. 


IV. VACUUM PROCEDURES 


All metal parts of the crystal-mount arrangement 
were degassed before assembly by radio-frequency 
heating to high temperatures in vacuum. The vacuum 
and gas handling system for the diffraction tube was 
similar to that described by Schlier and Farnsworth.‘ 
The experimental tube was baked for 2 days at 300°C, 
with traps cooled in dry ice, and subsequently the trap 
separating the tube from the rest of the system was 
cooled in liquid nitrogen. After outgassing schedules 
and the firing of Mo getters, pressures below 10-*? mm 
Hg were obtained. 


V. RESULTS OF CLEAVAGE EXPERIMENTS 


Four separate portions were cleaved from one crystal, 
exposing four separate cleavage faces. The results for 
these surfaces were the same. In the best case, a portion 
of the low-energy electron-diffraction pattern was re- 
corded within five minutes of cleavage. This portion of 
the pattern served as a reference for detecting any pos- 
sible contamination during subsequent measurements 
of the complete diffraction pattern. Although the pres- 
sure was initially below 10-* mm, the movement of 
parts inside the tube during cleavage caused a momen- 
tary pressure increase up to 5X 10~* mm. 


4R. E. Schlier and H. E. Farnsworth, J. Chem. Phys. 30, 917 
(1959), 
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Fic. 2. Crystal Mount. A—crystal,. B—tungsten clip, C— 
molybdenum sheet “U” pieces, D—molybdenum block, E—head 
ofgthermocouple. 


VI. CONTAMINATION 


The sticking coefficients for oxygen and carbon mon- 
oxide on the above surfaces were found to be very low. 
However the possibility that the surface might have 
been substantially contaminated even before the first 
diffraction beam was recorded was examined. 

It is noted that the number of molecules in the tube 
envelope at a given time during the period of interest 
was of order 10"', which is three orders of magnitude 
less than the number required to form one monolayer 
on the crystal. Hence, adsorption of as much as a sig- 
nificant fraction of a monolayer by the fresh surface 
should have caused readily detectable pressure changes. 
To check this, blank runs were made in which the 
cleavage mechanism was operated, but without the 
blade actually penetrating the crystal, after which the 
crystal was moved into the diffraction drum. It was 
found that the pressure rise caused by the movement of 
parts while going through this procedure was the same 
as that caused when a crystal was actually cleaved. 
This shows that the cleavage process did not introduce 
new phenomena which would cause detectable pressure 
changes, i.e., that there was negligible adsorption on the 
cleaved faces during the time of interest. This is of 
course consistent with the behavior noted five minutes 
after cleavage when any subsequent adsorption could 
be checked by the electron diffraction measurements. 

A further possibility of contamination arises from 
diffusion over the surface of foreign atoms from the sides 
of the crystal or from the section at the edge which was 
touched by the razor blade. (It has previously been 
found that considerable atomic transfer can take place 
when surfaces are brought into medium-pressure con- 
tact.° This possibility was tested experimentally by 
keeping the blade in contact with the clean surface at 
a part near the edge for 16 hours at an elevated tem- 
perature of 50°C. No change in the diffraction pattern 
obtained from the central region of the surface was ob- 
served after this treatment. Theoretically, in order to 
cause contamination of the clean surface in the time 
hetween cleavage and the first measurements, a diffu- 


5D. Haneman and A. J. Mortlock, Proc. Phys. Soc. (London) 
B70, 145 (1957). 
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sion rate for foreign atoms of order 1 mm/minute at 
room temperature would be required. Such a rate 
would be exceptionally high even for surface diffusion. 


VII. DIFFRACTION PATTERNS 


Sharp intense diffraction patterns were obtained from 
the freshly cleaved surfaces. The nature and intensity 
of the beams were essentially the same for all the 
cleaved surfaces. In Fig. 3 is shown a plot of the posi- 
tions of the beams in angle and voltage for one azimuth 
together with their theoretical positions, assuming that 
the surface atoms act as a two dimensional grating with 
a spacing the same as that in a bulk (0001) plane. 

Two features are noteworthy. Firstly, the close agree- 
ment between the positions of the beams and the theo- 
retical curves indicates that the surface atoms have the 
same spacing as in the bulk. Secondly, only integral 
order beams were observed, in contrast with the 
diamond-structure semiconductors Ge, Si‘, and InSb® 
where half- and other fractional-order beams were also 
found. 

Tests with oxygen and carbon monoxide indicated 
that these gases showed negligible adsorption on the 
surfaces at room temperature. Water vapor had 4 maxi- 
mum sticking coefficient of about 10-°. Fuller details 
on adsorption are given separately.’ 


VIIl. ATOMIC ORDER ON CLEAVED SURFACES 


The cleaved surfaces were subjected to heat treat- 
ment to test whether appreciable disorder had been 
caused by the rupture that occurs during cleavage. 
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Fic. 3. Positions of diffraction beams in the (1010) azimuth for 
a cleaved (0001) surface of BizTe;. Crosses (X) represent peaks 
in plots of collector current versus beam energy. Circles (@) 
represent positions at which the peaks are maximized. Solid curves 
are theoretical plots of surface grating formula m\=d sin@ using 
the relevant bulk lattice constant of 4.384A for BizTe;. The order 
of diffraction, m, is marked on the curves. The slight deviations of 
the experimental points from the solid curves arise because the 
primary electron beam was not exactly normal to the crystal face. 


®D. Haneman, Proceedings of Second Conference on Semi- 
conductors Surfaces (to be published). 
7D. Haneman, following paper [Phys. Rev. 118, 567 (1960)]. 
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Annealing for one to two hours was carried out at 150°C, 
215°C, and 250°C. After each treatment the diffraction 
beams were checked in several azimuths. However no 
significant increases (<1%) in intensities of the beams 
were found after any of these treatments. Experiments 
to be described below indicate that effective annealing 
of ion-bombardment damage takes place at about 200°C 
and above. Hence, the above results indicate that al- 
though the crystal was heated above the temperature 
that is effective for annealing disorder among the surface 
atoms, the increase in order on the cleaved surface was 
very small, corresponding to an increase in diffraction 
beam intensity of less than 1%. This shows that the 
order among the atoms on the cleaved surfaces was 
high, and that the forces acting on the surfaces during 
rupture were insufficient to cause appreciable disturb- 
ance of the atoms. This result is not surprising in view 
of the comparatively low forces required to cleave 
bismuth telluride. 


IX. ION BOMBARDMENT AND ANNEALING 


The cleaved surfaces were subjected to various argon- 
ion bombardment and annealing cycles. The results did 
not appear to be sensitive to ion energies within the 
experimental range of 300 to 600 volts. Full precautions 
against the back-sputtering effect® were taken. Weak 
diffraction beams were observable even after extensive 
ion bombardment. For example, after bombardment at 
30 wa/cm? for 30 minutes at 400 volts the diffraction 
pattern was reduced in intensity to a few percent of its 
original value, indicating extensive, but not complete, 
atomic disorder. Further ion bombardment did not 
cause this residual pattern to weaken, even after 8 hours 
of treatment at four times the current density. Such 
treatment was sufficient to cause visible erosion of the 
surface, with more than 100 microns removed. 

The effects of annealing after bombardment were 
studied. Heating the crystal at 100°C for 23 hours had 
no effect on the residual pattern. Treatment at 140°C 
for 1 hour caused a small improvement. A sharp pattern 
was obtained, however, after heating at 220°C for about 
1 hour. Further heat treatment to 260°C caused no 
further change in the pattern. Apparently the minimum 
temperature for effective annealing of bombardment 
damage is about 200°C. After these bombardment- 
anneal cycles the intense diffraction patterns found 
were closely similar to those obtained from freshly 
cleaved faces. The diffraction beams occurred at the 
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same voltages and angles, and had intensities within 
the small range found for the cleaved faces. 

Adsorption characteristics were the same as for the 
cleaved faces. 


X. DISCUSSION 


The most noteworthy feature of the above results is 
the close agreement between the diffraction patterns 
and adsorption characteristics found for cleaved sur- 
faces and those produced by ion bombardment and 
annealing. The manner of producing a surface is essen- 
tially different in the two procedures. 

During cleavage, although the role of dislocations is 
important, the determining factors are the forces be- 
tween the atomic planes that are to be separated. A new 
surface is taken to be produced when these forces or 
bonds are ruptured. On the other hand, during ion bom- 
bardment, atoms on the surface are sputtered off by 
the impinging ions. With a material like bismuth tel- 
luride, having alternate layers of different compositions, 
this process may be complex. However, after the 
damage to the surface structure had been annealed out 
by heat treatment, the resulting surfaces had the same 
structure as those obtained at room temperature by 
cleavage. This agreement provides good evidence that 
the surface structure found by the two cleaning methods 
is the normal equilibrium structure of a clean surface. 

Although the above results apply only to bismuth 
telluride, their general significance is of interest. It is 
noteworthy that a representative clean surface could be 
obtained by the ion-bombardment and annealing tech- 
nique on a substance of complex composition like 
Bi-Te;. This suggests that the method may be applica- 
ble to other materials of complex composition. Although 
a surface largely free of distortion has been produced at 
room temperature by the cleavage technique, the pos- 
sibility still remains that a distorted surface may be 
produced on other materials. This would apply par- 
ticularly for substances like Ge or Si where atomic bonds 
stronger than in Bi,Te; must be ruptured during 
cleavage. 
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No measurable adsorption of oxygen, nitrogen, or carbon monoxide was found for any of the clean surfaces 
produced. Water vapor had a very low sticking coefficient of the order of 10~°. The results are discussed in 
terms of the chemical bonding of bismuth telluride. It is concluded that the atoms on cleavage faces are in 


a saturated-bond condition. 


I. INTRODUCTION 


N recent years much information has been obtained 
concerning the physical properties of bismuth tel- 
luride. However the nature of the bonding between the 
atoms has not been established with certainty. Drabble 
and Goodman! have critically discussed various bonding 
theories proposed for bismuth telluride, and have ad- 
vanced a model which is stated to be free of some of the 
objections applicable to earlier theories. However, much 
of the evidence concerning bonding is somewhat in- 
direct. By studying the adsorption of gases on cleavage 
surfaces of Bi.Te; it is possible to obtain direct experi- 
mental evidence concerning the nature of the bonding 
of the atoms occupying these surfaces. The results turn 
out to be in full agreement with the theoretical model 
of Drabble and Goodman. It is appropriate to describe 
this model briefly before giving the experimental details. 


II. ATOMIC BONDING IN BISMUTH TELLURIDE 


The bismuth telluride structure may be considered 
as a stack of 5-layer leaves. Each layer consists of only 
one type of atom. The layers, which are parallel to 
(0001) planes (the structure being regarded as hex- 
agonal) occur in the order Te’-Bi-Te’’-Bi-Te’. It is 
clear that there are two different environments for the 
Te atoms. The atoms designated as Te”’ are surrounded 
almost octehedrally by six Bi atoms while the Te’ 
atoms have three nearest-neighbor Bi atoms in the 
same leaf and the next-nearest atoms are three Te’ 
atoms in the adjacent leaf. Drabble and Goodman 
point out that the bond length between Te’ atoms in 
adjacent leaves (3.57A), is of the same order as the bond 
length between Te atoms in adjacent chains of the tel- 
lurium structure (3.74A), and these bonds are usually 
assumed to be of the van der Waals type. This would 
imply that the electron density in the bonds between 
the leaves is effectively zero. Thus the four 5p valence 
electrons of the Te’ atoms are used only in bonding to 
the three nearest-neighbor Bi atoms, i.e., in three nearly 
perpendicular bonds. The two 5s electrons are assumed 
to form a lone pair. 


* This work was supported by a contract with the U. S. Air 
Force, Air Force Cambridge Research Center, Air Research and 
Development Command. 

1]. R. Drabble and C. H. L. Goodman, J. Phys. Chem. Solids 
5, 142 (1958). 


On this scheme one can explain the observed easy 
cleavage of BizTe; along (0001) planes by postulating 
that the cleavage occurs between the weakly bonded 
leaves. Only the Te’ planes are then exposed. 


III. EXPERIMENTAL RESULTS ON ADSORPTION 
OF GASES 

Single crystals of BixTe;? were cleaved in an ultra- 
high vacuum electron-diffraction tube so as to expose 
clean (0001) surfaces. The details of these experimental 
procedures are given elsewhere.’ Low-energy electron- 
diffraction measurements indicated that the surface 
atoms occupied the same relative positions as those in 
bulk planes. Annealing experiments showed that the 
cleaved surfaces were largely free of distortion. 

The surfaces were subjected to controlled exposures 
to various ambients. Any resulting changes were 
checked by noting changes in the electron-diffraction 
pattern after each exposure. 


A. OXYGEN 


This gas was admitted from the atmosphere through 
a heated silver tube sealed to the vacuum system, and 
entered the experimental tube through a calibrated 
porcelain leak, while the tube was continuously pumped. 
Details of this method of admitting controlled amounts 
of gases have been given previously.’ All parts of the 
tube were at room temperature during exposure. After 
an exposure, sufficient time was allowed for the gas to 
be pumped out before the diffraction gun filament was 
switched on and the diffraction beams were measured. 

This procedure was carried out for exposures ranging 
from 6.5X10-> mm Hg min to as much as 228 mm Hg 
min. However, no significant change in the pattern was 
found after these exposures. This somewhat remarkable 
result was confirmed for several separate surfaces. Ap- 
parently oxygen does not chemisorb on the surface at 
room temperature, and its physical adsorption is so 
weak that it is desorbed at room temperature. 


2 Kindly supplied by Dr. D. A. Wright, General Electric 
Company Research Laboratories, Wembley, England. 

3D. Haneman, preceding paper [Phys. Rev. 119, 563 (1960)]. 

4R. E. Schlier, J. Appl. Phys. 29, 1162 (1958). 

5D. Haneman, Proceedings of Second Conference on Semi- 
conductor Surfaces (to be published). 
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B. CARBON MONOXIDE AND NITROGEN 


Carbon monoxide is known from omegatron studies 
to be, in many cases, the major component of the am- 
bient in a high vacuum system. It is reported to have 
rather high adsorption rates on many surfaces, perhaps 
partly because the molecular bond need not be broken 
for chemisorption to take place. Since the latter prop- 
erty may have been an influence in preventing oxygen 
adsorption on the Bi,Te; surface, it was decided to 
study carbon monoxide adsorption. 

A “Linde M.S.C.” high-purity sealed flask of CO was 
attached to the system and the gas was admitted to the 
tube through the porcelain leak, using the same pre- 
cautions as for oxygen. However, exposures up to 0.6 
mm Hg min caused no observable change in the dif- 
fraction pattern, thus indicating a sticking coefficient 
of less than 10~*. This limit is so low that it is concluded 
that CO also does not adsorb on the surface at room 
temperature. 

The same procedures were carried out using nitrogen 
from a “Linde M.S.C.” high-purity sealed flask. No 
changes in the diffraction pattern were found after ex- 
posures of 1.5mm Hg min indicating that nitrogen also 
does not adsorb at room temperature on the surface. 


C. OZONE EXPERIMENTS 


Ozone was produced by exposing oxygen in the tube 
to the radiation from a 250-watt mercury discharge 
lamp (type General Electric U.A.2) mounted 1 cm from 
a 2.5-cm diameter quartz window sealed on a side arm 
of the tube. A strong odor of ozone was produced in the 
air surrounding the lamp. The ozone concentration 
inside the tube was measured by an omegatron. This 
indicated a value of less than 0.1% of the oxygen con- 
centration. However, the concentration in front of the 
crystal may have been greater than this since ozone 
molecules would have made at least one collision in 
reaching this region instead of at least three in reaching 
the ionization region of the omegatron, with consequent 
enhanced decomposition probability. 

After exposures at room temperature of up to 6X 10™ 
mm Hg of oxygen for 73 minutes (4.38 mm Hg min) in 
the presence of the ultraviolet radiation, no change in 
the diffraction pattern was observed with the crystal 
at 70°C during measurements. Although the precise 
exposure to ozone could not be determined, the evidence 
appears to indicate that the sticking probability of 
ozone on the surface was also very low. 


D. WATER VAPOR 


In view of the negligible adsorption on the surface of 
the active gases mentioned above, trials were made with 


water vapor. It is difficult to let water vapor into a 


vacuum system with cold traps without admitting other 
gases. Since, however, these appeared to have little effect 
on the surface, the first experiments consisted in allow- 


ing atmospheric air, containing the prevailing percent- 
age of water vapor, to enter the tube and remain for 
about an hour. The tube was then pumped out for 
several days without baking. The ambient pressure with 
several tungsten filaments hot was about 10-* mm. 
Under these conditions the crystal surface was examined 
by electron diffraction. The original diffraction pattern 
was now practically extinguished. The strongest original 
beams were barely detectable, being about 0.1% of 
their former intensity. 

The crystal was heated (by radiation) for 1.5 hours 
at 96°C in an ambient of about 10-* mm. Omegatron 
measurements showed that this was 60% H.O, the bulk 
of the remainder being a gas of mass 28, mainly CO. 
After this heat treatment the original diffraction pattern 
was almost fully restored. The low regeneration tem- 
perature suggested that the major cause of the dis- 
appearance of the beams during exposure to the at- 
mosphere was the water vapor. Further tests confirmed 
this indication. 

Controlled exposures were then carried out as follows. 
A section of the glass wall of the tube (it had not been 
baked) was heated with a projection lamp to a tempera- 
ture of about 150°C. This caused both water vapor and 
mass 28 gas to be liberated copiously and continuously, 
as measured by an omegatron. The glass was kept 
heated during the exposure with only the omegatron 
filament hot. Although the mass 28 gas was liberated 
faster than the water vapor, it was also pumped faster 
by the diffusion pumps. By keeping the tube continu- 
ously pumped during the exposure, it was possible to 
obtain an ambient consisting of 65% water vapor. 

The diffraction beam intensities after exposures of 
3X 10-* mm Hg min, 6X 10-* mm Hg min and 6X 107% 
mm Hg min of H.O were 80%, 65%, and 30%, respec- 
tively, of the intensities for an uncontaminated surface. 
These data indicate an initial sticking coefficient for 
water vapor on the surface of about 10°. 


E. REGENERATION OF SURFACE 


After adsorption of water vapor, the original diffrac- 
tion pattern could be restored by heat treatment alone. 
Heating for 1.3 hours at a temperature as low as 50°C 
caused an increase in beam intensity from 33% of the 
original to about 45%. Heating at 110°C for three hours 
caused a full restoration of the original intensities. It is 
presumed that the water vapor is simply desorbed from 
the surface during heating. 


F. SECONDARY EMISSION 


Some data, incidental to the main work, were ob- 
tained on secondary electron. emission from a clean 
surface in the range of 20 to 250 ev primary electron 
energy. The coefficient of secondary emission for normal 
incidence rose approximately linearly from 0.25 at 20 
ev to 0.79 at 250 ev. 
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IV. DISCUSSION 


The negligible adsorption of oxygen and carbon 


monoxide on the cleaved face of bismuth telluride is 
rather remarkable. The fact that the surface atoms show 
such low interaction with these active gas atoms and 
molecules could be explained if the bonds of the surface 
atoms (a) are saturated (no “dangling bonds’) and 
(b) are directed into the interior, away from the surface. 
These conditions, however, are precisely those obtained 
by Drabble and Goodman regarding the bonding of the 
Te’ atoms on the outside layers of the 5-layer leaves, 
as discussed in Sec. II. The experimental results are thus 
in good agreement with the following assumptions: 

(1) On cleavage along (0001) faces, the exposed 
planes are those composed of the outside atomic layers 
of the 5-layer leaves. 

(2) These outside layers, composed of Te’ atoms, have 
only weak, van der Waals type bonds with the Te’ 
atoms in the adjoining outside layers of the next leaves. 

On the above scheme a satisfactory bond picture can 
be given which explains both the ready cleavage of 
BisTes and the negligible adsorption of oxygen and 
carbon monoxide on the cleaved surfaces at room 
temperature. 

The situation with respect to water vapor is interest- 
ing. There is at present little experimental information 
available about the adsorption of water vapor on clean 
surfaces. Hence, it is not known if this gas exhibits, in 
general, more adsorption on most clean surfaces than 
active gases like oxygen. For the case under considera- 
tion here, however, the fact that appreciable adsorption 
of water vapor was observed can be explained in terms 
of the above model in the following manner. 

Although the nature of the bonds between water 
molecules in water is not known with certainty,® never- 
theless, it is obvious that there must be some attraction 
between two such molecules at room temperature even 
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Fic. 1. Possible relative orientations when water molecule 

(a) combines with another water molecule, (b) adsorbs onto a 
Te’ atom on (0001) surface of Bi2Te;. 


~ 8]. D. Bernal, Proc. Roy. Soc. (London) A247, 536 (1958). 
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TABLE I. Properties of (0001) cleavage surface of BizTes. 


Work function 5.30+0.03 ev® 


Structure Same as in bulk planes. 
Triangular, atemic 
spacing of 4.384A.> 

Surface bonding Bonds saturated, and 
directed towards 
interior (Fig. 1) 


Sticking coefficient 
for O» ~O 
CO ~~) 
Ne ~O0 
HO ~10-5 
Secondary emission 0.25 at 20 ev increasing 
linearly to 0.79 at 250 ev 


* D. Haneman, J. Phys. Chem. Solids 11, 205 (1959). 7 
b’D. A. Wright, Semiconductors and Phosphors (Interscience Publishers, 
Inc., New York, 1958), p. 477. 


though the atomic bonds in each molecule are saturated. 
There is then an interesting correspondence between 
the case of a water molecule attaching itself to another 
water molecule in the manner depicted in Fig. 1, and a 
water molecule attaching itself to a Te atom on a cleav- 
age surface in BizTe;. In both cases the adsorber is a 
group 6 atom whose bonds are saturated, and directed 
away from the adsorbate molecule. From this corre- 
spondence one may postulate that the forces which 
cause a water molecule to adsorb onto an atom on a 
cleavage face at room temperature are similar in nature 
to those forces, as yet not fully determined, which cause 
it to attach itself to another water molecule at room 
temperature. Thus, it is possible that the adsorption of 
water vapor on cleavage surfaces of Bi:Te; is due to the 
particular properties of this interacting system, and 
hence the significant adsorption rate can be understood 
even though oxygen and other gases show negligible 
adsorption. 

We now summarize in Table I some known surface 
properties of cleavage faces of Bi.Te;. 

It may be noted that the cleavage surface of Bi.Tes 
is perhaps the only semiconductor surface for which the 
nature and positions of the bonds of the surface atoms 
would seem to be established. It may thus be a favorable 
example for which to perform theoretical calculations 
of surface parameters, including work function. 


Vv. ACKNOWLEDGMENTS 


The author gratefully acknowledges helpful discus- 
sions with Dr. D. A. Wright of G.E.C. Research Labo- 
ratories, Wembley, England, and with Professor 
H. E. Farnsworth. 





PHYSICAL REVIEW VOLUME 


119, 


NUMBER 2 


Excitons and the Absorption Edge of Cadmium Sulfide 


D. G. Tuomas, J. J. Hoprretp, AND M. Power 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received March 9, 1960) 


Measurements of the absorption coefficient between 10 and 300 cm™ have been made with crystals of 
CdS in polarized light between 20 and 300°K, at wavelengths near 5000 A. Analysis of the results at various 
temperatures near 70°K shows that the absorption is in agreement with that calculated for a process in- 
volving the simultaneous creation of an exciton and the absorption of a phonon, both particles having a 
small wave vector. This agreement is strong evidence that the conduction band minimum and the valence 
band maximum in CdS both occur at the center of the Brillouin zone. 


INTRODUCTION 


ITTLE is definitely known about the band struc- 
ture of CdS. In particular it is not clear whether 
the conduction band has a single minimum at the center 
of the Brillouin zone (hereafter denoted by k=0) or 
whether there are several equivalent minima not at 
k=0. It is generally assumed that the valence band, in 
common with semiconductors of known band structure, 
has its maximum at k=0. [A study of excitons in CdS! 
has shown that the optical transitions, which involve 
the valence band maximum, either occur at k=0 (the 
point I’) or along the line '-A to the center of the hex- 
agonal face of the Brillouin zone. If the latter is the case 
symmetry requires that all the valleys have the crys- 
talline ¢ axis as an axis of principal symmetry. For the 
remainder of this paper it will be assumed that the phe- 
nomena occur at k=0 which is the most likely alterna- 
tive. ] Hence if the conduction band minimum falls at 
k=0 the onset of intrinsic optical absorption across the 
forbidden gap should correspond to direct (vertical) 
transitions, whereas if the minimum is not at k=0 the 
lowest energy absorption should correspond to indirect 
(nonvertical) transitions. Recent measurements of the 
absorption edge of single crystals of CdS in polarized 
light at low temperatures include those of Dutton? and 
those of Béer and Gutjahr.* Near 90°K Dutton found 
that for values of @ greater than about 100 cm, a, 
the absorption coefficient, rose exponentially with pho- 
ton energy according to ““Urbach’s rule :” 
axe” r, 

No very definite conclusions could be drawn from this 
part of the data although Dutton pointed out that the 
reflection spectrum indicated strong absorption lines 
close to the rapidly rising absorption edge. Béer and 
Gutjahr measured the absorption for values of a be- 
tween about 5 and 700 cm™ at 300°K and at 90°K. 
They reported breaks in the absorption curves and they 
interpreted these by supposing that at energies greater 
than that of the break indirect transitions occurred with 
phonon emission, and at energies less than the break by 
phonon absorption. However, the phonon energy de- 

1D. G. Thomas and J. J. Hopfield, Phys. Rev. 116, 573 (1959). 

2 :—D. Dutton, Phys. Rev. 112, 785 (1958) 

3K. W. Boer and H. Gutjahr, Z. Physik 155, 328 (1959). 


duced from the results is 0.02 ev, and this does not 
agree with the longitudinal optical phonon energy of 
0.038 ev as calculated by Collins‘ from restrahl data, 
and it is expected, at least at room temperature and 
above, that the longitudinal optical phonons will be 
most effective in the scattering process. In addition, it 
will be shown in the following that the model suggested 
by Béer and Gutjahr is not in accord with more detailed 
experimental results. The many valley model (in which 
the conduction band minima are not along the line 
I-A) has also been suggested to account for an observed 
longitudinal magnetoresistance effect.° It has not been 
possible, however, to give a detailed explanation of the 
magnetoresistive results in terms of this model. 
Recently Thomas and Hopfield' have analyzed the 
reflection spectrum of CdS and have shown that exci- 
tons formed in direct transitions are responsible for 
very powerful absorption; the lowest energy excitons 
have ionization energies of about 0.028 ev. The exciton 
spectrum showed that the valence band consisted of 
three 2-fold degenerate bands, the highest having the 
symmetry I'y and the remaining two having the sym- 
metry I';7. Allowed exciton transitions occur from the 
ly band for light polarized with its E vector polarized 
perpendicularly to the hexagonal ¢ axis (hereafter de- 
noted E_Lc), and from the I’; band for light polarized 
with Ele and E|\c. This splitting of the valence band 
is the essential cause of the dichroism of CdS. Since the 
exciton transitions are direct and since the valence band 
maximum probably lies at k=0, it is likely that these 
excitons involve electrons from a minimum in the con- 
duction band also at k=0. Consequently if the true 
conduction band minima are multiple and do not fall 
at k=O then these should give rise to absorption at 
energies less than the exciton energies. It is the purpose 
of this paper to show that the absorption data down to 
low a values can be explained in terms of direct excitons 
and phonons, and that no evidence can be found for 
nonvertical transitions at the threshold of absorption. 


EXPERIMENTAL 
Transmission measurements were made on single 
crystals of CdS in polarized light using the sample in- 


«R. J. Collins, J. Appl. Phys. 30, 1135 (1959 
5 T. Masumi, J. Phys. Soc. Japan 14, 47 (1959). 
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sample out technique. For this purpose two identical 
slots were cut in a molybdenum plate, one of which was 
covered by the crystal. The plate was fixed in a Dewar 
vessel which could be shifted between two stops so that 
one or the other of the slots was at a focus of the exit 
slit of a monochromator. The monochromator was a 
Perkin-Elmer double pass instrument equipped with an 
NaCl prism; a slit width of 0.015 mm was used giving 
a spectral slit width of about 0.0015 ev in the wave- 
length region of interest. This value and the instru- 
mental wavelength calibration were obtained using a 
helium spectral lamp. The photon energies quoted are 
accurate to about +0.0015 ev. The analyzer was a 
Glan-Thomson prism used in front of the photomulti- 
plier detector. Care was taken that mirrors between 
the crystal and the analyzer did not alter the polariza- 
tion properties of the light. The Dewar vessel used for 
low-temperature measurements was made of metal. The 
plate holding the crystal was screwed onto a copper 
block which was in contact with the refrigerant. The 
refrigerants used were liquid oxygen, liquid nitrogen, 
pumped liquid and solid nitrogen, and liquid hydrogen. 
Surrounding this structure was a separate liquid nitro- 
gen shield which included two plane quartz windows 
which were in thermal contact with the cold shield. 
Finally, there were two quartz windows at room tem- 
perature. Thus, although the crystal was mounted in 
the vacuum space, all its surroundings were cold and 
heat leaks from these surroundings were minimized. 
The crystal was held to its plate by gallium and the 
temperature of the copper block to which the plate was 
fastened was measured with a thermocouple. The tem- 
perature of the crystal was therefore taken to be that 
of the copper block, and at least for temperatures near 
77°K it is felt that little error was introduced by this 
procedure. 

It is known that polishing crystals can strongly affect 
the absorption properties in the exciton region because 
of surface damage spreading out the very strong exciton 
absorption.® Consequently, the crystals were used as 
grown. Because of surface imperfections the measured 
transmission of the crystals at wavelengths longer than 
about 5100 A (2.44 ev) (at low temperatures) fell some- 
what short of the values calculated from the detailed 
refractive index data available.? However in this region 
the transmission is observed to be constant, and all the 
transmission results were normalized to the theoretical 
value in this region. The a values were determined from 
the transmission in the usual way taking into account 
the variation of refractive index for each mode of po- 
larization with both temperature and wavelength. These 
data are known’ at 300° and 90°K, and for other tem- 
peratures the curves were shifted by amounts corre- 
sponding to the shift of the exciton positions (see the 
following). Although these corrections were made they 


6D. G. Thomas, J. Phys. Chem. Solids (to be published). 
7H. Gobrecht and A. Bartschat, Z. Physik 156, 131 (1959). 
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did not materially affect the absorption curves in the 
region of interest. 


RESULTS 


Most of the results were obtained with one crystal 
150 uw in thickness. However at room temperature there 
was consistent overlap with data from another thicker 
crystal as shown in Fig. 1 in which, for convenience, 
the square root of the absorption coefficient is plotted 
against photon energy. In addition Fig. 1 shows that 
there is good agreement between our results and those 
of Béer and Gutjahr. Our data did not extend to suffi- 
ciently high a values for there to be positive identifica- 
tion of the break described by Béer and Gutjahr. At 
low temperatures there was similar agreement between 
the two sets of data. Consequently, it is thought, at 
least for a values in excess of about 10 cm~, that the 
results represent intrinsic properties of CdS and not 
impurity effects. Boer and Gutjahr arrived at a similar 
conclusion. Below a=10 cm™ our data are not very 
reliable and further work with thicker crystals is 
planned to investigate this region. 

In Figs. 2 and 3 the absorption data at low tempera- 
tures are presented for the two modes of polarization of 
the light. Also indicated in these figures are the positions 
of the lowest energy excitons active in the polarization 
direction being considered. (Thomas and Hopfield! have 
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Fic. 1. The absorption edge of CdS at 300°K. There is quite 
good agreement between different results. The data of Béer and 
Gutjahr were obtained from their drawings. 
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at various low temperatures. The corresponding exciton positions 
are marked by arrows. 


termed the lowest energy exciton for ELc exciton A; 
and for E|\c exciton B.) The positions were determined 
from the reflection spectrum of CdS determined at 4.2°, 
20.5°, 77.4°, and 90°K and drawing a smooth curve 
through these points. To the energy of the appropriate 
reflection peak is added 0.001 ev to give the resonant 
energy of the exciton.' The positions quoted have an 
absolute accuracy of about +0.0015 ev. 

For light polarized with E_Lc between 56° and 86°K, 
it can be seen that the curves have an approximately 
linear section. As the temperature falls, this linear 
region becomes less marked and at 20.5°K it has 
vanished. If the linear sections are extended back their 
points of intersection with the a=0 axis is in all cases 
0.040+0.001 ev less than the corresponding exciton 
position. Within experimental error this value equals 
the longitudinal optical phonon energy of 0.038 ev. This 
result suggests that apart from a weak residual absorp- 
tion, optical transitions initially occur by a process 
which involves the formation of an exciton and the 
simultaneous absorption of a phonon. As is expected as 
the temperature is lowered, the process becomes less 
important since the phonon concentration decreases. 
This observation invalidates the suggestion of Béer and 
Gutjahr’ that the steep section of the curve occurs with 
phonon emission since this process would vary as 
(1—e~*/7)—!, where @ is the equivalent phonon tempera- 
ture, and so at these temperatures should be practically 
independent of temperature. As the photon energy 
approaches that of the exciton it may be expected that 
lower energy phonons can participate in the absorption, 
and in addition within about 0.01 ev of the exciton 
various “impurity exciton” transitions may occur.! 
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Consequently, no simple behavior is expected in this 
region. 

For light polarized with E\|c (Fig. 3) the curves are 
not so revealing; there is no definite linear portion of 
the curves and strong absorption commences at photon 
energies only slightly higher than for E_Lc although the 
lowest energy exciton for E|\c lies 0.016 ev above that 
for Ele. 


DISCUSSION 


The Theoretical Form of the Absorption Edge 


The energy as a function of wave vector for low-lying 
exciton states is shown in Fig. 4. The ground state of 
the crystal is represented by a point; the exciton states 
by bands. Observed direct excitons have energies given 
by the exciton band energies at k=0. Below the lowest 
lying exciton state, optical absorption can occur due to 
processes of the type 


photon+ phonon — exciton+ phonon — exciton’. 
(intermediate state) 


The absorption of the phonon provides the additional 
energy necessary to conserve energy. 

The calculation of the absorption edge due to such a 
“direct” process with phonon cooperation is very similar 
to the calculation by Dumke‘ of the phonon-cooperative 
absorption in InSb, except for the fact that exciton 
states now play an essential role. The calculation can 
be made tractable by noting at the start the limitations 
and approximations which are involved. In CdS, there 
are four different nonzero energies of k=0 phonons. 
The highest of these, the longitudinal optical phonon, 
has an energy of 0.038 ev, two of the other three char- 
acteristic energies are not known. It is therefore profit- 
less to try to compute the form of the absorption more 
than perhaps 0.020 ev above the one-phonon threshold. 
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Fic. 3. The same as Fig. 2 except for F|'c 


8’ W. P. Dumke, Phys. Rev. 108, 1419 (1957). 
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rhe only important intermediate states in the transition 
have the form 


| exciton (no photon)+phonon>. 


The exciton binding energy in CdS is 0.028 ev. Exciton 
line oscillator strengths are proportional to 1/n* for 
allowed excitons in the hydrogenic approximation 
(where » is the principle quantum number). Higher 
exciton states than m=1 can be neglected as inter- 
mediate states because of the fall off in oscillator 
strength. The continuum states can be effectively ig- 
nored as intermediate states because of the relatively 
large intermediate state energy denominator (which 
enters squared) and the relative difficulty of scattering 
by phonons into the bound state. Thus only the lowest 
lying exciton state active in a given polarization is an 
important intermediate state. 


Case I. ELc 


For this geometry, the only important intermediate 
state is the m= 1 state of excitons formed from the upper 
valence band. The matrix element for longitudinal 
optical mode scattering of the exciton (without change 
of internal state) is proportional to |k| for small k. 
The optical matrix element is a constant. The inter- 
mediate state energy denominator is E—Eo (Eo is the 
energy of the lowest exciton band at k=0, and E is the 
photon energy). For parabolic electron and hole bands, 
one finds (from second-order perturbation theory) 


E+hw-Ey\if Ey \? 1 
aaa ) ( ) —, (1) 
Eo E—Eo/ 1+ ehe!KT 


In (1), %w is the energy of the k=0 longitudinal optical 
phonon, (it is also assumed that fiw is independent of k, 
which will be true for the small k values considered) 
and ap is a constant independent of E and T. The theo- 
retical expression for apo is given in the Appendix. 





Case IT. E\\c 


For this geometry, the only important intermediate 
state is the m=1 state of excitons formed from the 
second valence band, where an exciton is strongly active 
in this mode of polarization. Two kinds of final states 
are possible. The simplest final states are states corre- 
sponding to scattering this »=1 intermediate state 
exciton within its own band. This process leads to an 
absorption coefficient of the same form as case I, with 
the parameters appropriate to the second valence band 
substituted into 1. The threshold for this process is 
0.016 ev higher than that for E_1c due to the 0.016-ev 
valence band splitting. 

A second set of final states in which the intermediate 
state exciton is scattered into an n= 1 exciton of the top 
valence band is also possible as indicated in Fig. 4(b). 
This process cannot be computed from ordinary polar 
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Fic. 4. (a) E(k) curves for low-lying exciton states. The elec- 
tronic part of the process, photon+phonon — exciton-++phonon 
— exciton for light polarized with E 1c is indicated by the arrows. 
(The first stage is not represented as a vertical transition since a 
photon has a small but finite momentum. This point is not essen- 
tial to the discussion presented here.) (b) The same as Fig. 4(a) 
except that an interband scattering process from exciton band B 
to exciton band A is illustrated. 


mode scattering formulas for it represents interband 
scattering. The dominant part of the polar scattering 
interaction (the electrostatic scattering) is much 
weakened for this interband scattering. It is therefore 
to be expected that the absorption edge for E|\c should 
look rather similar to that for Ec displaced 0.016 ev 
to higher energies, except for the existence of a tail ex- 
tending down to the threshold for Ec absorption due 
to interband scattering. 


Comparison with Experiment 


The comparison of theory and experiment will be 
made only for E_Lc, where no interband phonon proc- 
esses occur. The results are shown in Fig. 5. In this 
figure the points represent the experimental points from 
which have been subtracted a residual absorption taken 
to be equal to the absorption at 20.5°K at the corre- 
sponding photon energy. The lines represent the be- 
havior predicted by (1) putting ap=1.52K10® cm“, 
using the Z values obtained from the reflection spectra 
and a value of Aw=0.038; ev. Although the agreement 
between theory and experiment is not perfect, it is 
thought that possible errors in the assumed background 
absorption and the temperature of the crystal could 
account for the discrepancies. Certainly the variation 
with temperature is in general agreement with theory, 
and in the appendix a theoretical estimate of 
ao= 3.2 108 cm™ is obtained which is in satisfactory 
agreement with the experimental value. 

At room temperature analogous processes are ex- 
pected. However the reflection spectra show no exciton 
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Fic. 5. Comparison of theory and experiment at various tem- 
peratures. The solid lines represent Eq. (1) using Aw=0.038; ev, 
Eo as obtained from reflection experiments and ap=1.52X 108 
cm”. The points represent the data of Fig. 2 after a background 
subtraction has been made. 


peak, indicating considerable thermal broadening, and 
multiphonon processes may also make appreciable con- 
tributions to the absorption. In view of these complica- 
tions no attempt has been made to interpret the results 
at this temperature. 

It might be possible to interpret the observed absorp- 
tion on the basis of conduction band valleys not at k=0 
(nor on the line ['-A), but this would require that the 
“indirect” excitons involving these valleys should be at 
or above the energy level of the “‘direct”’ excitons. It is 
most unlikely that the two types of excitons should be 
at the same energy, and as the ionization energy of the 
direct excitons is only about 0.028 ev it is clear that the 
indirect exciton cannot be much above the direct exci- 
ton and still have the indirect minimum in the conduc- 
tion band an absolute minimum. 

Although detailed experiments with crystals of suita- 
ble thickness have not been carried out it does appear 
that there is a residual absorption at energies lower than 
that of the exciton-phonon process just described, and 
that this absorption does not vary rapidly with tem- 
perature in the range reported here. Because of the weak 
temperature dependence two phonon processes are 
probably not involved. The wavelength dependence of 
the effect indicates that it is not caused by indirect band 
to band transitions with phonon emission. It may be 
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that local strains in the crystal decrease the energy gap 
sufficiently to cause absorption in this region There is 
also the possibility of direct transitions from ionized or 
compensated acceptors to the conduction band or from 
the valence band to ionized donors. Such transitions 
have not been described for silicon or germanium pre- 
sumably because they are masked by 
transitions. 


indirect 


CONCLUSIONS 


It has been shown that all but the very weakest ab- 
sorption displayed by CdS can be explained in terms of 
exciton transitions at k=0 with the cooperation of 
phonons. This is strong evidence that the conduction 
band has one minimum located at k=0. However, if 
there are other valleys in the conduction band which 
play a role in electronic conduction, then their energies 
must be within a few hundredths of an ev of the k=0 
minimum. 
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APPENDIX 


The constant a» can be calculated for spherical bands 
and ordinary polar mode scattering. One obtains 
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The definitions of the symbols and values appropriate 
to CdS (as determined from the exciton studies of 
Thomas and Hopfield and the work of Collins on the 
restrahl of CdS) are given in the following: w=angular 
frequency of the k=0 longitudinal optical phonon = 
cm“, c=velocity of light, m= “high-frequency dielec- 
tric constant”=5.8, e’=low-frequency dielectric con- 
stant=9.3, m.=electron mass~0.6 m, m,=hole mass 
=0.25 m, M=density of mass for excitons 
=m,+mn, do=Bohr radius for n=1 excitons=28 A, 
Eo= energy of the intermediate state exciton= 2.55 ev, 
e=electronic charge, e=contribution of all sources 
except the exciton under study to the energy dependent 
dielectric constant at E=Eo(e~7), and 428=contri- 
bution of the exciton under study to the high frequency 
dielectric constant n,?. 4%8=6.8X10-* for the lowest 
energy exciton in CdS observed with light polarized 
perpendicular to the hexagonal axis. Combining these 
parameters, we find a theoretical value of 3.2 10® cm™ 
for ap. It is interesting that this quantity is large enough 
to result in appreciable absorption even at temperatures 
at which the fractional occupancy of phonon states is 
very small. 
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Measurements of the onset of absorption due to excitation of electrons across the energy gap were made 
on a variety of superconductors. Using the onsét of the main absorption edge as a measure of the energy 
gap, the values of /,(0), the energy gap at absolute zero, were found to be 4.1+0.2 kT. for indium, 3.6+0.2 
kT, for tin, 4.6+0.2 kT. for mercury, $3.0 kT, for tantalum, 3.4+0.2 kT. for vanadium, 4.1+0.2 kT, for 
lead, and 2.8+0.3 kT, for niobium. The deviations of these values of the energy gap from the Bardeen- 
Cooper-Schrieffer value of 3.5 kT. are a fairly smooth function of the Debye temperature alone, but a less 
smooth one of the ratio of the Debye temperature to the critical temperature. Structure was found on the 
absorption curves of lead and mercury. Its interpretation is discussed in terms of possible states in the 
gap, anisotropy of the gap, and of a possible dielectric anomaly. The position of the main absorption edge 
seemed to scale with temperature according to the temperature dependence of the energy gap predicted 
by the Bardeen-Cooper-Schrieffer theory, and the structure appeared to have a roughly similar temperature 
dependence. The absorption curves for pure superconductors are compared with predictions based on the 
theory of the skin effect in the normal and superconducting states. Two alloy superconductors were 
measured. They appeared to have less well-defined gaps than the pure superconductors. 


I. INTRODUCTION 


N the theory of superconductivity of Bardeen, 
Cooper, and Schrieffer', (BCS), a minimum energy 
of E,(0)=3.5 kT. is required to produce an excitation 
from the ground state, where 7, is the critical tempera- 
ture. This minimum excitation energy, or energy gap, 
is a central result of the theory, and is sufficient to 
explain most of the electromagnetic and thermal 
properties of superconductors.” * 

Experimental evidence for the existence of the energy 
gap can be obtained from specific heat, thermal con- 
ductivity, nuclear relaxation, ultrasonic attenuation, 
and electromagnetic absorption data.? Unfortunately, 
most of these data require an interpretation in terms of 
a detailed theory before a value of the energy gap can 
be deduced. 

Probably the most direct method of measuring the 
superconducting energy gap is by observing the onset 
of electromagnetic absorption in a bulk sample. This 
occurs when the incident electromagnetic quantum 
energy becomes large enough to excite electrons across 
the energy gap. At finite temperatures, this character- 
istic quantum absorption is superimposed on absorption 
caused by “normal” electrons that have been thermally 
excited across the gap to states from which arbitrarily 
small additional increases in energy are possible. The 
BCS theory predicts that the energy gap closes as the 
temperature approaches 7,, as is indicated by the 
absence of any latent heat in the field-free superconduct- 

t Supported in part by the National Science Foundation, the 
Alfred P. Sloan Foundation, and the Office of Naval Research. 

* National Science Foundation Predoctoral Fellow, now at 
the Royal Society Mond Laboratory, Cambridge, England. 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957). 

2M. A. Biondi, A. T. Forrester, M. P. Garfunkel, and C. B. 
Satterthwaite, Revs. Modern Phys. 30, 1109 (1958). 


3M. Tinkham and R. A. Ferrell, Phys. Rev. Letters 2, 331 
(1959). 


ing transition. Thus, at T>0, absorption due to 
excitations across the energy gap will occur at quantum 
energies less than £,(0). A number of investigators have 
observed this energy gap contribution to the microwave 
surface resistance’ in the superconducting state close 
to the critical temperature® where the gap is small, and 
correspondingly many normal electrons are present. 

In order to measure the width of the energy gap at 
the absolute zero, which is of most fundamental 
interest, one must be able to measure the surface 
resistance of the superconductor at temperatures much 
lower than 7,. Two general approaches have been 
used on this problem. One is to observe the onset of 
heating in a superconductor that is exposed to millimeter 
microwave radiation with twE,(0). Present practical 
limitations on microwave quantum energies restrict this 
method to superconductors with low critical tempera- 
tures. This approach has been used on aluminum (for 
which 7.=1.2°K) by Biondi and Garfunkel,® who 
obtained temperatures of ~0.3 T, by the use of a 
liquid He* refrigerator. Their curves of Rs/Ry, the 
ratio of the surface resistances in the superconducting 
and normal states, extend to high enough quantum 
energies to show the onset of absorption at absolute 
zero due to bridging the energy gap. In this way 
Biondi and Garfunkel obtained the value £,(0)=3.2 


‘ The surface resistance is the real part of the surface impedance 
Z, defined as Z=(4r/c)(E/H)o, where (E/H)o is the ratio of 
electric to magnetic fields at the surface of the metal. In general, 
Z=R-+iX is complex; the imaginary part is the surface reactance. 
The microwave surface resistance R is directly related to the 
quality factor Q of a cavity and so can be measured relatively 
easily. The absorptivity @ of a metal surface is simply @=cR/x 
so long as @<1, which is true for metals under most circumstances. 

5 See, for example, M. A. Biondi, M. P. Garfunkel, and A. O. 
McCoubrey, Phys. Rev. 108, 495 (1957); and M. A. Biondi, 
A. T. Forrester, and M. P. Garfunkel, Phys. Rev. 108, 497 (1957). 

6M. A. Biondi and M. P. Garfunkel, Phys. Rev. Letters 2, 143 
(1959). 
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+0.1 kT. for the width of the energy gap in aluminum 
at absolute zero. 

The other approa¢ h (followed in the research reported 
here) is to use superconductors such as indium, tin, 
mercury, tantalum, vanadium, lead, and niobium, with 
critical temperatures in the range from 3.3 to 9°K, 
for which temperatures much less than 7, can be 
reached with ordinary liquid He‘ techniques. For 
these superconductors, the wavelength range from 
0.1 to 2 mm available from a far-infrared monochro- 
mator spans the transition from the essentially lossless 
behavior characteristic of superconductors at low 
frequencies to high-frequency absorption which, like 
that observed in the near-infrared,’ is indistinguishable 
from that of the normal-state metal. It is not feasible, 
at present, to observe the heating of the sample due to 
the far-infrared radiation because the necessary power 
is not available. The approach used for bulk samples is 
to measure the difference between the power reflected 
from the sample when it is in the superconducting and 
normal states. The first measurements of this sort were 
reported by Richards and Tinkham on tin and lead.° 
The present paper contains a full report of our applica- 
tion of far-infrared techniques to the measurement of 
the energy gaps of bulk superconductors. 

This research is also related to measurements of the 
transmission of far-infrared radiation through thin 
superconducting films, first made by Glover and 
Tinkham,’® and recently improved by Ginsberg and 
Tinkham.” The film transmission data, when analyzed 
to separate the reflection from the absorption, give 
information about the onset of absorption due to the 
energy gap. The film experiments have almost an order 
of magnitude larger signal-to-noise ratio than the meas- 
urements on bulk samples because of the more favorable 
geometry and the large absorption in the normal film, 
but the interpretation in terms of an energy gap is 
less direct. In what follows, comparisons will be made 
between the two types of far-infrared experiments, 
where appropriate. 


Il. APPARATUS 


Our experiment was performed by conveying the 
output of a far-infrared grating monochromator down 
a brass light pipe into an oversize, nonresonant, 
superconducting cavity immersed in liquid helium at 
various temperatures below 7,. The radiation made 
many reflections in the cavity to build up the metallic 
absorption to a measurable amount; a fraction was 
then absorbed in a carbon resistance bolometer mounted 
on the cavity wall. The power Ps that reached the 

7J. G. Daunt, T. C. Keely, and K. Mendelssohn, Phil. Mag. 
23, 264 (1937); K. G. Ramanathan, Proc. Phys. Soc. (London) 
A65, 532 (1952). 

8 Pp. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 
(1958). ‘ 

*R. E. Glover, III, and M. Tinkham, Phys. Rev. 108, 
(1957). 

 [). M. Ginsberg and M. Tinkham, Phys. Rev. 118, 990 (1960). 
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bolometer when the cavity was in the superconducting 
state was compared to that Py when the superconduc- 
tivity was destroyed by the application of a magnetic 
field. Values of the fractional change (Ps— Py)/Py in 
bolometer signal as the magnet was turned on and 
off were measured at various wavelengths in the range 
from 0.1 to 2 mm for a number of superconductors. 
These data give a measure of the difference between the 
reflectivities of the superconducting and normal states 
in the region of the energy gap. 


A. Far-Infrared Monochromator 


Among the best available sources for these far- 
infrared experiments is an ordinary G.E. type UA-3 
quartz mercury arc lamp, which emits 360 watts of 
radiation, mostly in the ultraviolet, visible, and near 
infrared. Only ~10~7 watt is, however, emitted in a 
10% bandwidth at 0.5 mm. The rather severe problem 
of obtaining a rejection factor of over 10° for unwanted 
short-wavelength radiation was solved by a series of 
transmission filters and by the //1.5 grating mono- 
chromator shown in Fig. 1. This monochromator was 
especially designed by D. M. Ginsberg and the authors 
to provide for the use of pairs of 34-inch echelette 
gratings in zero order as low-pass filters which systemat- 
ically scatter the shorter wavelengths from the beam. 
At frequencies where the other filters are adequate, 
these gratings are replaced by plane mirrors. After 
emerging from the lamp, the radiation was focused by 
a spherical mirror onto the first zero-order grating. 
After reflecting off this grating, the light passed through 
a polyethylene filter, blackened with turpentine soot, 
which covered a hole in an opaque baffle. The baffle and 
filter prevented stray light from the lamp from being 
interrupted by the 9 cps light chopper and re-entering 
the optical path. A second spherical mirror brought the 
light leaving the second filter grating to a focus at a 
point near the output light pipe. The remainder of the 
optical system was an on-axis grating monochromator 
similar to the one used by McCubbin and Sinton." 
That is, after the focus, the light diverged to a 12-inch 
diameter spherical collimating mirror with an 18-inch 
focal length, was reflected back to a 12-inch square 
echelette grating used in first order to provide the 
dispersion, and was refocused on the output light pipe 
by the collimating mirror. 

Wavelengths were determined by measuring the 
angle of the 12-inch grating from the position of the 
zero-order spectrum. Coarse gratings with low dispersion 
were used, and there were no slits other than the source 
and the light pipe, so that radiation in a band width of 


~ 10% was utilized. Dispersion gratings were used only 


near their blaze wavelength for maximum grating 
efficiency. The various echelette gratings were ruled on 


"T, K. McCubbin, Jr., and W. M. Sinton, J. Opt. Soc. Am. 
42, 113 (1952). 
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a planer, and had from 8 to 70 rulings per inch.” The 
mirrors were turned from solid dural and polished on 
a lathe. The end of the light pipe was fitted permanently 
with sooted polyethylene and crystal quartz filters, 
which were used at all wavelengths. Provision was made 
for attaching fused quartz and rock salt filters as 
needed” to suppress the second and higher orders of 
diffraction from the 12-inch grating. 

The problem of focusing the f/1.5 radiation from 
the monochromator into a cavity cooled with liquid 
helium and placed in a magnet gap was solved by the use 
of a brass light pipe. An analysis of the use of metal 
light pipes in the far infrared has been separately 
published.'* In this experiment about 4 feet of light 
pipe made from 0.43-inch i.d. brass tubing and giving 
a transmission of ~70% at 0.5-mm wavelength was 
used. This diameter corresponded to the 0.5-inch 
diameter of the mercury arc which was the effective 
input slit of the monochromator. The portion of the 
light pipe that was in the Dewar was turned down to a 
0.010-inch wall thickness to minimize the conductive 
heat leak along the pipe into the liquid helium. Two 
right-angle bends of the type described in reference 12 
were needed to convey the horizontal beam of radiation 
from the monochromator into the vertical Dewar. 


B. Analysis of Cavity Response 


Since the radiation from the monochromator was 
relatively broad band and had wavelengths short 
compared to typical cavity dimensions, the response of 
the cavity consisted of a large number of closely spaced 
resonant modes that were nearly equally excited. Thus 
we can describe the radiation in the cavity in terms of a 


2 Pp. L. Richards, Ph.D. thesis, University of California (un- 
published); D. M. Ginsberg, Ph.D. thesis, University of California 
(unpublished). 

1 R. C. Ohlmann, P. L. Richards, and M. Tinkham, J. Opt. 
Soc. Am. 48, 531 (1958). 





IN BULK SUPERCONDUCTORS 577 


OUTPUT 
LIGHT PIPE. 


lI 


SPHERICAL 
MIRROR \ 





SPHERICAL 
MIRROR 


WHEEL 


uniform distribution of photons as discussed by Lamb." 
Using his expressions for the quality factor 0, we may 
deduce the response of a cavity consisting of a coupling 
hole of area Ay and associated Qy=8rV/AAn, a 
bolometer with an effective black area Ag with Qg 
=82V/\A pz, and cavity walls of area Ay of the metal 
under investigation with Qw=6rV/AAmcR. Here V 
is the volume of the cavity, \ is the wavelength of the 
radiation, c is the velocity of light, and R is the surface 
resistance of the cavity walls. Since the 1/Q’s are 
power losses, which are additive, the quality factor Qr 
for the whole cavity is given by 


1/O7r=1 Qut+1 Ost+1 Om. 


The fraction P/P» of the incident power Po which is 
absorbed in the bolometer is given by 


P Po=Qr, Qzs=1/(1+¢+7), (1) 


where {=Qz/Qwm represents the losses in the cavity 
walls, and n=Qz/Qy the losses out the coupling hole, 
both normalized to the losses in the bolometer. 

In this experiment we wish to measure the change in 
the surface resistance R which occurs when the super- 
conductivity is destroyed by a magnetic field. Since 
our sensitivity is limited by detector noise, we wish to 
maximize dP/dR. Assuming that the bolometer and 
the coupling hole look like black holes of the same 
size so that Qv=Qz, the optimum cavity is that for 
which Q7=2Qy. That is, half the absorption should be 
in the cavity walls. In terms of the areas of the coupling 
hole and the cavity walls, the condition is 


An/Au=§QG, 
where @=cR/r is the absorptivity of the cavity walls at 
normal incidence. Estimating the absorptivity of lead 
under the conditions of the measurement to be about 
0.0025, we see that for optimum performance Ay 


“ W. E. Lamb, Jr., Phys. Rev. 70, 308 (1946). 
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Fic. 2. Plan of nonresonant cavity made from superconductor 
being studied. The conical cavity shape maximized the absorption 
in the cavity; the cone in the light pipe decreased the size of the 
coupling hole 


600A 1. If the light pipe were to terminate directly at 
the cavity, the required cavity area would be 100 
square inches. As Fig. 2 shows, we used a condenser 
cone similar to the one described by Williamson! in 
order to reduce the diameter of the coupling hole to } 
inch without losing any substantial fraction of the 
radiation coming down the light pipe. The required 
cavity area was thus reduced to ~7 square inches, an 
easily obtainable value. 

The analysis given above assumes that the photons 
are randomly distributed in the cavity. Actually, 
though the cone increases the solid angle of the incoming 
radiation to 27, a cavity with a flat bottom would lose 
many photons to the bolometer or coupling hole after 
only one or two reflections. To avoid this, the conical 
cavity design shown in Fig. 2 was used. The cavity shape 
was adjusted so that photons entering at any angle made 
between 10 and 14 reflections before returning to the 
top of the cavity where the coupling hole and bolometer 
were located. This maximized the average probability 
of absorption of a photon by the metal for a given 
cavity size. The cavity dimensions chosen were a 
length of 4 inches, an inside diameter of 13/16 inch at 
the large end, and a subtended angle of the cone of 
15 degrees, giving a surface area of ~7 square inches. 

The actual cavity response achieved was limited by 
persistent current loops enclosing magnetic flux in the 
cavity walls. This trapped flux kept 5 to 50% of the 


16D. E. Williamson, J. Opt. Soc. Am. 42, 712 (1952) 
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walls in the normal state at all times after the magnet 
was first turned on. The evidence for this was that Ps 
never returned to its full value after the magnet had 
been turned on, unless the cavity was first warmed up 
above T,. Flux trapping was the worst for strained or 
impure cavities, and appeared to remain constant 
throughout any one run. 

The cavity analysis given above predicts a 100% 
change in bolometer signal at low frequencies when the 
cavity walls enter the lossless superconducting state. 
Experimentally we measure changes of the order of 
25% for lead, indicating that much less than half of 
the radiation was being absorbed in effective regions of 
the cavity walls. The discrepancy can be attributed to 
additional absorption by imperfections in the walls 
which did not change as the cavity entered the super- 
conducting state, to trapped flux which rendered 20% 
of the cavity area ineffective, and, possibly, to an 
overestimate of the low-temperature absorptivity of 
lead. Metals such as tin with smaller absorptivities gave 
changes in bolometer signal as small as 5%. This range 
of signals provided one simplification, since with such 
small changes, as will be shown below, we can use a 
linear interpretation of the cavity response in terms of 
the surface resistances of the superconducting and 
normal states. 

The fractional change in the bolometer signal as the 
cavity goes from the superconducting to the normal 
state is, from Eq. (1); 


(Ps— Py) Py=(fn—fs) (1+¢s+7). (2) 


If we assume a random distribution of photons, Lamb’s 
results give us 


Os 4cR Ay 


3nr A B 


Om 
which is proportional to the surface resistance. In our 
cavity the photons are not distributed completely at 
random, but since the power absorbed in the cavity 
walls is a small fraction of Po, we may assume that the 
photon distribution is roughly the same in the super- 
conducting and normal states. In this case ¢ will be 
proportional to R with some constant of proportionality 
y. We have from Eq. (2) 

Ps—Pwv Ry(w)—Rs(w) 
Py C( 1+ 7) 7 ]+Rs(w) 


For temperatures TT, and some frequency wo<a,, 
Rs=0, so that we can evaluate the constant (1+7)/y 
experimentally from the relation 


yRvn (wo) 
; ; (4) 


Thus Eq. (3) gives the response of the cavity in terms 
of the surface resistances of the cavity walls in the 
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superconducting and normal states and an experimen- 
tally determined constant. We can make one further 
approximation which is valid for small signals. When 
[(Ps—Pw)/Py]oo is small, Eq. (4) shows us that 
Ry (wo) (1+n)/y. Thus, since Rs(w)< Ry(wo) over 
the region of interest, we may neglect Rs(w) in the 
denominator of Eq. (3). It follows that (Ps— Py)/ Py is 
nearly proportionai to the difference between the surface 
resistances of the normal and superconducting states. 


C. Detection System 


A carbon resistance bolometer similar to the one 
described by Boyle and Rodgers'® was used as a detector 
of the far-infrared radiation. The bolometer consisted 
of a 0.020X0.08X0.2-inch block cut from a 150-ohm, 
5-watt Gerard-Hopkins carbon resistor. The carbon 
cemented to a 0,008X0.08X0.2-inch sheet of 
Mylar with General Electric 7031 cement, and the 
Mylar was in turn cemented to a copper post that came 
in contact with the liquid helium. The thickness of the 
Mylar was chosen in order to make the thermal time 
constant of the bolometer approximately equal to the 
reciprocal of the angular frequency at which the light 
was chopped. (The copper post was used because it 
was found that when the bolometer was mounted on 
the cavity wall, the difference between the thermal 
conductivities of the superconducting and normal states 
was sufficient to change the operating point of the 
bolometer, and give a spurious signal.) The cavity and 
light pipe were evacuated to a pressure of less than 
10-° mm of mercury so that the thermal contact 
between the bolometer and the helium bath through 
the gas was negligible. Electrical contact was made by 
evaporating indium electrodes onto the ends of the 
bolometer, and soldering No. 40 manganin wire leads 
to the indium. Manganin was used so that the thermal 
conductance of the electrical leads would be negligible 
compared to that of the Mylar. The arrangement of 
the bolometer in the cavity is shown in Fig. 2. The 
bolometer leads were brought to the top of the Dewar 
in a 3-inch diameter stainless steel tube so that the 
vacuum seal could be made at room temperature. 

A bias current of a few microamperes was supplied to 
the bolometer by a 223-volt battery and an adjust- 
able series resistor. The alternating voltage developed 
across the bolometer was fed through a_ blocking 
capacitor and resonated transformer into a conventional 
9 cps lock-in amplifier and chart recorder. The lock-in 
was driven by a switch attached to the chopper wheel 
shaft to provide synchronous rectification. 

A typical bolometer had a resistance of 600 ohms at 
room temperature, and 0.1 megohm at 1.4°K. The 
best signal-to-noise ratio was obtained with a series 
resistor of 2 to 3 megohms. With the electrical system 
described above, the bolometer noise was comparable 


was 


16 W. S. Boyle and K. F. Rodgers, Jr., J. Opt. Soc. Am. 49, 66 
(1959). 


IN BULK SUPERCONDUCTORS 579 
to the amplifier noise for all but a few exceptionally 
quiet bolometers. The bolometers were not affected by 
cycling between room temperature and helium tempera- 
ture, but tended to become very noisy when heated to 
the melting point of the indium, as occasionally 
happened while sealing the cavity with Wood’s metal. 
Also, it proved necessary to put a ballast tank in the He 
pumping line to eliminate noise from temperature 
fluctuations at the pump frequency. 

This experiment would have been extremely difficult 
without carbon resistance bolometers. Before the 
bolometers came to the authors’ attention, the experi- 
ment was attempted using a transmission cavity with a 
second light pipe to bring the radiation up to a Golay 
pneumatic detector at the top of the Dewar. The 
signal-to-noise ratio was so poor that it took several 
hours to detect any difference between the super- 
conducting and normal states. The bolometers improved 
the signal-to-noise ratio by more than a factor of 50. 
The improved geometry possible with the bolometer 
may have accounted for a factor of 5, but it is clear 
that the bolometers used were at least an order of 
magnitude more sensitive than the Golay cell. 

In order to measure the temperature dependence of 
the superconducting energy gap, it was desirable to 
measure the frequency dependence of (Ps—Py)/Py 
at a variety of temperatures below the critical tempera- 
ture. We could not use the apparatus described above 
at temperatures much above 1.5°K, since the bolometer 
lost its sensitivity rapidly as the temperature was 
raised. This was due to both a rise in the bolometer’s 
specific heat, and to a fall in its temperature coefficient 
of resistance. The apparatus shown in Fig. 3 was 
therefore designed to keep the bolometer temperature 
low while measurements were made with the cavity at 
temperatures up to 5°K. A copper cold finger attached 
to a small helium tank determined the bolometer’s 
temperature. Thermal isolation of the bolometer and 
helium tank from the rest of the system was achieved 
by evaluating the cavity. The helium tank was sup- 
ported, filled, and pumped through a single }-inch 
diameter: thin-walled stainless-steel tube. The heat 
leak into the helium tank was small enough that 
temperatures of the order of 1°K could be reached. 
This resulted in an increase in bolometer sensitivity 
compared to that obtainable with the apparatus shown 
in Fig. 2. The increased sensitivity roughly compensated 
for the lower cavity Q due to the loss of photons out 
the annular space around the cold finger. 


III. SAMPLE PREPARATION 


Cavities of the soft superconductors, lead, tin, and 
indium, were cast in a stainless-steel mold, and vacuum 
annealed. The cavity lid was, in most cases, an inset 
of the same superconductor in the brass cavity top, as 


is shown in Fig. 2. After annealing, the cavities were 
acid etched very lightly and soldered to the cavity top 





Sample 
Tantalum I 
Tantalum II 


Niobium 
Vanadium 


Lead I 
Lead II 


Source 


Fansteel Metallurgical 
Corp. 
Fansteel 


Fansteel 

Electro- Metallurgical 
Corp. 

Morris P. Kirk 

A. D. Mackay 


RICHARDS 


Fabrication 
method 


machined 


rolled 
from sheet 
machined 
machined 


cast 
cast 


AND M. 


Tin I Morris P. Kirk cast 
Tin i Vulcan Detinning Corp. cast 
Mercury Ballard Quicksilver cast 
Products Inc 
Indium Corp. of 
America 


Indium 


99% lead 
1% bismuth 
50% lead 
50% tin 


* See reference 17. 
with Wood’s metal. No further polishing was done. 


Attempts were made to electro-polish a tin cavity, but 
they were not successful because of its awkward shape 
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Fic. 3. Apparatus used to measure the temperature dependence 
of the energy gap. The bolometer’s temperature was controlled 
by the liquid helium in the tank, and its leads passed through a 
t-inch diameter stainless-steel tube to the top of the dewar. The 
tube is behind the plane of the diagram and is not shown. 
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TABLE I. Details of sample preparation. 


Stated 
purity r before 
(%) annealing*® 


Annealing 
time and temp r after 
(hours) (°C) annealing* 
99.9 8 1600 22.4 
+8 2000 
99.9 se 3 1600 
+8 2000 
99.7 a : 1800 12 
99.7 8. 1400 9 
99.95 tee 3 30 50 
99.999 ae 300 5700 
99.9 vee 195 140 
99.9996 se : 195 6600 
triple 
distilled ves — 56 610 
99.999 tee 100 16 500 
vee vee 300 25 


175 24 


and large size. Absorption edges were measured for 
vanadium, lead, and indium cavities with varying 
degrees of etching, and for two different mercury 
cavities. The results were the same to within the 
experimental error, so that for these superconductors 
at least, the energy gaps measured did not seem to be a 
function of the sample preparation. Details of sample 
purity and preparation are given in Table I. 

The mercury cavity required special handiing. The 
cavity was made by filling the stainless-steel mold and 
immersing it in liquid nitrogen. The cavity lid was 
frozen in a similar way. Of course, the mercury surface 
could not be etched. It was cooled slowly over the period 
of an hour and annealed at dry-ice temperature to 
minimize strains. After annealing, the cavity was put 
into a thin-walled brass can which was then soldered 
to the brass cavity top with Wood’s metal in order 
to complete the vacuum seal. A coil spring in the bottom 
of the brass can forced the cavity up against the lid to 
give it good thermal contact with the helium bath. 
The whole assembly had to be done rapidly to prevent 
the cavity from melting, and to prevent too much ice 
from condensing on the cavity walls. 

Cavities of the hard superconductors, tantalum, 
niobium, and vanadium, were machined from one-inch- 
diameter rods, and annealed at 10-° to 10-* mm 
pressure in a vacuum induction furnace. Ideally these 
samples should have been annealed in much higher 
vacua because there was a marked gettering action as 
they cooled off in the furnace. In spite of this, the 
resistance ratios’? for these metals were generally 

17 The ratio r of the resistance of a sample at room temperature 
to that at 4.2°K is a measure of the effect of impurities and 
defects in the metal lattice on the conduction electrons. When we 
measured resistance ratios for metals that were superconducting 
at 4.2°K, we destroyed the superconductivity by applying a 
magnetic field. A plausible extrapolation was made to correct 
for the magnetoresistance which was quite large in the pure 
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TABLE II. Values of the energy gap.* 


E,(0)/kT- 
present 
measurements 


4140.2 


3.6+0.2 
4.6+0.2 


la” 


Superconductor 


7 


Indium 
Tin 
Mercury 
Tantalum 
Vanadium 
Lead 
Niobium 


mw 


me ee 
~ 
ro 


on 


ONT UT ee On 


o 


2.8+0.3 


E,(0)/kT. 
Ginsberg E,(0) 
and 


Tinkham 


kT. E, 


Goodman 


(O)/kT- 


Goodman 


E,(O)/kT- 
Goodman 


3,940.3 
3.340.2 


mm GA a ce mee 
OAs Ov 


4.0+0.5 


We Wd RW We Ge 


~~ 


* Measured values of the gap at absolute zero, in units of kT-, compared to values obtained by Ginsberg and Tinkham from transmission measurements 


on thin films, and by Goodman: 
specific heat data; 


I from Eq. 
increased by the annealing process. An accident 
occurred during the annealing of the tantalum cavity 
that brought the sample to atmospheric pressure of 
water vapor when it was at 2000°K. An extremely 
hard layer was formed on the surface of the tantalum. 
This layer was machined off and the sample was 
reannealed and acid etched (as far as possible) in hot 
hydrofluoric acid. This explains why the resistance 
ratio for the sample tantalum I is slightly smaller after 
annealing than before. A second tantalum cavity 
(tantalum II) was made by wrapping a piece of annealed 
0.005-inch thick tantalum sheet into a cone. The sheet 
was somewhat work hardened during the process of 
making the cone. The tantalum, niobium, and vanadium 
cavities were mounted in the brass can used for the 
mercury cavity to avoid having to solder to these 
metals. The cavities were supported by a coil spring, and 
thermal contact was improved by filling the space 
between the cavity and the can with mercury. 

Cavities of lead-tin and lead-bismuth alloys were 
cast in the stainless-steel mold, quenched, and annealed 
as shown in Table I. 

The critical temperatures of our indium, 
mercury, 
Fig. 4 and in Table II were measured using a simplified 
version of the apparatus described by Cochran, 
Mapother, and Mould.'* The actual measurements 
were made on long ellipsoidal rods that were fabricated 
and annealed along with the cavities. The mistreatment 
of tantalum I was not sufficient to change its critical 
temperature from the value, 4.39°K, found by White, 
Chou, and Johnston” for annealed Fansteel tantalum. 
The critical temperatures of vanadium, lead, and 
niobium were too high to measure with our apparatus. 
The values listed in Table II are those given in the 
literature for similarly prepared samples. The estimated 


tin I, 
and tantalum I samples that are given in 


samples. The ratio for mercury was measured between just below 

its melting point and 4.2°K. The resistance ratios r for all of 
our samples are given in Table I. 

. F. Cochran, D. E. Mapother, and R. E. Mould, Phys. Rev. 

103, 1657 (1956). 

%D. White, C. Chou, and H. L. Johnston, Phys. Rev 


. 109, 
797 (1958). 


(5) with experimental values of y, 
and III by fitting the BCS theory to the experimental specific heat data. 


Ho, and Te; II by fitting an exponential function to the experimenta 


limits of error of £,(0)/kT. for niobium were increased 
to include the range of critical temperatures reported. 


IV. ENERGY GAPS IN PURE SUPERCONDUCTORS 
AT ABSOLUTE ZERO 
Figure 4 shows the curves of (Ps—Pw)/Pwy plotted 
as a function of frequency in wave numbers for seven 
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Fic. 4. Low-temperature absorption curves for seven pure 
superconductors plotted as a function of frequency in wave 
numbers. These curves have been normalized for display purposes 
so that the ordinate of the lowest frequency point is the same for 
each. This point is obtained by using the coarsest dispersion 
grating in zero order. The estimated spread of frequencies is 
indicated by the horizontal bar. All other points have band 
widths of the order of 10% 
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superconductors. The measurements were made at 
1.32°K for tantalum, 1.45°K for tin, 1.33°K for indium, 
1.28°K for vanadium, 1.32°K for mercury, 1.38°K for 
niobium, and 1.40°K for lead. The measurements were 
made by selecting a wavelength using the mono- 
chromator and then turning a magnetic field roughly 
double the critical field on and off every two to five 
minutes. The frequency of switching depended upon the 
electronic time constant being used. The values of 
(Ps— Pwn)/ Px by switching the magnet 6 
to 20 times, depending upon the noise, were then 
averaged to obtain a single point. 

The preparation of the samples used for these curves 
is given in Table I. In the cases of tantalum, tin, and 
lead, where there are two cavities listed, the first one 
was used. Tantalum IT proved to be so strained or 
impure that it gave a smeared-out absorption edge 
similar to those of the alloy cavities. The spectro- 
scopically pure cavities tin II and lead IL were not used 
because of what appeared to be an extremely large 
positive magnetoresistance. Py, the power that reached 
the bolometer when the cavity was in a magnetic 
field greater than H,., was a very sensitive function of 
the field. The magnet used couid not be controlled well 
enough to give reproducible measurements of Py. 

We showed in Sec. II that (Ps—Py)/ Py is roughly 
proportional to Ry—Rs, the difference between the 
surface resistances of the superconducting and normal 


obtained 


states. Thus, for quantum energies below the energy 
gap, the curves in Fig. 4 show the difference between 
the vanishingly small surface resistance of the super- 
conducting state, and the frequency-dependent surface 
of 
example, R, is negligible below ~12 cm 


For vanadium, for 


1 


resistance the normal state. 
. At quantum 
energies high enough to excite electrons across the 


energy gap, there is a sudden onset of absorption in 
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Fic. 5. Measured values of the width of the energy gap at 
absolute zero in temperature units plotted as a function of the 
critical temperature. The straight line is the prediction, £,(0)=3.5 
kT., of the Bardeen-Cooper-Schrieffer theory. The width of the 
energy gap of aluminum measured by Biondi and Garfunkel 
using the microwave surface resistance method is given here, and 
in the following two figures, for comparison with our data. 
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the superconductor, and as the surface resistance 
approaches that of the normal state, Ry—Rs, and thus 
(Ps— Py)/ Py, falls rapidly to zero. This rapid approach 
to the normal-state value of the absorption makes it 
clear why earlier measurements’ with room-temperature 
black-body radiation peaked near 700 cm revealed no 
difference in absorption between the superconducting 
and normal states. The curves for lead and mercury 
show structure below the main edge. 
Several possible interpretations of this structure will 
be given in the next section. In order to obtain values 
for the width of the energy gap, we ignore the structure 


absorption 


and use the start of the main absorption edge where 
the curves of Fig. 4 drop steeply and monotonically to 
zero. In the case of mercury where the main absorption 
edge is somewhat rounded, we have extrapolated the 
curve to a sharp corner to obtain the value of the energy 
gap. 

The onset of the main absorption edges gives us 
values of E,(T), the energy gap at the temperature T 
at which the data were taken. From these values of 
E,(T) we have found the values of £,(0), the energy 
gap at absolute zero in units of RT. listed in Table II, 
by using the temperature dependence of the energy 
gap shown in Fig. 10, which comes from the BCS 
theory. The extrapolation to absolute zero adds only 
~0.1 kT. to E,(0) for tin and indium, and is negligible 
for the other superconductors. This list of energy gap 
values is probably the most important result of these 
measurements. The errors given are estimated limits 
of experimental error. 

The BCS theory predicts an energy gap at absolute 
zero of width 3.5 kT 
results show rather large from this law 
of corresponding states which are well outside our 
estimated limits of experimental error. In fact, the 
absorption edges shown in Fig. 4 do not even come in 
order of critical temperature. In Fig. 5 we have plotted 
the measured values of the width of the energy gap as 
a function of the critical temperature. The gap width 
in aluminum found by Biondi and Garfunkel® from 
microwave surface measurements is 
plotted for comparison. The straight line has a slope 
of 3.5 and so is the prediction of the BCS theory. 
Certainly 3.5 kT. is a good average value of the energy 
gap and there is no systematic deviation as a function 
of T.. 

Goodman” has suggested that since the simple BCS 
theory is valid only in the weak coupling limit where the 
critical temperature is assumed to be much smaller than 
the Debye temperature, deviations from the BCS law of 
corresponding states might be a smooth function of 
T./@p. He has supported this idea by deducing values 


for all superconductors. Our 
deviations 


resistance also 


of the energy gap from the critical field Ho, the critical 
temperature 7, and the normal state electronic specific 


heat constant y, using a relation obtained from the 


2” B. B. Goodman, Compt. rend. 246, 3031 (1958). 
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BCS theory which he assumes to be independent of 


the weak coupling limit. This relation is 


E,(0) = ; 

kT. 7. J 
Goodman’s values of E,(0)/kT. 
roughly monotonic variation with T./Op. 
plotted our measured values of £,(0)/RT, as a function 
of T./@p in Fig. 6. We do not find the expected mono- 
tonic variation. 

One might expect that Eq. (5) would be more reliable 
than the BCS relation £,(0)=3.5 kT, because it 
contains only quantities defined at absolute zero, and 
so does not depend upon the thermodynamics of the 
BCS model. The agreement between theory and 
experiment is not, however, significantly improved 
when one plots our values of £,(0) as a function of 


Ho/v/¥. 


(5) 


do indeed show a 
We have 
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Fic. 6. Measured values of the width of the energy gap at 
absolute zero divided by kT. plotted as a function of the ratio of 
the critical temperature to the Debye temperature. 


In Fig. 7 we have plotted £,(0)/kT,. as a function 
of the Debye temperature alone. Here we appear to 
have a somewhat better fit to a monotonic function. 
This is, however, a strictly empirical observation, and 
it is difficult to see how such a functional relationship 
would arise in a theory of the BCS type. 

The electronic specific heats of a number of super- 
conductors have been measured as a function of 
temperature. Over the range 2.5<T,/T<6, the BCS 
theory predicts an exponential specific heat of the 
type expected from a simple energy gap model. The 
slope —b of log C../yT., when plotted as a function of 
T./T, is predicted to have the value —1.44. The 
experimental data are only roughly exponential over 
this temperature range.” The specific heat at tempera- 
tures much lower than 7, is generally larger than is 
expected from a simple energy gap: This effect may be 

21H. A. Boorse, Phys. 


Rev. Letters 2, 391 (1959). 
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Fic. 7. Measured values of the width of the energy gap at 
absolute zero divided by kT, plotted as a function of the Debye 
temperature. 


explained by an anisotropic gap of the type deduced 
by Morse, Olsen, and Gavenda” from ultrasonic 
attenuation data. Because of this complication, it is 
difficult to obtain an unambiguous value of the energy 
gap from the experimental data. Goodman?* has 
surveyed the most recent specific heat work and has 
obtained values of the energy gap by two methods. 
One was to fit an exponential to the data and to obtain 
the gap from the formula F,(0)/kT.=3.5b/1.44, which 
comes from the BCS hoary. The other was to fit the 
whole BCS specific heat curve to the data using E,(0) 
as an adjustable parameter. His results for the super- 
conductors that we have measured are given in the last 
columns of Table IT. The agreement with our measure- 
ments is reasonably good except for tantalum, niobium, 
and mercury. 

Our measured values of the energy gaps of tan- 
talum and niobium could be in error because of 
the poor quality of the surfaces used. The absorption 
edges for these metals are sharp, indicating that the 
energy gap has the same value over the whole cavity 
surface. Ittner and Marchand** have shown that 
dissolved gas has a pronounced effect on 7, for tantalum. 
Thus, gas dissolved in the surface layer as the tantalum 
and niobium cavities cooled after annealing, which 
would not affect the measured T, of the bulk sample, 
could uniformly change the measured gap. 

Our value for the mercury gap is more reliable, since 
two different cavities were measured with the same 
results. The disagreement between our mercury gap 
and the one obtained by Goodman” from Eq. (5) or 
from a monotonic variation of the gap as a function of 
T./@p may be related to the fact that mercury does 
not follow the Debye specific heat law at all well at 
low temperatures. Its Debye temperature drops from 
80°K to 50°K as the temperature is raised from zero 
tO ¥',: 


2R. W. Morse, T. Olsen, 
Letters 3, 15 (1959). 

*°B. B. Goodman, paper presented at Superconductivity 
Conference, Cambridge, June, 1959 (unpublished). 

* W.B. Ittner and J. F. Marchand, Phys. Rev. 114, 1268(1959). 


and J. D. Gavenda, Phys. Rev. 
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Ginsberg and Tinkham" have deduced values of 
E,(0)/kT. from their measurements of the transmission 
of thin superconducting films. Their values are also 
given in Table II, and they are in quite good agreement 
with our values. It is perhaps remarkable that the 
energy gap width in a film of the order of 10-20 
angstroms in thickness is the same as in the bulk metal. 


V. STRUCTURE ON THE ABSORPTION EDGES 
OF MERCURY AND LEAD 

As we were measuring the absorption curves for 
mercury and lead, we noticed structure at frequencies 
below the main absorption edge. This structure was 
only slightly larger than the random scatter of the data 
and so was not fully believed to be real until evidence 
for a similar effect in lead films was found by Ginsberg 
and Tinkham.”> The mercury and lead curves of Fig. 4, 
which show the structure, are the results of averaging 
a number of runs, each of which showed the dip below 
the main absorption edge. 

Since (Ps—Py)/Py is roughly proportional to 
the difference between the surface resistances of the 
normal and the superconducting states, the dips could 
be caused by an absorption in the superconducting 
state at frequencies below the main gap edge, or by 
dips of the surface resistance in the normal state. The 
structure was independent of the magnetic field used to 
destroy the superconductivity. This fact, along with 
the modest quality of the samples, rules out the 
possibility that we observed a magnetic resonance 
type of effect in the normal state. We interpret the 
structure as absorption in the superconducting state 
caused either by isolated states in the superconducting 
energy gap, by an extremely anisotropic gap (such as 
two separate gaps for different pieces of Fermi surface), 
or just possibly by a dielectric anomaly. 

The sharpness of the observed dip, especially in the 
case of mercury, would seem to indicate a discrete 
absorption line separated from the main absorption 
edge. Such a discrete absorption could obviously arise 
from a discrete set of states in the energy gap. However, 
because the absorption comes superimposed on the 
rising curve of the normal state surface resistance whose 
exact shape is not known, we really cannot rule out the 
possibility that the structure is due simply to a smaller 
gap for creation of excitations on certain parts of the 
Fermi surface. 

We find evidence for absorption below the main gap 
edge only for mercury and lead, which have the largest 
values of T./ @p, and thus the strongest electron-phonon 
interactions of any superconductors. Our frequency 
range is restricted enough that we would not notice 
such an effect if it occurred in indiuni, tin, or tantalum, 
but we probably would have observed it in niobium or 
vanadium. The correspondence between our measured 
structure and that deduced from the film transmission 


28D. M. Ginsberg, P. L. 


Richards, and M. Tinkham, Phys. 
Rev. Letters, 3, 337 (1959). 
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data is very close. The structure has been observed in 
both lead and mercury films, and its position relative to 
the main gap edge is the same as in the bulk 
experiments.”° 

Other relevant experimental information comes from 
specific heat data. The electronic specific heats of 
superconducting mercury and lead, as derived from 
critical field measurements,” differ markedly frora those 
of other superconductors. Their specific heat is much 
larger at low ternperatures than is predicted by the BCS 
theory. This is exactly the effect that would be expected 
from a significant group of states with a smaller energy 
gap that would accordingly play an important part in 
the thermal excitations at low temperatures. 

Next, let us consider the theoretical situation. In 
the simple BCS theory, the quantity Vi,» which gives 
the interaction between pairs with momenta k and k’, 
is arbitrarily set equal to a constant V. This leads to 
a single unique gap value. Anderson?’ has shown that 
if this assumption is relaxed, and Vy, is assumed to 
depend upon k and k’, there may be collective excita- 
tions from the superconducting ground state with 
excitation energies less than the BCS gap. It is possible 
that our observed structure is due to collective excita- 
tions of the type discussed by Anderson. It remains to 
be seen, however, whether the transition probabilities 
are such that these excitations can account for the 
observed optical effects. It also seems highly unlikely 
that the density of states in the gap due to the collective 
excitations could be large enough to account for the 
observed specific heats of lead and mercury. 

Another result of assuming Vix, to vary with k and 
k’ in the BCS theory is, as has been pointed out by 
Cooper** and by Anderson,” that the predicted energy 
gap is anisotropic. Suhl and co-workers® have worked 
out a detailed example of this sort, in which they 
consider two separate pieces of Fermi surface with the 
distinct gaps. This treatment shows that the widths of 
the two gaps would be expected to go to zero at a 
common transition temperature. Cooper has suggested 
that this gap anisotropy explains both the nonexponent- 
ial specific heats and the anisotropic energy gap deduced 
from ultrasonic attenuation measurements in tin by 
Morse, Olsen, and Gavenda.” It is also possible that 
the structure that we observe on the absorption curves 
of mercury and lead is due to this anisotropy, since two 
distinct gaps could even cause structure as sharp as 
that on our mercury curve. The anisotropy in lead and 
mercury would have to be more pronounced than that 
of the other superconductors in order to account for 
their anomalous specific heats. Anisotropy of the gap 


26D. L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev. 
112, 1888 (1958); D. K. Finnemore, D. E. Mapother, and R. W. 
Shaw, Phys. Rev. 118, 127 (1960). 

27 P. W. Anderson, Phys. Rev. 112, 1900 (1958). 

28 L. N. Cooper, Phys. Rev. Letters 3, 17 (1959). 

* P. W. Anderson, Bull. Am. Phys. Soc. 4, 148 (1959). 

%*H. Suhl, B. T. Matthias, and L. R. Walker, Phys 
Letters 3, 552 (1959). 
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would affect the exponential nature of the specific 
heat strongly only if the smaller gap applied to a 
relatively small part of the Fermi surface. The small 
gap would then dominate at low temperatures, but at 
higher temperatures the gap with the larger statistical 
weight would dominate. If, on the other hand, the 
smaller gap applied to the majority of the Fermi 
surface, very little effect of the small bit of surface 
with a larger gap would appear either thermally or in 
electromagnetic absorption. 

Anderson” has proposed a reason why the anisotropy 
of the energy gap should not be observable in our 
measurements. He has considered the effects of impurity 
scattering on theories of the BCS type. Rather than 
diagonalizing the BCS Hamiltonian with the plane 
waves that describe electrons in a pure superconductor, 
he attacked the problem starting with the linear 
combinations of plane waves that describe the electrons 
in the presence of many elastic scattering centers. 
One result is that the interaction Vx is averaged over 
the whole Fermi surface so that no anisotropy is 
expected. Anderson estimates that the scattering will 
be strong enough to make his approach valid if 
w,7<1. In the next section we estimate values of w,r 
for our samples (see Table III). The mercury and the 
indium cavities are too pure for this “dirty superconduc- 
tor” theory to be valid in the interior, but surface 
scattering may reduce w,7 to less than unity within 
the skin depth. The other cavities all have w,r<1, so 
that Anderson’s theory seems to offer an adequate 
explanation of why we would not observe the anisotropy 
of the gap that has been seen by Morse, Olsen, and 
Gavenda in tin. 

A possible reconciliation of these various arguments 
would be obtained by assuming Anderson’s averaging 
to occur only within the two separate pieces of Fermi 
surface imagined by Suhl. This would lead to two sharp 
gaps which could explain our data on lead and mercury, 
and also explain the nonexponential specific heats for 
the same metals. Further, in the interior of the very 
pure samples used by Morse, Olsen, and Gavenda, 
presumably no averaging at all occurs, and the full 
anisotropy of the gap is manifest. If, on the other hand, 
one attributes the structure to exciton-like discrete 
states in an averaged gap, then the correlation with the 
nonexponential specific heats is left unresolved, except 
insofar as Hg and Pb share the distinction of having 
a very strong electron-phonon interaction, which makes 
T./© unusually large. 


VI. DEPENDENCE OF THE ENERGY GAP UPON 
TEMPERATURE AND MAGNETIC FIELD 

In order to obtain an experimental check of the 
temperature dependence of the energy gap predicted by 
the BCS theory, we measured the absorption edges of 
lead and vanadium at a variety of temperatures below 
T. using the apparatus shown in Fig. 3. The resulting 
curves of (Ps—Py)/Py as a function of reduced 
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Fic. 8. Absorption curves for lead as a function of temperature. 
These data, and those in Fig. 9, have been. normalized as was 
done in Fig. 4. 


frequency ww/kT, are given in Figs. 8 and 9. The 
T/T.=0.70 curve for lead corresponds to 5.0°K, 
which was the highest temperature that we could reach 
by applying an overpressure to the liquid helium 
surrounding the cavity. The highest temperature curve 
for vanadium was measured at 4.2°K. Higher tempera- 
tures could have been reached, but the absorption edge 
would have come at too low a frequency for us to 
measure. Even for the 4.2°K curve it was necessary to 
interpolate, using the shapes of the lower temperature 
curves, to find the width of the energy gap. 

The temperature dependence of the energy gaps of 
lead and vanadium are compared to the prediction of 
the BCS theory in Fig. 10. It can be seen that our 
data agree with the BCS temperature dependence to 
well within the experimental error. 

One expects from the Kramers-Kronig* relations 
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Fic. 9. Absorption curves for vanadium as a 
function of temperature. 
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Fis. 10. The temperature dependence of the energy gaps of 
lead and vanadium. The solid curve is the prediction of the 
Bardeen-Cooper-Schrieffer theory. In both cases, E,(0) was 
chosen for a best fit to the theoretical curve. 


that the sudden rise of the surface resistance at the 
gap frequency should be anticipated by a rise in the 
imaginary part of the surface impedance, the surface 
reactance. The surface reactance determines the 
penetration of fields into the superconductor. Hence, at 
high temperatures where normal electrons are present 
one might expect an increased absorption due to an 
increase in penetration depth at frequencies just below 
the gap frequency. This effect has been examined in 
detail by Biondi and Garfunkel® who find that it is 
negligible in aluminum below 0.7 7., and is small for 
higher temperatures. Assuming that the effect 
roughly the same in all superconductors because of 
the similarity of the absorption edges, we expect that 
there might be an error in our highest temperature 
vanadium point due to this cause. It should, however, 
be small compared to the other experimental errors. 

The temperature dependence of the energy gap has 
been deduced by Morse and Bohm* from their measure- 
ments of ultrasonic attenuation in tin, and by Biondi 
and Garfunkel’ from their measurements of the 
surface resistance of aluminum at microwave fre- 
quencies. Both experiments agree with the BCS 
prediction about as well as our data do. Thus it appears 
that the BCS theory gives the correct temperature 
dependence of the energy gap for a variety of super- 
conductors. This conclusion justifies our use of the BCS 
temperature dependence to make the small extrapola- 
tion to absolute zero of the values of £,/kT. measured 
at T7<T,, as was done to obtain the values of £,(0)/kT, 
listed in Table IT. 

Figure 8 shows the structure on the lead absorption 
curve at three temperatures. One possible interpretation 
of these data is that there are two dips which scale 
with temperature just as the main absorption edge does. 


is 
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Both dips appear, barely resolved, at 7T/7T,.=0.20. 
At the higher temperatures, the lower frequency dip 
would then shift to such low frequencies that it would 
not be seen. Considering the random scatter of the data, 
and the wide spacing between points, the most that we 
can say is that the data appear to be consistent with 
such an interpretation. 

It has been assumed in the interpretation of this 
experiment that the energy gap is independent of a 
magnetic field less than the critical field. The trapped 
flux in the cavity walls mentioned in Sec. II subjected 
large areas of the cavity surface to fields of the order 
of the critical field when the magnet was turned off. 
The sharpness of the absorption edges, and the fact 
that they were the same for different cavities of the 
same metal which had different amounts of trapped 
flux, supports our assumption that the energy gap is 
not a sensitive function of such fields. 


VII. COMPARISON OF ABSORPTION CURVE 
SHAPE WITH THEORY 


A. Absorption in the Normal State 


In pure metals at high frequencies and low tempera- 
tures, the electronic mean free path / may become 
greater than the skin depth 6 so that the fields vary 
considerably over one mean free path. The current at 
a point is then no longer given by a local relation such 
as Ohm’s law, but by an integral of the field over a 
surrounding region. In the normal state, the degree to 
which nonlocal effects are important is determined by 
the ratio 1/6.%4 

We may estimate values of the ratio //é6 for each of 
our samples. Using the room temperature conductivities 
of the metals given in standard references, and the 
resistance ratios given in Table I, we may obtain the 
conductivity o of our samples at helium temperatures. 
1 can then be found directly for lead and tin by using 
Chambers’® values of o//. We have made order-of- 
magnitude estimates of / for the other samples by using 
the free electron expression for the conductivity o= ne*l/ 
mv, and assuming Fermi velocities v) of 10° cm/sec, 
and one conduction electron per atom. The ratio of 
the mean free path to the classical skin depth evaluated 
at the gap frequency, d¢:=c/(2mw,c)', is given in 
Table III for each of our cavities. At far-infrared 
frequencies, the inertia of the electrons may prevent 
them from following the fields. The importance of 
inertial effects in our experiment can be estimated by 
calculating w,r=w,//v. Order-of-magnitude estimates 
of this parameter are also given in Table III. 

We may determine the valid limit of the skin effect 
theory from these estimates of //5¢; and w,r by referring 
to a chart prepared by Pippard* from the calculation 

* For a review of this subject see A. B. Pippard, Advances in 
Electronics and Electron Physics, edited by L. Marton (Academic 


Press, Inc., New York, 1954), Vol. 6, p. 1. 
35 R. G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952) 
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TABLE III. Values of parameters used to determine the valid 
limit of the skin effect theory.* 


Superconductor WyT bci 
~ 300 ~80 000 


~2 48 
~3000 


Indium 
Tin I 
Mercury 
Tantalum ~.2 
Vanadium ~0.05 
Lead I ~1 
Niobium ~).2 


~7 


* In the normal state, the classical theory is valid if wr <1 and //éc: <1. 
Inertial effects must be considered if wr> I, and nonlocal effects are 
important if 1/éc:21. In the superconducting state, £o/A determines the 


importance of nonlocal effects. Our estimates of these parameters were 


made from the bulk properties of our samples. Surface defects, if large 
compared to the penetration depth for our acid-etched surfaces, would 


decrease the effective values of wygr, 1/éc:, and &/A from the values given 


here. 


of Reuter and Sondheimer*® and of Dingle.** We find 
that nonlocal effects are negligible for our vanadium, 
niobium, and tantalum cavities, and that they are 
just beginning to be important for lead I. Tin I, mercury 
and indium, however, all have large enough values of 
l/c, for the extreme anomalous limit to be valid. 
w,7 is large enough for all our cavities except vanadium 
that inertial effects are beginning to become important. 
This is especially true in the cases of mercury and 
indium. For large enough w,7, the theory predicts that 
the surface resistance becomes independent of frequency 
no matter what the value of //éc¢;. Thus at frequencies 
as high as w, inertial effects should cause Ry(w) to 
rise more slowly than the w! dependence predicted in 
the classical limit or the w! dependence predicted in 
the extreme anomalous limit. 

The absorption mechanism in the skin effect theory 
discussed thus far consists of electrons absorbing 
photons and colliding with impurities or with the 
surface of the metal to conserve energy and momentum, 
Holstein® has suggested that at optical frequencies and 
low temperatures, electrons might also absorb photons 
and emit phonons to conserve energy and momentum. 
This absorption mechanism has not been worked out 
at far-infrared frequencies, but might be important, 
especially for superconductors which have 
electron-phonon interactions. 


large 


B. Absorption in the Superconducting State 


The experimental low-temperature absorption edge 
curves shown in Fig. 4 have a variety of shapes below 
the gap. We have interpreted these curves as the 
frequency dependence of Ry—Rs, and, apart from the 
structure discussed earlier, we have assumed that R’5s is 
negligible for w<w,. The curves for the metals with 
lower critical temperatures do not rise as steeply with 
frequency below the gap as the others. One possible rea- 
son for this is that the temperatures used (1.28 to 

36G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 


(London) A195, 336 (1948); R. B. Dingle, Physica 19, 311 (1953). 
37 T, Holstein, Phys. Rev. 96, 535 (1954). 
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1.4°K) are not negligible compared to the smaller critical 
temperatures. In these cases it is possible to get appre- 
ciable absorption in the superconducting state below w, 
due to electrons thermally excited across the gap, which 
would depress Ry—Rs in this region. However, on 
the basis of the lower frequency microwave data, we 
expect Rs to be only about 3% of Ry for indium, and 
much less for the superconductors with higher critical 
temperatures, so that this effect is probably negligible. 
A more important effect is that the output of our arc 
lamp falls off rapidly at low frequencies so that adequate 
filtering of unwanted radiation is difficult below 10 cm“. 
Most of the unwanted radiation is at higher frequencies, 
especially the second harmonic, so that it would tend 
to depress the lowest frequency narrow bands points. 
With the limited filtering possible in these reflection 
experiments, this effect could be as large as 10% for 
the very lowest frequencies, and it probably contributes 
to the flat tops on the lower frequency absorption edges. 
These experimental and theoretical uncertainties 
prevent us from predicting the exact frequency depend- 
ence of (Ps—Pwy)/Py below w,. There is, however, 
qualitative agreement with the theory. In each case, 
it appears that Ry(w) rises rapidly from zero at zero 
frequency, and then more slowly near the gap. 

In the superconducting state, the importance of 
nonlocal effects is determined by the ratio of the 
Pippard** superconducting coherence length & to the 
penetration depth A. Estimates of this ratio are given 
in Table III for several of our samples. We used the 
value of the coherence length £) for pure tin measured 
by Faber and Pippard,® and experimental values of A 
for pure superconductors.“ We estimated £» for indium, 
mercury, and lead from Pippard’s** relation £9>=0.15hv9/ 
kT. The mean free path in these samples is large enough 
that A and £— should have the values characteristic of 
pure metals. It is clear that the condition for the 
validity of the extreme anomalous limit in the super- 
conducting state, &/A>1, is only partially met, even 
in our best samples. Inertial effects are also important 
in the superconducting state. Sturge’ has found 
evidence that they may become important at even 
lower frequencies than in the normal state. 

The nonlocal response of a metal can be expressed 
by a conductivity if all space and time dependent 
quantities are Fourier analyzed. The ratio of the coef- 
ficients of the plane wave exp[i(k-x—w/) ] in the current 
density and electric field defines a complex conductivity 
a(w,k)=0;(w,k)+i0;(w,k) which is a function of the 
magnitude of the wave vector k as well as the angular 
frequency w. The surface resistance R is determined by 
an average conductivity o(w) in which the various 
values of k are weighted in proportion to | E(w,k)|?. 

% A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

% T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955). 

# 1). Shoenberg, Superconductivity (Cambridge University Press, 
New York, 1952), second edition. 

41M. D. Sturge, Proc. Roy. Soc. (London) A246, 570 (1958). 
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Thus, in the extreme anomalous limit where the 
penetration of fields is small, large values of k are 
important. For these large values of k, o(w,k) is propor- 
tional to 1/k in both the superconducting and the 
normal that the ratio os(w,k)/on(w,k) is 
independent of &. If, in addition, w,7<«1, then ov (w,k) 
is predominantly real, and we may write os(w,k)/on 
(w,k) =01/on+i02/on. Mattis and Bardeen® have cal- 
culated the frequency dependence of o:/an and o2/on 
from the BCS theory. In the extreme anomalous limit, 
Rs/Ry may be found from 


Zs/Zn= 


States so 


[an/(o1t+ia2) ]}, (6) 
and 

Zn= (1+ iv3)Ry. (7) 
Using the fact that Ry is proportional to w! in this 
limit, we may deduce the frequency dependence of 
Ry—Rs. The results are compared to typical absorption 
edges in Fig. 11. The onset of absorption predicted by 
Mattis and Bardeen is much more gradual than our 
observed absorption edges. Most of our samples were 
not in the extreme anomalous limit so that o)/on and 
o2/an may really depend upon wave vector. It appears 
that the curve of o1(w,k)/on(w,k), averaged over the 
important values of the wave vector, rises more rapidly 
above w, than the o1/on of Mattis and Bardeen. If we 
plot the curves of Fig. 4 as a function of frequency in 
units of the energy gap, and normalize them so that 
they coincide at w,, the differences among the slopes 
of all our absorption edges is small compared to the 
deviation from the Mattis-Bardeen slope. This means 
that despite the wide variation of //d¢; and &/A, the 
effective frequency dependent conductivities are prob- 
ably very nearly the same for all of our samples. Thus 
it seems somewhat unlikely that the dependence of the 
conductivities upon wave vector could be large enough 
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Fic. 11. Experimental absorption edges for lead and tin com- 
pared to curves of Ry—Rs calculated in the extreme anomalous 
limit. The heavy dashed curve is the prediction of the theory of 
Mattis and Bardeen; the heavy solid curve was derived from the 
empirical conductivities shown in Fig. 12. 


* DPD. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 
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to account for the discrepancy between our results and 
the prediction of Mattis and Bardeen. 

We have investigated how rapidly 01/0 would have 
to rise from zero above w, in order to agree with the 
steepness of our absorption edges in the extreme anom- 
alous limit. Our empirical curve of o;/oy shown in 
Fig. 12 rises as 1—(w, for w,<w<1.3w,, and 
coincides with the Mattis-Bardeen curve for w>4a,. 
The imaginary part of the conductivity o2/ay is found 
by calculating the Kramers-Kronig transform of the 
full o:/on, including the delta function at w=0 required 
by the Ferreil-Glover® sum rule. The frequency 
dependent conductivities obtained in this manner, 
along with Eqs. (6) and (7), predict the frequency 
dependence of Ry— Rs shown in Fig. 11. 

It should be noticed that the measured absorption 
curves in Fig. 4 do not ever show more absorption in 
the superconducting state than in the normal state. 
Well beyond the energy gap, where o)/7y>o:2/en, 
Eqs. (6) and (7) give us 


On i 1 02 
as 5 ro 

O1 VO o1 
The experimental fact that Rs/Ry approaches unity 
from below places some limitations on the high- 
frequency behavior of o;/on and o2/en, since Rs/Ry 
is a sensitive function of both quantities for w>a,. 
Many of the o;/on curves derived by Ginsberg and 
Tinkham” from thin film transmission data rise 
rapidly from zero at the gap roughly as 1— (w,/w)? in 
a way quite similar to Fig. 12, but they generally 
approach unity so rapidly that, in contrast to the 
results of these measurements, they would predict 
(Ry—Rs) <0 over a large range of frequencies if they 
were to be applied to a bulk metal in the extreme 
anomalous limit. 

In the classical region where Ohm’s law is valid, 
o;/on and o2/on are again independent of wave vector 
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Fic. 12. Empirical frequency-dependent conductivities used to 
fit the observed absorption edges compared to the Mattis-Bardeen 
conductivities. 
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and Ry—Rs may be found from 
Zs/Zy=([on/(o,+io2) }}, 
Zy=(1+1)Ry, 


(8) 
(9) 


and the fact that Ry is proportional to w}. In this 
limit, the conductivities shown in Fig. 12, and those of 
Mattis and Bardeen (which were derived assuming 
the extreme anomalous limit), predict that Rv—Rs 
becomes slightly negative beyond w= 1.5 w, and w= 2w,, 
respectively. The general steepness of the absorption 
edge is slightly increased by using the classical equations 
(8) and (9), rather than the extreme anomalous 
equations (6) and (7). In order to predict absorption 
edges like those that we measured for vanadium and 
niobium, o;/ay would have to rise from zero almost 
as fast as 1—(w,/w)?, but then, in order to keep 
(Rs—Ry)S0, it would have to approach unity slightly 
more slowly than the Mattis-Bardeen curve. In the 
classical limit, when o;>>«», it is 


Rs ON 02 } 
ace} 
Ryn 01 01 
which we know empirically must approach unity from 
below for w>w,. 

It is conceivable that the structure which we find 
on the absorption curves of mercury and lead may 
involve a dielectric anomaly, that is, a peak in the 
penetration depth due to o2 passing through zero. 
In the presence of a small o; below the gap, an increase 
in penetration causes an increase in absorption. To 
investigate this possibility, which was brought to our 
attention by R. A. Ferrell, we require a general expres- 
sion for the surface resistance as a function of o(w,k). 
We may transform the expression given by BCS for a 
penetration depth A as a function of a k-dependent 
response function into a surface impedance by using 
the general relationship Z= —4miwd/c*. The result for 
the surface resistance in the simpler case of specular 
electron reflection is . 


2" o1(w,k)dk 
R=— f : = 
mJy) (7k? /4rw)+o2(w,k) P+02(w,k) 


Thus we see that if o;(w,k) is small but finite, and 
[ (c?k?/42w)+02(w,k) ] passes through zero, then there 
will be a peak in R(w). For any given small value of o;, 
the peak is roughly Lorentzian. Its height is ~ 1/01(w,k) 
and width ~o;(@,k)/a, where a is the slope of o2(w,k) 
at the peak frequency, so that the area under the peak 
is independent of o1:(w,k). o1(w,k) is certainly small at 
~0.8w,, where we observe the peak in Rs. In order for 
this mechanism to explain the observed structure, we 
would need to have o2(w,k) S —k?/4rw at ~ 0.8, for 
some value of k. Considering only pure superconductors 
for which [>£& (w,7>1), such a negative value of 
o»(w,k) is unlikely for k&io1, where o2(w,k) approaches 
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the value given by the London* theory, and for 
k&o>1, where k?/4rw becomes prohibitively large. 
At k&)=1, o1:(w,k) is nonzero only between w, and 
w= ipk=2w,.2 The cutoff at w=vok is due to the fact 
that an electron can absorb energy from a wave only 
when it remains in phase with it, i.e., only when the 
phase velocity w/k is less than v. Using the Ferrell- 
Glover sum rule and the Kramers-Kronig transforms, 
we can calculate o2(w,k) from o1(w,k). The result is 
that it is possible, but rather unlikely, that o:(w,k) is 
peaked high enough to produce a dielectric anomaly 
for those components of the conductivity for which 
kép=1. 

There is a close correspondence between the dips in 
our absorption edges and the dips in the film transmis- 
sion data of Ginsberg and Tinkham.” Hence it seems 
likely that the two effects are due to the same cause. 
Yet a dielectric anomaly where ¢2=0 would in fact 
produce a peak rather than a dip in the transmission. 
In order for any one mechanism to explain both the 
film and the bulk results, it must account for a rise in 0; 
rather than a zero of a2. Hence, it seems unlikely that a 
dielectric anomaly is the explanation for the observed 
structure. 


‘VU. ALLOY SUPERCONDUCTORS 


In order to determine the nature of the energy gap in 
impure or badly strained superconductors, we made 
cavities from one-phase and two-phase alloys. The 
one-phase alloy was 99% lead and 1°% bismuth, which 
has a critical temperature a few tenths of a degree 
above that of pure lead.*® The cavity was cast and 
quenched, and then annealed as shown in Table I. 
Rapid cooling and then long annealing in the solid 
state will make this type of alloy homogeneous. Stout 
and Guttman*® found that sufficiently annealed 
one-phase alloys showed superconducting transitions 
as sharp as those of pure superconductors, rather than 
the broad transitions characteristic of less well-prepared 
alloys. 

Figure 13 shows the absorption edge for the lead- 
bismuth cavity plotted against frequency in cm, 
Compared to that of pure lead shown in Fig. 4, where 
the absorption sets in sharply near 20 cm™, we see 
that the onset of absorption is greatly smeared out. 
This data should not be taken to mean that there is no 
strict energy gap in a homogeneous superconducting 
alloy. The thickness of the cavity and the large mass of 
the mold prevented really rapid quenching of our 
sample. Also, the annealing time would have to have 
been orders of magnitude longer in order to approach 
the homogeneity of Stout and Guttman’s samples. 


#R. A. Ferrell and R. E. Glover, III, Phys. Rev. 109, 1398 
1958). 

“F. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1954), Vol. 1. 

“© W. Meissner, H. Franz, and H. Westerhoff, Ann. Physik 13, 
967 (1932). 
46 J. W. Stout and L. Guttman, Phys. Rev. 79, 396 (1950). 
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Fic. 13. Absorption curve for cavity made from 
99° lead and 1% bismuth. 


A cavity was also made from the two-phase alloy of 
50% tin and 50% lead. This mixture separates into 
badly strained tin-like and lead-like crystal structures 
as it cools. Figure 14 shows the absorption edge for the 
tin-lead cavity. It is just a smeared-out average of the 
tin and lead absorption edges, which start at ~9 and 
~ 20 cm“, respectively. 

The indistinct gap that we find for superconducting 
alloys is not inconsistent with the existence of the 
ordinary superconducting properties such as_ the 
Meissner effect, according to the sum rule arguments of 
Ferrell, Glover, and Tinkham.*-** All that these argu- 
ments require to predict the properties of the super- 
currents at low frequencies is that most of the states be 
removed from an energy range just above the ground 
state without any compensating absorption at higher 
energies. This much is certainly true in our super- 
conducting alloys. 


IX. CONCLUSION 


We have measured the onset of absorption due to 
excitation of electrons the energy gap in a 
variety of superconductors. Using the onset of the main 
absorption as a measure of the energy gap, we find the 
values of /,(0), the energy gap at absolute zero, to be 
4.1+0.2 kT. for indium, 3.6+0.2 kT, for tin, 4.6+0.2 
kT. for mercury, $3.0 kT, for tantalum, 3.4+0.2 kT, 
for vanadium, 4.1+0.2 kT. for lead, and 2.8+0.3 kT, 
for niobium. The errors given here are estimated 
limits of experimental error. It is possible, especially in 
the cases of tantalum and niobium, that the surface 
layer in which the measurements were made did not 
have the value of the energy gap characteristic of the 
pure bulk superconductor. This possibility is not 
included in our error estimate. Several differently 
prepared samples of the soft superconductors tin, lead, 
and mercury did give the same value of the gap. 

These values of the energy gap at absolute zero 
deviate significantly from the BCS value of 3.5 kT,, 
and the deviation is a fairly smooth function of the 
Debye temperature alone, but a less smooth one of the 
ratio of the critical temperature to the Debye tempera- 


across 


AND M. 


TINKHAM 





(PERCENT) 


Ps - Py 
Py 











14. Absorption curve for cavity made from 
50% lead and 50% tin. 


ture. We find generally good agreement between our 
values of the energy gap and those inferred by other 
methods, except for tantalum, niobium, and mercury. 
The disagreement in the case of mercury appears to be 
significant since we were able to repeat our measure- 
ments with different samples. 

We find evidence for structure on the absorption 
curves of lead and mercury. The interpretation of this 
structure is not certain, but it is probably due to 
anisotropy of the energy gap, to collective excitations 
from the superconducting ground state, or to a dielectric 
anomaly. The evidence at present is not sufficient to 
finally rule out any of these possibilities, but anisotropy 
seems the most likely interpretation. The main absorp- 
tion edge appears to scale with temperature according to 
the BCS temperature dependence of the energy gap, and 
the structure appears to shift in a roughly similar 
manner. 

Attempts to fit our absorption edge data to theories 
of the skin effect in the superconducting and normal 
states are complicated by the fact that our measure- 
ments were not made under conditions leading to any 
simple limiting case of the theory. It does appear, 
however, that o;/oy must rise somewhat more rapidly 
above the gap than is predicted by the theory of Mattis 
and Bardeen. The fact that at no frequency do we 
observe more absorption in the superconducting than 
in the normal state allows us to place some limitations 
on the behavior of o;/o0n and o2/an beyond the energy 
gap. 

As might be expected from the broad superconducting 
transitions in most alloys, the absorption edges for 
alloy cavities are less sharp than for pure superconduc- 
tors. This indicates that the gap is not sharply defined 
over-all in most alloy superconductors, though it may 
be on a microscopic scale. 
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In lightly doped single crystal CdS illuminated with 4400 A radiation hole-electron pairs generated at 
the surface diffuse into the crystal until the hole is trapped. The electrons experience multiple retrapping 
until they disappear through recombination. Current noise and photoconductivity measurements are used 
to study these processes. The noise data establish the ambipolar diffusion length as 30 microns, confirm 
that diffusion is important though the appearance of a f~! trend in the noise spectra, and show that discrete 
traps are located the same distance below the conduction band in the surface regions as in the bulk. Discrete 
trap levels at 0.35, 0.40, and 0.43 volt below the conduction band are observed in the surface region. Trap 
densities of 10'* traps/cm’ volt, an order of magnitude greater than that in the bulk, are determined. The 


trap frequency factors are of the order 10" sec™. 


I. INTRODUCTION 


N a previous paper,' hereafter referred to as I, we 

have demonstrated how current noise measurements 
coupled with photoconductivity data may be used to 
derive important information about the energy distri- 
bution and frequency factor of shallow traps in single 
crystal CdS. This work used 5200 A illumination which 
produces photoelectrons throughout the volume of the 
sample and therefore yields results characteristic of the 
bulk. In the present paper we extend the measurements to 
include 4400 A illumination which, because of the large 
absorption coefficient of CdS at this wavelength, gene- 
rates carriers only at the surface and thus provides 
information about traps and trapping kinetics in the 
surface region. 

Multiple trapping of photoelectrons in shallow traps 
causes fluctuations in the conduction band carrier den- 
sity which may be observed as current noise. Noise 
measurements are capable of determining transition 
rates under steady-state conditions. By varying the 
illumination intensity the quasi Fermi level may be 
moved through the trap distribution and the contribu- 
tions of the various trap levels evaluated. In I it was 
possible to derive trap escape probabilities from carrier 
fluctuation measurements and use this information to 
account satisfactorily for the observed noise spectra due 
to both discrete trap levels and those having a continu- 
ous distribution in energy. 

Under 4400 A excitation electron-hole pairs produced 
in the surface region diffuse a short distance into the 
crystal by ambipolar diffusion before recombining. The 
trapping kinetics in this surface region, approximately 
one diffusion length deep, may be examined by the 
techniques used in I. The observed noise spectra furnish 
three important pieces of information in addition to 
trapping and retrapping rates: they confirm that diffu- 
sion occurs in that their shape is characteristic of diffu- 
sion noise; they establish that the discrete trap levels 
are located the same distance below the conduction band 


* Supported by the Office of Naval Research. 
1J. J. Brophy and R. J. Robinson, Phys. Rev. 117, 738 (1960). 


in the surface region as in the bulk; and they provide a 
measure of the ambipolar diffusion length. It proves 
possible to obtain good quantitative agreement between 
the observed noise characteristics and those predicted 
from trapping and diffusion processes. 


Il. EXPERIMENTAL TECHNIQUE 


The same experimental technique as used in I was 
applied here with the 5200 A interference filter replaced 
by a 4400 A filter. The photoconductive time constant, 
To, was determined oscillographically using a rotating 
glass chopper which produced a 4% change in intensity. 
At the lowest intensities it was necessary to use an 
opaque chopper to realize sufficient signal. The conduc- 
tion band lifetime, 7., was calculated using 7.=mo0/nz 
where mp is the conduction band electron concentration 
determined from the conductivity and m, is the electron 
generation rate due to photon absorption which is ob- 
tained from calibration of the light source with an 
Eppley thermopile and an assumed unity quantum 
efficiency. 

Noise voltages appearing across a 1.25 10‘ ohm wire- 
wound load resistor were measured with a standard 
tunable amplifier-voltmeter system and expressed as 
current fluctuations. A single 1.35-volt mercury cell 
supplied the current. The sample resistance was deter- 
mined from the de drop across the load resistor. 

Two crystals taken from the same vapor phase 
growth batch, lightly CuCl doped during growth, were 
investigated. Sample dimensions were approximately 
2.5 mm X 2.5 mm X0.3 mm for both crystals. They were 
provided with low noise indium-soldered electrodes. 


Ill. EXPERIMENTAL RESULTS 


For comparison with the 4400 A illumination data, 
two noise spectra for these crystals taken at 5200A 
which are similar to those found in I are shown in Fig. 1. 
The dashed lines in the figure represent slopes of —1, 
—$, and —2 and are included to facilitate comparison. 
These data, as discussed more fully in I, show a f~ be- 
havior at low frequencies with a turnover below 10 cps 
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Fic. 1. Current noise spectra of crystals No. 3 and 6 under 
5200 A illumination. The dashed lines, representing slopes of —1, 
—}, and —2, facilitate interpretation of the curves. 


and a f~' trend at high frequencies (crystal No. 6) or 
the appearance of a second relaxation frequency (crysta 
No. 3) at about 1100 cps when the quasi Fermi level is 
near 0.41 volt below the conduction band. 
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Fic. 2. Current noise spectra of crystal No. 6 under 4400 A 
illumination for three currents. The position of the quasi fermi 
level (Ev) for each curve is determined in Part III of the text. 
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Spectra under 4400 A illumination at three currents 
and for each crystal are shown in Figs. 2 and 3. In 
Fig. 2 (crystal No. 6) the spectra are clearly f-! at low 
frequencies and f~ at high frequencies for all currents. 
The turnover frequency is again well below 10 cps. 
Similarly in Fig. 3 (crystal No. 3) a low-frequency 
turnover is followed by f~! behavior and two single 
relaxation frequencies at 1300 cps and 5000 cps for 0.51 
and 2.4 microampere currents, respectively. Anticipating 
the discussion to follow below, we see that these spectra 
have either 1/f or discrete high-frequency relaxations 
which depend on trapping transitions and which are 
similar to those under 5200 A radiation. Similarly, a 
low-frequency turnover is common to all spectra. The 
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Fic. 3. Current noise spectra of crystal No. 3 under 4400 A 
illumination for three currents. The position of the quasi Fermi 
level (Er) for each curve is determined in Part III of the text. 


change from f~? to f~! behavior will be shown to be due 
to diffusion of carriers into the crystal from where 
they are produced on the surface in the case of 4400 A 
illumination. 

The photoconductive time constant, ro, and conduc- 
tion band lifetime, 7., for both crystals and both wave- 
lengths are shown as a function of current in Fig. 4. The 
data show that 79 is about the same at both wavelengths 
except at the higher currents, while 7, is considerably 
smaller at 4400 A. The trends in ro for crystal No. 3 are 
interesting in that the curves are similar except that 
the 4400 A data are displaced to lower currents. 

Figure 5 shows the variation of low-frequency noise 
with current for both crystals and both wavelengths. 





TRAPPING AND DIFFUSION 
The data are presented in terms of carrier fluctuations, 
(An*)/no, by the method used in I which will be dis- 
cussed below. The peaks in the curves were shown in I 
to be due to trapping effects as the quasi Fermi level 
passes through the discrete trap levels. By comparing 
the position of the peaks for both wavelengths, we notice 
that the 4400 A curves appear displaced to lower cur- 
rents by roughly an order of magnitude. 


IV. INTERPRETATION 


From published? optical absorption data, it is clear 
that the 4400A photons are absorbed and produce 
electron-hole pairs in a depth of about 10~° cm. These 
diffuse into the crystal until the holes are trapped. The 
electrons experience multiple trapping transitions until 
they disappear through recombination with the holes. 
During the multiple retrapping electrons cannot stray 
far from the region in which the holes have been trapped 
because of charge neutrality considerations. Thus, under 
4400 A illumination the active region of the crystal is a 
thickness about equal to one ambipolar diffusion length. 


TABLE I. Thickness of active surface layer. 
Thickness— 
microns 


Crystal Method 


3 Noise 
Noise 
Photoconductivity 


Noise 
Noise 
Photoconductivity 


If we assume for the moment that the discrete trap 
levels are the same distance below the conduction band 
in this surface region as in the bulk, an assumption that 
will be confirmed experimentally below, then corre- 
sponding peaks in Fig. 5 represent situations in which 
the quasi Fermi level is the same distance below the 
conduction band in the surface region as in the bulk. 
Under this condition the thickness of the surface region 
can be found from the ratio of the two currents and the 
crystal thickness since the entire crystal is active under 
5200 A radiation. In the data of Fig. 5 there are two 
peaks for each sample which can be matched. These 
yield values of the order of 30 microns as shown in 
Table I. Also, the data of Fig. 4 determine trap density 
distributions after the manner derived in I and discussed 
below, and this purely photoconductive information can 
be used for a similar matching. The shape of the trap 
density distribution is independent of the thickness of 
the surface region. Matching the position of the discrete 
level peaks in the distributions yields the third entries 
in Table I. These six values compare very favorably 
with the ambipolar diffusion lengths recently reported* 


2D. L. Dexter, J. Phys. Chem. Solids 8, 473 (1959). 
3 J. Auth and R. Ridder, Ann. Physik 2, 351 (1959). 
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Fic. 4. Photoconductive time constants, 7o, and conduction 
band lifetimes, 7., of both crystals as a function of current for 
4400 A illumination (open data points) and 5200 A illumination 
(solid data points). 


of 15 microns for unactivated crystals and 27 microns 
for silver activated crystals, using direct distance meas- 
uring techniques. 

In order to confirm this picture, we turn to the noise 
spectra. The spectra of Fig. 1 can be understood from 
the analysis of I and previous work.‘:> The spectra is 
made up of two components, a relaxation spectrum, 
to/(1+w*r(*), corresponding to electron recombination 
transitions which is characterized by the time constant 
to and which dominates at low frequencies, plus a re- 
laxation spectrum characterized by a time constant 
related to trapping transitions and which is important 
at high frequencies. If the traps are distributed expo- 
nentially in energy, it is possible to generate a 1/f 
spectrum at high frequencies (see I). Discrete traps 
show up only when the quasi Fermi level is nearby be- 
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Fic. 5. Variation of the low-frequency noise, expressed in terms 
of carrier fluctuations, as a function of current for 4400 A illumi- 
nation (open data points) and 5200 A illumination (solid data 
points). 


*K. M. Van Vliet et al., Physica 22, 723 (1956). 
5K. M. Van Vliet and J. Blok, Physica 22, 525 (1956). 
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Fic. 6. Energy distribution of traps in the bulk and 
in the surface region for crystal No. 6 


cause of occupancy considerations and they then yield 
a high-frequency relaxation “bump” in the spectra. 


Both high-frequency behaviors are shown in Fig. 1 for 
the two crystals. In particular, crystal No. 3 shows the 
presence of a discrete trap with a relaxation frequency 


of 1100 cps located 0.41 volt below the conduction band. 

In Fig. 3 we again see evidence for a discrete trap 
with a relaxation frequency of 1300 cps at a photocur- 
rent of 0.51 microampere. Using the thickness given in 
Table I this current corresponds to.a quasi Fermi level 
position in the surface region of 0.40 volt below the 
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7. Energy distribution of traps in the bulk and 
in the surface region for crystal No. 3. 
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conduction band, in excellent agreement with Fig. 1. 
Since the time constant associated with this trap de- 
pends on its depth below the conduction band, these 
data clearly establish that the trap depth in the surface 
region is the same as that in the bulk. In Fig. 3 another 
relaxation phenomenon at 5000 cps is evident at 2.4 
microamperes. This current corresponds to a depth of 
0.36 volt, again in good agreement with the known 
position of a discrete level (compare I and Fig. 7, below). 
Finally, the ratio of frequencies of these two discrete 
levels should depend exponentially on the difference in 
their energy depths. We find that 5000/1300=3.8 
= exp(0.4-0.36)38.6=4.7, which in agreement 
considering that the particular currents chosen may not 
have put the quasi Fermi level exactly at the trap depth. 

The f—! behavior of the spectra at 4400 A is evidence 
for diffusion noise,® which is additional confirmation of 
the picture presented. The diffusion noise phenomenon 
is discussed quantitatively in Part VI. 

On the basis of this information we believe the picture 
presented above is correct and that the noise and photo- 
conductive measurements at 4400 A are characteristic 
of a region 30 microns thick on the surface. Since this 
distance is considerably greater than the thickness of 
any presumed semiconductor surface barrier region, it 
is perhaps not surprising that, for example, the trap 
depth is the same here as throughout the bulk. However, 
as shown below, the trap density and frequency factors 
are different here than in the volume. 


good 


V. TRAP CHARACTERISTICS 


The techniques used to determine the trap distribu- 
tion in energy and the trap frequency factors as derived 
in I may be directly applied here. The pertinent rela- 
tions used are summarized in Table II for convenience. 
A surface region thickness of 25 microns was assumed 
for these calculations. 

The trap energy distribution is calculated from the 
photoconductivity data alone, as shown in Table I, 
using the data of Fig. 4. The results are shown in Figs. 6 
and 7 for crystals No. 6 and No. 3, respectively. The 


TABLE IT. Summary of equations. 


Trapped electron concentration, ho=no(to—Te)/T 
Carrier fluctuations, An?) /no= (m+1) 
Trap energy density, N.(Er)=dho/dEx 
Trap frequency factor, 
S(Er)=(N.-/N1)C(m/t-)/RT +d(m/r-)/dEr | 

where 

no=conduction band carrier density 

7o=photoconductive decay constant 

T-=conduction band lifetime 

m=average number of times trapped 

Er=quasi Fermi level position above valence band 

N.=conduction band state density 


6M. Lax and P. Mengert, Second Conference on Semicon- 
ductor Surfaces, Naval Ordnance Laboratory, December, 1959 
(unpublished). 





TRAPPING AND DIFFUSION 
trap densities in the surface region are about an order 
of magnitude larger than those in the bulk, but there 
are other features in common. All curves show the 
presence of a strong level near 0.36 volt and crystal 
No. 3 also has a level at 0.40 volt which appears in both 
the surface and bulk. Crystal No. 6 has this level on the 
surface but only a slight suggestion of it in the bulk. 
Both crystals seem to have an additional discrete level 
at 0.43 volt on the surface which is not evident in the 
bulk. Thus, there is considerable correlation between 
the trap concentrations in the bulk and on the surface, 
as well as significant differences. 

Calculation of the trap frequency factor brings in the 
noise data through the average number of times trapped, 
m, which is determined from the carrier fluctuations. It 
should be emphasized here again that these data are 
derived from low-frequency noise measurements alone. 
The current noise density, S;, on the low-frequency 
plateau determines m. The frequency factors for the 
crystals are shown in Fig. 8. The frequency factors 
are smaller in the surface region than in the bulk. 
However, here again similarities exist in structure of 
the curves. While there can be some question as to 
the reliability of such structure since the calculated 
frequency factors are the result of two graphical 
differentiations, the consistency with which the struc- 
ture appears in the data appears to be significant. 
Each peak in the S(£) curve corresponds to a discrete 
trap level. 

With regard to the magnitude of S(£), these values 
are larger than those derived from thermally simulated 
current measurements,’ but appear to be in agreement 
with those obtained from photoconductivity experi- 
ments. In comparing the present surface and bulk 
values, it should be noted that S(£) involves division 
by N,. Thus, if the NV; values for the bulk were small 
for any reason the S(£) would be large. In computing 
the bulk values, it is assumed that the traps are uni- 
formly distributed throughout the volume. If the traps 
were concentrated in the surface regions, a low value 
for NV; would result (see Figs. 6 and 7). Thus these 
results may suggest that the traps are predominantly 
in the surface regions. 


TABLE III. Frequency at which trapping noise 
appears (crystal No. 6). 





Position of quasi Fermi level below 
conduction band—volts 
0.374 


0.351 0.411 





6.5.X10°* sec 
1.4 X10™* sec 


.3 X10°% sec 1.5 X107 sec 
.8 X1074 sec 4.0 X10~* sec 
7 


1 
6( 45 2 


8.6 X10 cm? 
3.9 X10 cm=? 
4.3 X105 sec™ 
9.4 X108 sec™ 
890 cps 
800 cps 


3.1 X10" cm-% 
1.6 X10 cm=* 
2.5 X105 sec 
6.3 X108 sec 
590 cps 
550 cps 


7 X10% cm 

3.9 X10" cm? 

6.7 X10* sec™ 

1.8 X10 sec™ 
200 cps 


g’ =m/(1ro—Te) 
fa (calculated) 
fa (experimental) 


7R. H. Bube, J. Chem. Phys. 23, 18 (1955). 
8K. W. Boer and H. Wantosch, Ann. Physik 2, 406 (1959). 
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Fic. 8. Frequency factor of traps in the bulk and 
in the surface region for crystals Nos. 3 and 6. 


VI. DIFFUSION NOISE 

The {—! behavior of noise spectra dominated by diffu- 
sion effects has been predicted,® together with the re- 
mark that the diffusion contribution is difficult to 
observe in the absence of trapping. We have already 
noted how the diffusion noise characteristics of the 
spectra confirm the picture of processes in the surface 
region in the case of CdS. Furthermore, the data inde- 
pendently show the presence of multiple trapping, as 
required. 

According to Lax® the frequency at which the re- 
trapping noise should start to contribute (thus the 
high-frequency limit to the f~! behavior) is given by 


we=[(Dv)'voh’/nL }}, 


where D is the diffusivity, v is the trapping rate, va is a 
parameter involving v and the trap release rate, fi’ is a 
parameter related to the trapped electron concentration, 
n is the carrier density, and L is the distance between 
electrodes. This expression is evaluated in Table III for 
conditions pertaining to crystal No. 6 under which the 
spectra of Fig. 2 were measured. 

Using Fig. 2, experimental values for the frequency 
at which 1/f noise begins were obtained from the inter- 
section of the extrapolated f~! trend to the extrapolated 
f~ trend. Comparison of the last two lines of Table IIT 
shows very satisfactory agreement between predicted 
and observed values. 

We must also be concerned with the low-frequency 
limit of the f~! behavior to be sure that diffusion noise 
does not interfere with calculation of carrier density 





596 JAMES J. 
fluctuations from low-frequency noise measurements. 
The frequency of the lower limit of the 3 power law is 
given by Lax as 2L?/ro°D which, using the data of 
Table III results in values of 80, 70 and 17 cps. These 
are sufficiently far above the lower turnover frequency 
due to ro to justify the procedure. Unfortunately, the 
experimental data are not sufficiently extensive in this 
region to allow an experimental estimate of these fre- 
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quencies for comparison. However, the spectra are 
inconsistent with these values. 
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The properties of the low-lying states of the antiferr 


omagnetic chain are studies by means of a variational 


method. A trial wave function is exhibited which has an energy very close to that of the correct ground 


state and which displays a long-range order. 


I. INTRODUCTION 


E are concerned, in the present work, with a 
system of N atoms of spin $ arranged on a line 
and coupled together by an interaction described by 
the Hamiltonian operator 


H=3J D; (¢j-e54:—1). (1) 


The quantity J is the exchange integral and is positive 
for an antiferromagnetic lattice. The operator o; is 
the Pauli spin operator associated with the jth atom 
in the line. The sum over j extends over all the atoms 
in the system. 

Several authors’ have examined this problem by a 
method that consists in writing the Hamiltonian (1) in 
terms of anticommuting operators. The expression (1) 
can be written in the form 


H=H +H, (2) 
where 
Ho= dix €(k)n*(k)n(R), (3) 


and 


H,=2IN-" ¥_ v(Rykokska)n*(ki)n(ke)n*(ka)n(ha), 


kikokgks 


(4) 


with 
r e(k) = —2/J(1—cosk), (5) 


* Supported in part by the U. S. Atomic Energy Commission. 

+ On leave of absence from the Rijksuniversiteit, Utrecht, 
The Netherlands. 

1Y. Nambu, Progr. Theoret. Phys. (Kyoto) 5, 1 (1950). 

? I. Syozi, Busseiron-Kenkyu 39, 55 (1951). 

3K. Meyer, Z. Naturforsh. Ila, 865 (1956). 

4S. Rodriguez, Phys. Rev. 116, 1474 (1959). 


and 
v(RiRoksR4) = exp[i(ki— ke) JA( ky — Rot k3— k;). (6) 


The wave number & takes the values 27n/N, in which 
n is an integer and where two wave numbers & and k’ 
differing by an integral multiple of 27 are to be con- 
sidered identical. The symbol A(z) is unity when 2 is 
zero or an integral multiple of 27, and zero otherwise. 
The operators n*(k) and n(k) satisfy the anticommuta- 
tion relations characteristic of operators representing 
the creation and destruction of Fermi particles, i.e., 
we have 


{n*(k),n*(R’)} = (n(k),n(k’)} =, (7) 


and 

{n*(k),n(h’)} =A(k—k’). (8) 
The operator (2) has been discussed in more detail 
elsewhere.‘ It will be sufficient here to remark that, as 
the ground state is a singlet,’ we need only consider 
states in which there are V/2 Fermi particles present. 
This is immediately understood by looking at the 

identity 
De n*(k)n(k)=3N+3 Dj o;. 


The ground-state energy of (1) has been calculated 
exactly by Hulthén® using a method invented by Bethe.’ 
Approximations to the ground-state wave function, 
using the variational principle have been given by 


(9) 


5 W. Marshall, Proc. Roy. Soc. (London) A232, 48 (1955). 
¢L. Hulthén, Arkiv Mat. Astron. Fysik 26A, No. 1 (1938). 
7H. A. Bethe, Z. Physik 71, 205 (1931). 
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several authors.* These states are constructed in order 
to ascertain whether or not there is a long-range order 
in the low-lying states of the antiferromagnetic chain. 
Of particular interest to us is the work of Kasteleijn.® 
He constructed a wave function for which the expecta- 
tion value of 


i= tJ po [ojo a— 1] 
+}J(1—a) y (ojo, 1 +6j;V%o51], 


is rather low for all values of @ in the range OC a< 1. 
Here a is an anisotropy parameter. When a=0, H. 
reduces to (1). The axes x, y, and z are three orthogonal 
directions. Examination of Kasteleijn’s state reveals 
that the long-range order is zero for a@ less than a 
critical value ao and then increases rapidly beyond this 
value. Also, it is found that there is a discontinuity in 
the derivative of the short-range order with respect to 
the anisotropy parameter. Orbach® re-examined the 
work of Kasteleijn and showed that the latter behavior 
is spurious, thereby casting doubt on the validity of 
Kasteleijn’s conclusion in regard to the behavior of 
the long-range order. 

The purpose of this paper is to exhibit a trial wave 
function for (1) for which the energy is very close to 
the correct ground state. It will be proved that this 
state displays a long-range order suggesting (in con- 
tradiction to Kasteleijn’s work) that the ground state 
probably is an ordered state. 


(10) 


Il. THE WAVE FUNCTION 


In this section we shall construct, by a variational 
procedure, a low-lying wave function for the operator 
(2). In order to do this we introduce new creation and 
destruction operators as follows: 


&*(k)=cos3o(k) n*(k)+sin[3o(k) n*(k+m), (11) 
where $(&) is a real function of & satisfying the condition 
o(k+m)=—o(k). (12) 


From (11), (12), (7), and (8) it follows that the 
operators £*(k) and &(k) also satisfy anticommutation 
relations. The function ¢(&) will remain arbitrary 
subject to the constraint (12). The transformation (11) 
is analogous to the transition from plane wave states 
to Bloch waves in the electron theory of metals. If 
(k)=0, &*(k) and n*(k) are identical. Equation (11) 
can be inverted to give 


n*(k)=cosl_3@(h) Jé*(k) —sinl$o(k) JE*(k+7). 
We now construct our trial wave function 
¢(¢)=[]m &*(m)|0). (14) 


Here m takes all the values of the wave vector & in the 


(13) 


8 P. W. Kasteleijn, Physica 18, 104 (1952), see also references 
4, 5, and 6. 
®R. Orbach, Phys. Rev. 112, 309 (1958). 
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interval r/2<m<3n/2 and |0> is the vacuum state 
[ie., the state for which n*(k)n(k)|0)=0 for all &]. 
The reason for the choice of interval given above is 
that the state (14) gives the lowest unperturbed energy 
H». The expectation value of H for this state is obtained 
after some tedious but straightforward computation. 
The result is 


E(¢)= (¢(¢)| | ¢(¢)) 


; 2 2 2 
= = va] -+-pu(d)+—a0"(0)+—p"@) | (15) 
2 i i 


with 


(16) 


(17) 


pv (o)=—27N Sm cosm cosd(m), 


and 
gn (o)=aN- Dm sing(m). 
If we let N approach infinity 


3x/2 
px(o) > p(o)= “a f cosm cos¢(m)dm, (18) 
x/2 


and 
1 3/2 
gn(o) > q(o)=- f sing(m)dm. (19) 
- r/2 
If ¢=0, then*-4 


E(¢) = 
in ——o (<+-+=) = — 1.3393. 
Ne NJ 224 


(20) 


We remember now that ¢(m) is at our disposal. 
Let us consider an arbitrary variation 6¢(m) of o(m). 
The energy E(¢) will be an extremum for $(m) if the 
corresponding variation 6E of E vanishes. This condition 
leads to the integral equation 


[x+2p(o) ] cosm sind(m)+29(¢) cos(m)=0. (21) 


The functions p(@) and g(@) are integrals that depend 
on @. Equation (21) can be solved if we notice that the 
solution (in the range +/2<m<3x/2) must be of the 


form given by the equation 
tand(m) = —B/cosm, (22) 


where £ is a constant to be determined later. For this 
function we have! 


x/2 
p=vf (1—y? sin*#)~} cos*@d6=yB(y*), (23) 
0 
and 


/2 
qg= ay f (1—~y? sin?@)—'d@= (1—y)!K (y”). (24) 


0 
The parameter y is defined by 
Nae y= (1+). (25) 


1” For the definition cf the functions B, K, and D see E. Jahnke 
and F. Emde, Tables of Functions (Dover Publications, New 
York, 1945), pp. 73-85. 
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TABLE I. Expectation value of the energy and order parameters 
for several trial wave functions. 


Wave function 
Néel State* 
Singlet pairs* 


—E/JN p 
1.0000 1 —1 
.2500 0 —0.5 
Hulthén (first approximation) 3156 . —0.54 
¢(0) 3393 0 —0.4052 
Hulthén (second approximation) 349 
¢(@) (present work) 3646 
Exact solution 3863 


Pl 


—0.59 
—0.5962 


0.2633 


For the definitions of these states see reference 4 
Substitution of (23) and (24) into (21) and (22) yields 
the following trascendental equation for + 


yD(y*)=7/2. (26) 


Numerical solution of (26) gives The 


corresponding value of the energy is 


E(¢)= — (2NJ/m*)K?(7*) 


>¥=0.9505. 


—1.3646NJ. (27) 


In Table I a summary is given of the results of several 
calculations. We also give some of the order parameters 
defined below. 

We turn out attention now to the study of the order 
properties of our trial wave functions. A measure of 
the order is, for example, the correlation of the z 
components of the spin of two atoms a distance \ 
apart. Here the z-direction is the axis of quantization. 
In principle, one should calculate (¢;-@;,,) but this 
turns out to be extremely difficult. If we define 


p= ND 50; (28) 


jan” 
we obtain . 
pr(o) = (¢(@) | >x| e()) 
= (2/x)?(1—*) LK?(y?) — H2(7”) J 
if X is even (+0) 
m)?(1—?)K?(y*) — (77/2?) [Aa_1 (7) 
+ Ariily) P if X is odd, 


wre cos\6d@ 
B= f e 
0 (1—y? sin?@)} 


Two quantities are of particular interest: the long- 
range order p defined as 


— (2, 


(29) 
where 


(30) 


p= lim p»(@), (31) 
\--+-2 


and the short-range order p;(A=1). As H2(y?) ap- 
proaches zero as \ becomes large we have 


p= (2/m)?(1—y”) K?(y?) = 0.2633. (32) 


From (29) we also obtain 


py = —0.59. (33) 


Another order parameter frequentiy used is the 
fractional number of spins pointing in the positive 


direction of quantization on the sublattice formed by 


AND S. 
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atoms in even positions in 
parameter is obtained by 
value of the operator 


j=N- D5 Ate™)o;Po;-, 


the chain. Such an order 
forming the expectation 


where 


For the state 9(@) we obtain 


f()=(e(@)|7| e@))=3+-97 (1—?)1K (7’) 
=(.7566. (35) 
In the opinion of the authors, the value of f(@) is not 
as faithful a measure of order as p. In fact, associated 
with g(@) there is a state vector ¢(—@) which gives 
the same expectation value of the energy of the system. 
Physically g(—@) is obtained from ¢(@) by reversing 
all the spins of the system in all terms constituting 
¢(@). One can easily show that the states ¢(¢) and 
¢(—®@) are asymptotically orthogonal, i.e., that their 
inner product becomes vanishingly small as N ap- 

proaches infinity. Each of the state vectors 


¥i=2-Le(¢)+ ¢(-—¢) ] (36) 


has an expectation value of the energy E(Ws,)=E(@). 
For the states y, the expectation value of f is 3, ie., 
there are V/4 spins pointing in the upward direction 
in the even sublattice. It is interesting to observe that 
low-lying states exist for which the net magnetization 
of the sublattices formed by atoms in even and odd 
positions are nonvanishing. These considerations are 
enough to show that the results of Kasteleijn* are 
spurious. Incidentally, it is a very simple matter to 
prove that for the true ground state the expectation 
value of 7 is also 3. In fact, the ground state can be 
written as a linear combination of states |u) in 
which each atom is in an eigenvector state of the 
operator o;‘* (the z-direction is the arbitrary direction 
of quantization). Only such states |u) for which the 
total spin in the z direction vanishes will appear with 
non-zero coefficients in the expression of the correct 
ground state. Reversal of all the spins of the system 
will reproduce the ground-state wave function except 
perhaps for a constant factor of absolute value unity. 
Thus the states |u) and |f) each of which is obtained 
from the other by flipping all the spins have the same 
probability amplitude in the expansion of the ground- 
state wave function. Thus, it becomes obvious that, for 
the true ground state of the antiferromagnetic lattice 
f=4. However, if the system is known to be in a state 
such as ¢(@) at time /=0 it will take a time of the order 
of years before it will be in the state ¢(—¢)." Then, if 
the system is in ¢(@) at time ¢=0 it will display a net 
magnetization in each of the two sublattices (formed 
by atoms in even and odd positions) during a rather 
long period of time. Nevertheless, we prefer p as a 


1 P. W. Anderson, Phys. Rev. 86, 694 (1952). 
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measure of the long range as the operation of reversing 
all the spins of a state leaves p unchanged. There is 
another more important reason for this choice. The 
idea of ordering of an antiferromagnetic lattice arises 
mainly from the results of neutron diffraction experi- 
ments. In neutron diffraction one can show that the 
system will display a superlattice structure if its 
low-lying states have nonzero components of the 
tensor” 


N> DY; (j(O)oj4.()), (37) 


which change sign as \ changes from even to odd values. 
Here o;(¢) is the Heisenberg operator defined as follows 


o;(t)=exp(itH/h)o; exp(—itH/h), (38) 


and ¢ is the time. The parameter p is one of the compo- 
nents of (37) for t=0. 

We conclude this work with two remarks. Firstly, the 
transformation (11) is equivalent to introducing new 
one-particle wave functions for the solution of the many 
electron problem. It is, in this sense similar to the 
Hartree-Fock approximation where the best one- 
particle wave functions are obtained by an iteration 
procedure. The new states have an implicit periodicity 
which is twice that of the real system. From the 
physical point of view this periodicity is obtained if 
the sublattices of even and odd positions have net 
(opposite) magnetizations. This was also obtained by a 
semiphenomenological theory which led to the present 
work. We expect, as in the theory of metals, that this 
periodicity will produce a gap in the energy spectrum 
of the antiferromagnet and such behavior is, in fact, 
obtained in the present theory. The expectation value 
of the energy of the state 


E*(1/2—€)&(x/2+ €) ¢(9) 


was calculated in the limit e=+0. A comparison with 
the energy of the ground state (27) gives the numerical 
value AE=2.07J for the energy gap. This should not be 
regarded as a proof that a gap in the spectrum of the 
antiferromagnetic lattice exists but rather as an indica- 
tion that such a behavior is possible. A similar result 
has been obtained by des Cloizeaux® by a different 


2 L. van Hove, Phys. Rev. 95, 1374 (1954). 
18 J. des Cloizeaux, J. phys. radium 20, 606, 751 (1959). 
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Fic. 1. A(&) as a function of & for several trial wave functions and 
for the exact solution of the antiferromagnetic chain. 


method. Secondly, we remark that a measure of the 
accuracy of the trial wave function (14) can be obtained 
by calculating the function A(k) as introduced by 
Hulthén® and Orbach.2 3NA(k)dk is the average 
number of spin-wave states in the ground state with 
wave numbers lying in the interval (k, k+-dk). For the 
spin waves one must take the excitations created by 
the operators n*(k) because the exact ground-state 
energy [see Eq. (52) in reference 9] is 


1 Qe 
Ey=-N f e(k)A(k)dk, 
2 


with e(k) given by (5). Using (13) and (14) the function 
A(k) for our trial wave function is 


A (k) =a (n*(k)n(k)) 
= (2r)“"[1—+ cosk(1—7* sin’k)-#]. (39) 
This function is plotted in Fig. 1 together with the 


values obtained for the exact ground state,® the Néel 
state (y=0) and the state for which ¢=0, i.e., y=1. 
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Measurement of the Equilibrium Concentration of Lattice Vacancies 
in Silver near the Melting Point* 
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Relative changes in macroscopic length, AL/L, and x-ray lattice parameter, Aa/a, of a 99.999% silver 
bar have been measured from 14 to 956°C, using a rigid parallel pair of filar micrometer microscopes and a 
rotating single-crystal x-ray method. The expansions agree within experimental precision (about 1: 105) at 
the lower temperatures. At the higher temperatures (AL/L—Aa/a) progressively increases, showing that 
atomic sites are added, corresponding to the thermal generation of vacancy-type defects. The concentration 
of added sites, AN/N =3(AL/L—Aa/a), at the melting point (obtained by a 4° extrapolation) is (1.70.5) 
X10. This value is only 1/5.5 of the corresponding value previously found for aluminum by the same 
technique. For reasonable values of the binding energies of vacancy aggregates, it is concluded that more 
than 90% of these extra sites are present as single vacancies. For an entropy of formation of (1.50.5) an 
energy of formation for monovacancies of 1.09+0.10 ev is obtained. This formation energy is slightly larger 
than half the activation energy for self-diffusion, as similar measurements have shown for aluminum, and 


as quenching experiments have indicated for gold. 


I. INTRODUCTION 


HE writers have recently identified the thermally 
generated lattice defects in aluminum at elevated 
temperatures as vacancy type and measured their equi- 
librium concentration by means of precision x-ray lattice 
parameter and macroscopic length measurements.’ In 
this method measurements of the length expansion 
AL/L and the lattice parameter expansion Aa/a are 
taken as a specimen is reversibly heated and cooled 
between a low temperature where the defect concentra- 
tion is negligible and an elevated temperature near its 
melting point. When vacancy-type defects are thermally 
generated, extra substitutional atomic sites are added to 
the specimen and AL/L becomes larger than Aa/a ac- 
cording to the simple relation'’~* 


AN/N =3(AL/L— Aa/a), (1) 


where AN/N is the fractional increase in the total 
number of substitutional sites. 

This method of investigating point defects has the 
advantage that the measurements are made at tempera- 
ture with the specimen in thermal equilibrium. Also, 
the concentration of additional defect sites is obtained 
absolutely, since Eq. (1) is independent of the detailed 
nature of the defects and of secondary changes of the 
host lattice. For example, the degree of lattice relaxation 
around the defects, the degree of association between 
defects and changes in the elastic properties of the lattice 
do not affect the result. The measurements can be ar- 
ranged so that the constant macroscopic and micro- 
scopic defects present in actual metal crystals have a 


negligible influence. Further, the nature of the pre- 


*This work was supported by the U. S. Atomic Energy 
Commission. 

1R. O. Simmons and R. W. Balluffi, Phys. Rev. 117, 52 (1960). 

?R. O. Simmons and R. W. Balluffi, J. Appl. Phys. 30, 1249 
(1959). 

3R. W. Ballufi and R. O. Simmons (to be published). 


dominant point defect is indicated directly by the sign of 
AN/N (positive for vacancies ; negative for interstitials). 

One difficulty associated with such an experiment is 
the extreme accuracy required in the measurement of 
AL/L and Aa/a. In many crystals the atomic fraction 
of equilibrium point defects is in the range 10~* to 10~ 
near the melting point. The best precision that can be 
obtained in the measurement of Aa/a by present x-ray 
measurements is about 1:10°. Therefore, AV/N can 
only be measured in these crystals with reasonable 
accuracy at temperatures fairly close to the melting 
point. Also, the technique measures only the net frac- 
tional change in the number of sites. For example, if 
equal numbers of vacancies and interstitials are present 
no effect occurs. However, this problem is presumably 
of small importance during equilibrium in the close- 
packed metal crystals under investigation since inter- 
stitial concentrations are almost certainly negligible 
compared to vacancy concentrations.* 

In the case of aluminum the fraction of additional 
sites at the melting point was large enough to be meas- 
ured with fair precision by this method and AN/N was 
given by [exp(2.4) ][exp(—0.76 ev/k7T) ].! This result 
corresponds to a concentration at the melting point 
(660°C) of (9.4+0.4)10-. For reasonable values of 
the binding energies of various vacancy aggregates, it 
was concluded! that these extra sites were present 
mainly as single vacancies. Additional measurements of 
the high temperature electrical resistivity of aluminum® 
also allowed a comparison of the high temperature 
equilibrium concentrations with extrapolated concen- 
trations obtained from lower temperature data derived 
from resistivity measurements on quenched samples.® 
Agreement within a factor of about two was obtained. 

4 See review papers in: Impurities and Imperfections (American 
Society for Metals, Cleveland, Ohio, 1955); Vacancies and Other 
Point Defects in Metals and Alloys (The Institute of Metals, 
London, 1958). 


5 R. O. Simmons and R. W. Balluffi, Phys. Rev. 117, 62 (1960). 
6 W. DeSorbo and D. Turnbull, Acta Met. 7, 83 (1959). 
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In the present paper we present similar measurements 
of the extra number of thermally generated defect sites 
in high-purity silver at elevated temperatures. Silver 
was chosen since it is a monovalent metal of intrinsic 
interest with a close-packed cubic structure. Also, pre- 
cise measurements of the activation energy for self- 
diffusion are available,’ and electrical resistivity meas- 
urements on the imperfections in quenched wires are 
in progress.® 


Il. EXPERIMENTAL METHOD 


The same experimental apparatus used in the pre- 
vious aluminum work! was used again with only minor 
modifications. A description of the equipment, together 
with a discussion of possible sources of error, is given in 
reference 1. 


A. Specimen and Furnace 


Simultaneous measurements of AL/L and Aa/a at a 
given temperature are made on a bar-shaped specimen 
50 cm long by 1.27 cm by 1.27 cm. The specimen is 
supported in a smooth horizontal well machined along 
the axis of a cylindrical graphite core which in turn is 
located along the axis of a long resistance-heated fur- 
nace. A gas-tight jacket allows various atmospheres to 
be used. Suitable ports are available allowing access for 
the AL/L and Aa/a measurements. Temperatures along 
the specimen are measured with a butt-welded Pt versus 
Pt-10% Rh thermocouple’ which can be moved along 
the specimen in order to ascertain the temperature at 
any point along its length. Temperature variations 
along the specimen length and during the time of meas- 
urement may be maintained at less than +0.2°C. These 
arrangements essentially eliminate temperature meas- 
uring errors in the measurement of the difference 
(AL/L—Aa/a). 

The silver specimen was prepared from material of 
initial purity greater than 99.999%."° Standard spectro- 
graphic and gas analyses of the as-received silver gave 
the following results: Sb, Tl, Mn, Pb, Sn, Cr, Ni, Bi, 
Al, Ca, In, Cd, and Zn were not detected ; 0.0001 weight 
percent Fe present ; less than 0.0001 weight percent Mg, 
Si, and Cu present; less than 0.0003 weight percent 
oxygen present. The bar-shaped specimen was prepared 
by a melting and controlled solidification procedure, 
where the silver was melted and cast horizontally in a 
spectrographically pure graphite moid by rapid cooling 
from one end in a prepurified nitrogen atmosphere." 


7C. T. Tomizuka and E. Sonder, Phys. Rev. 103, 1182 (1956). 

* M. Doyama, research in progress, University of Illinois. 

® The thermocouple material was obtained from S. Cohn and 
Company, Mt. Vernon, New York, and the temperatures reported 
here are believed accurate to —0.0, +1°C. This accuracy is of 
importance only in determining the absolute accuracy of the total 
expansions; it is unimportant in determining the difference, 
(AL/L—Aa/a). 

1 Supplied by American Smelting and Refining Company. 

4 Properties of the gas as listed by the supplier are: purity 
greater than 99.996%, oxygen 0.0008%, dew point —68°C. Pub- 
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The cooling rate was adjusted so that a polycrystal with 
an average grain size of about 1.5 cm was obtained. The 
cooling from one end ensured directional solidification 
and a sound nonporous structure. One large grain near 
the center of the bar had an orientation suitable for the 
Aa/a measurement and was located at the x-ray port in 
the final furnace assembly. The prepurified nitrogen 
atmosphere was used during all measurements. 


B. Length Change Measurement 


AL/L was measured very directly by observing 
changes in the spacing of reference marks (Tukon micro- 
hardness indentations) located near the specimen ends. 
No detectable changes in the detailed appearance of 
these indentations were observed in the course of the 
experiment. Measurements were made with the two 
rigidly mounted parallel filar micrometer microscopes. 
One modification of the previously described measuring 
technique! was made in order to guard against error due 
to possible changes in the assumed fixed microscope 
spacing. An Invar bar standard at constant temperature 
was constructed and located so that its constant length 
could be measured periodically during the experiment. 
These measurements indicated that errors arising from 
this source were negligible. 


C. Lattice Expansion Measurement 


The back-reflection rotating single-crystal technique! 
for making precision high-angle measurements of the 
change in lattice parameter was again used without 
major modification. The (422) Bragg reflection was used 
with Nika: radiation (A= 1.65784 A). The (422) direc- 
tion was inclined 5° from the specimen surface normal. 
6 varied between about 83°45’ and 76°35’ during the 
experiment. The Laue-Bragg intensity falls off more 
rapidly near the melting point in silver than in aluminum 
and, therefore, the specimen-to-film distance was set at 
about 50 ¢m (approximately para-focusing geometry) 
in order to maintain the exposure time less than 15 
minutes near 960°C. 

In the present method an accepted value of the lattice 
parameter a, at some reference temperature (say 20°C) 
is used to compute a reference Bragg angle 6,, using the 
accepted x-ray wavelength. Angular changes A@ at other 
temperatures T are then obtained from the measured 
shifts of position of the Laue-Bragg line on the flat film 
Ax and the known geometry of the apparatus. Since 
6(T) = 6,+-A8, values of a(T) and Aa/a=[a(T)—a, ]/a, 
may then be calculated. Actually, there is some small 
uncertainty in the accepted value of a, and in the geo- 
metrical conversion of Ax to A@. The following criterion 
is therefore used in establishing the precise value of 6, 


lished values of the solubility of oxygen in silver indicate that the 
dissolved oxygen content would be negligible in an atmosphere 
of this partial pressure. Spectrographic and gas analyses of the 
sample material after melting indicated no detectable decrease in 
the 99.999% purity level. 
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for this apparatus: close agreement between the Aa/a 
values and the measured AL/L values must be obtained 
over the entire temperature interval at lower tempera- 
tures where it is certain that the point defect concen- 
trations must be negligible. The final selected value of a, 
must, of course, agree with accepted values within the ex- 
pected uncertainty of such published measurements. Also, 
the conversion of Ax to A@ must agree within expected er- 
ror with the best value obtained from the measured geom- 
etry of the apparatus. The absolute sensitivity of the 
method depends in part on the fact that the linear dis- 
persion at the film, Ax/(Aa/a), is approximately propor- 
tional to tan@ (which changes rapidly at high angles) 
and in part on the fact that the thermal expansion co- 
efficient is appreciably temperature dependent. 

In the present case, the temperature interval chosen 
for fitting the Aa/a and AL/L curves extended from 13 
to 601°C, corresponding to a relative expansion of 
12.59 10-*. Two smooth curves were drawn through 
thirty-one AL/L points and forty-four Aa/a points in 
this temperature range. The mean absolute deviation 
per point for each curve was less than 10 10~-®. After 
fitting, the two curves essentially coincided, and the 
mean deviation per point of all AL/Z and Aa/a points 
from a common best curve was 9X10~®. The value of 
a,(20°C) producing this fit was 4.07765 kX, which is 
well within the range of reported values.” Other aspects 
of the agreement between AL/L and Aa/a in silver are 
discussed elsewhere.* 
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Fic. 1. Measured length expansion AL/L and lattice parameter 
expansion Aa/a versus temperature in the interval 280—552°C. 
The x-ray and length expansions agree within experimental error. 
A number of Aa/a data points are not shown since they essentially 
coincided with corresponding SL/L points and could not be clearly 
shown. The omitted points included: four ™ points at 347.1, 399.4, 
449.4 and 500.4°C; four a points at 368.2, 429.1, 497.8, and 
549.1°C; two @ points at 386.6 and 535.0°C. 

2 W. B. Pearson, Lattice Spacing and Structure of Metals and 
Alloys (Pergamon Press, New York, 1958), p. 259. 
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Ill. EXPERIMENTAL RESULTS 


Measurements of AL/L and Aa/a were made in the 
temperature range 13-956°C. Seventy-two Aa/a meas- 
urements were made during two heating runs and two 
cooling runs while fifty-seven AL/Z measurements were 
made during the second heating run and the two cooling 
runs. The expansions were plotted versus temperature 
and best smooth curves were drawn through the data 
points. The mean absolute deviations of the experi- 
mental points from the smooth AL/Z and Aa/a curves 
were 7X10~ and 10X 10~, respectively, and the max- 
imum deviations 18xX10-* and 29x10-, re- 
spectively. No evidence was obtained of any systematic 
lack of reversibility during heating and cooling. As ex- 
plained in the previous section, the curves coincided 
within experimental error in the temperature range 13 to 
601°C where a total of seventy-five AL/L and Aa/a 
points fell on a common curve with a mean deviation per 
point of 9x 10-*. 

Expansion curves are shown in Figs. 1 and 2 for two 
selected temperature ranges. Figure 1 illustrates the 
close agreement of AL/L and Aa/a in the lower tem- 
perature range. Figure 2 shows the divergence of these 
quantities at higher temperatures due to the thermal 
generation of vacancy type defects. The high tempera- 
ture divergence appears quite reversible indicating that 
the creation and destruction of the point defects upon 
heating and cooling was isotropic as expected for a 
cubic metal.!-* 
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Fic. 2. Measured length expansion AL/L and lattice parameter 
expansion Aa/a versus temperature in the interval 845-960°C. 
AL/L becomes larger than Aa/a at the highest temperatures 
corresponding to the thermal generation of vacancies. 
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TABLE I. Macroscopic linear thermal expansion of silver. 
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* See reference 13. 
> See reference 14. 


to those of other investigators'’*'* in Tables I and II, 
All values have been referred to 20°C using the expan- 
sion data of Nix and MacNair” near room temperature. 
The present AL/Z measurements agree rather well with 
those of Scheel'* up to 500°C but are larger than those 
of Esser and Eusterbrock.’* The Aa/a measurements 
are in excellent agreement with the widely accepted 
values of Hume-Rothery and Reynolds'* but in only 
fair agreement with references 15, 17, and 18. All of the 
previous x-ray measurements were made on powdered 
specimens. 

The difference between AL/L and Aa/a is of primary 
interest, and the best measurement of this quantity 
from Fig. 2 is 56X10~* at 960°C. We estimate the 
possible error in this value to be about +17 X10~ and, 
therefore, 


(AN/N)s60°c= 3(AL/L— Aa, ‘@)960°C 
=(1.7+0.5)X10—. (2) 


AN/N decreases rapidly with temperature; and since 
the probable measuring accuracy ai 960°C was no better 
than about 30%, we have not attempted to derive values 
at lower temperatures. 


13K. Scheel, Z. Physik 5, 167 (1921). 

“4H. Esser and H. Eusterbrock, Arch. Eisenhiittenw. 14, 341 
(1941). 

15 H. Esser, W. Eilender, and K. Bungardt, Arch. Eisenhiittenw. 
12, 157 (1938). 

16W. Hume-Rothery and P. W. Reynolds, Proc. Roy. Soc. 
(London) A167, 25 (1938). 

17 —. A. Owen and E. W. Roberts, Phil. Mag. 27, 294 (1939). 

18 J. Spreadborough and J. W. Christian, J. Sci. Instr. 36, 116 
(1959). 

19 F. C. Nix and D. MacNair, Phys. Rev. 61, 74 (1942). 
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TABLE IT. Lattice parameter thermal expansion of silver. 
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* Values picked off smooth curve in reference 15. 
> See reference 16. 
© See reference 17. 
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IV. INTERPRETATION AND DISCUSSION 


Our first objective is to deduce the concentrations of 
the various possible point defects which may be present 
from the measured value of AN/N. All defects contrib- 
ute to AN/N; and, therefore, 


AN/N= (Cort 2ev2t+3cvst+++)—(Cat2cie+-++) (3) 


where Cy1, Cy2, and Cy3 are the fractional concentrations 
of monovacancies, divacancies, and trivacancies; and 
cx and cj are the corresponding concentrations of inter- 
stitial-type defects. The positive sign of AV/N estab- 
lishes the predominant defects as vacancy-type in agree- 
ment with previous expectation.‘ If we neglect the 
interstitial concentrations” and also vacancy aggregates 
of size larger than three, the concentrations of the 
vacancy-type defects can be expressed in terms of their 


* Recent measurements of energy release during thermal re- 
covery of low-temperature deuteron-irradiation damage in copper 
foils [T. Nilan and A. Granato (to be published) ] suggest that 
(Evit +E’) is substantially larger than twice Fy, as expected. 
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Fic. 3. Relative monovacancy abundance ¢,/(AN/N) as a 
function of divacancy and tetrahedral trivacancy binding energies 
(Gye and G,;) in silver at 960°C. 


binding energies G,;°, and AN/JN as follows:! 

24 exp(Gy3°/kT co? 
+12 exp(Gi2"/kT eo? +en=AN/N 
Coo= 6¢y1? exp(Gy2"/kT) (4) 
Cos= ZvaCer® Exp(Gy3°/kT). 


In these relations divacancies are taken to be pairs of 
nearest neighbor vacancies. The configurational entropy 
factor g»3 in the trivacancy expression depends upon 
whether the trivacancy exists as a triangular group of 
nearest neighbor vacancies (g,3=8) or as the configura- 
tion, recently proposed by Darnask et al." of a quadri- 
vacancy in a tetrahedral configuration with an inter- 
stitial in the center (g,;=2). Unfortunately, there are 
no reliable values of the binding energies presently 
available. Most estimates of G,2° fall in the range 
0.1<G,2°< 0.4 ev. However, no acceptable estimates 
of G,3° exist. Damask et al.” have concluded on the 
basis of Morse potential calculations for copper that the 
tetrahedral trivacancy configuration is stable relative 
to the triangular one. These workers, however, calculate 
a tetrahedral trivacancy binding energy which is ob- 
viously much too high. This result is not too surprising, 
considering the approximate nature of the calculation.” 


%1 A. C. Damask, G. J. Dienes, and V. G. Weizer, Phys. Rev. 
113, 781 (1959). 

2 See reference 1 for further references and discussion. 

%3 Lomer has recently evaluated and criticized various methods 
of calculating defect properties and concludes that Morse potential 
calculations may be aseoniy inaccurate: W. M. Lomer, 
Progress in Metal Physics (Pergamon Press, New York, 1959), 
Vol. 8, p. 255. 
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If we accept the result that the tetrahedral trivacancy 
is the stable configuration in the noble metals, we may 
obtain a general picture of the situation by calculating 
defect concentrations from Eqs. (4) using different di- 
vacancy and trivacancy binding energies. Some results 
are shown in Fig. 3 where the monovacancy abundance 
at 960°C in silver is plotted as a function of the binding 
energies. More than 90% of the defect sites are present 
as monovancies if G,2.°Z 0.4 ev and G,;°2 1.1 ev. Since 
the actual binding energies are probably in this range, 
we may conclude that the monovacancy is the pre- 
dominant equilibrium defect and that its concentration 
at 960°C is (1.6+0.6) x 10~. This value was arrived at 
by subtracting the estimated vacancy aggregate con- 
centrations from the value of AN/N in Eq. (2). Since 
the relative abundances of the vacancy aggregates de- 
crease with decreasing temperature,’ the monovacancy 
should also be the dominant equilibrium point defect 
at all temperatures. 

Our second objective is to obtain a reasonably ac- 
curate determination of the monovacancy formation 
energy E,:/. One may be made from the present data 
by assuming a value of the vibrational entropy of 
formation, S,:/, in the relation 


Coi=exp(S_1//k)-exp(— Eyi//kT). (5) 


As Feder and Nowick™ have pointed out, the calculated 
value of E,,/ is relatively insensitive to the choice of 
S,i/ which in turn may be estimated within fairly 
narrow limits. For constant c,; and T we have 6F,;/ 
=T78S,:/. For example, if the uncertainty in S,1/ is 
+0.5k, then at 960°C the uncertainty in E,,/ is 0.11 ev. 
Seif may be estimated by several means. Huntington 
et al.2® have calculated S,:/~1.5k for copper. Also, 
Bauerle and Koehler®® have measured length contrac- 
tions during the annealing out of quenched-in vacancies 
in gold. A value of S,;/=1.1 is calculated from these 
data using a volume relaxation around a vacancy of 
0.5 atomic volume.?’* The value of S,:/ measured 
directly by the writers' for aluminum was in the 
range 2.0 to 2.4k. In view of these results, we shall take 
Soi= (1.50.5). Using this value and the mono- 
vacancy concentration at 960°C of 1.60.6, we obtain 
Ey,/=1.09+0.1 ev from Eq. (5). 

It is of interest to compare the present results for 
silver with the previous aluminum measurements.' The 
concentration. of defect sites at the melting point in 
aluminum is about 5.5 times that in silver. Equilibrium 
vacancy aggregates may therefore be somewhat more 
important in aluminum than in silver. Calculations 
were carried out using the same method already de- 
scribed for silver (where it is assumed that g,3=2) in 

% R. Feder and A. S. Nowick, Phys. Rev. 109, 1959 (1958). 

26H. B. Huntington, G. A. Shirn, and E. S. Wajda, Phys. Rev. 
99, 1085 (1955). 

26 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 

27 L. Tewordt, Phys. Rev. 109, 61 (1958). 

28 W. DeSorbo, Phys. Rev. 117, 444 (1960). 
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Fic. 4. Relative monovancy abundance, ¢y/(AN/N), as a 
function of divacancy and tetrahedral trivacancy binding energies 
(G.2’ and G,3°) in aluminum at 660°C. Data taken from reference 1. 


order to make an effective comparison. The results are 
given in Fig. 4, and comparison with Fig. 3 shows the 
expected depression of equilibrium monovacancy con- 
centration at similar binding energies. However, since 
the monovacancy formation energy is smaller in alumi- 
num than in silver, it appears possible that the binding 


TABLE III. Comparison of presently available vacancy forma- 
tion and motion energies, E»:/ and E,.", and self-diffusion activa- 
tion energies Q in face-centered cubic metals. 


Eo a Method of 
Metal (ev) measurement 


Ag 1.098 
Al 0.75» 





Q 
(ev) Ev//Q 





1.9% 
1.40° 


0.57 
0.54 


0.54 


Present method 
Present method; 
quenching, resistivity 
Quenching, resistivity 
and stored energy 
> 0.53! . Present method 
1.2 : Quenching, resistivity 
1.46 ; Quenching, resistivity 
1.2! 4‘ Quenching, resistivity 
1.23 5) Quenching, resistivity 
1.4* + Quenching, field ion microscope 
1.0! +++ Quenching, resistivity 2.04" 
tee Ultrasonic experiment 


Au 0.984 1.81? 


1.059 
2.96" 


>0.5o 
0.4, 





* See reference 34. 
! See reference 35. 
™ See reference 36. 
® See reference 7. 

© See reference 37. 
» See reference 38. 
9 See reference 39. 
® See reference 40. 
* See reference 41. 


® Present work. 

b See reference 1 & 6. 
© See reference 29. 

4 See reference 26. 

© See reference 28. 

! See reference 24. 

® See reference 30. 

» See reference 31. 

i See reference 32. 

i See reference 33. 
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energies may also be smaller. At the present time it 
seems reasonable to conclude that in silver the number 
of defect sites present as vacancy aggregates near the 
melting point is quite small (<10%). In the case of 
aluminum the number may be somewhat larger but is 
probably still appreciably smaller than the number of 
monovacancies. Further aspects of this problem have 
been discussed previously.'® 

It is also of interest to compare presently available 
monovacancy formation energies in close-packed metals 
with measured self-diffusion activation energies Q. A 
list of these energies from different sources !:67.4.26.28—a1 
is given in Table III. No values obtained from extra- 
polation techniques are quoted; such methods may be 
unreliable because the relative effect of vacancies on 
high-temperature properties is usually quite small.° The 
values for Ag, Al, and Au are better established than the 
Pb, Pt, and Cu values. A number of quenching investi- 
gations on Pt have so far failed to converge on energies 
of formation and migration which add to a constant 
value Q. The largest such sum is still smaller than the 
single reported measurement of Q. Further, there is no 
agreement upon the magnitude of the increase in re- 
sidual resistance for quenching from a given tempera- 
ture; this implies different apparent entropies of forma- 
tion in the different studies. The results in Table III 
indicate that for these crystals the monovacancy forma- 
tion energy is generally just about one-half (or slightly 
larger) than the diffusion activation energy. 
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Theory of Diamagnetism of Graphite 
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The conduction-electron diamagnetism has been calculated for the three-dimensional band structure of 
graphite. The magnetic energy levels are found and the susceptibility calculated by analytically carrying 
out the free energy sum. Agreement with experiment is found for values of the band parameters nearly 
equal to those which give agreement with the de Haas-van Alphen effect and other phenomena. The value 
of yo is found to be 2.8+0.1 ev. The results indicate the y; is about 0.27 ev and A is about 0.025. The other 
band parameters do not have an important influence upon the value of the susceptibility. The relation 
to the general treatments of conduction-electron diamagnetism is also discussed. 





1, INTRODUCTION 


HE problem of explaining the large diamagnetic 

susceptibility of graphite in terms of its electron 
energy band structure has been a troublesome one. 
The application of the Landau-Peierls formula'* to the 
band structure of Wallace’ (or iis refinements) produces 
a result much too small. The use of the simple Landau- 
Peierls formula in cases which involve band degeneracies 
(as is the case in graphite) was criticized by Adams.‘ 
A few years ago, the large effects of the band-to-band 
transitions induced by the magnetic field (not included 
in the Landau-Peierls formula) were calculated for the 
simplified ‘two-dimensional’ band structure.° The 
correct high-temperature susceptibility was obtained, 
but the low-temperature oscillations (de Haas-van 
Alphen effect) were not correctly given. On the other 
hand, a proper choice of band parameters for the 
‘“‘three-dimensional”’ model does give agreement with 
the de Haas-van Alphen effect® and cyclotron reso- 
nance.’ However, Haering and Wallace* have argued 
on plausible grounds that the large susceptibility can 
only be obtained from the ‘‘two-dimensional” model or 
something very close to it. It is the purpose of this 
paper to present a calculation which yields a large 
susceptibility for the same ‘“‘three-dimensional” model 
that gives agreement with the other phenomena. 

The method used is a direct one. The magnetic energy 
levels are found and the derivative of the free energy 
evaluated analytically. The results are of some interest 
with regard to the general theory of conduction-electron 
diamagnetism. A discussion is made of the relation to 
the formulas of Adams‘ and of Hebborn and Sond- 
heimer.® 
1 J. E. Hove, Phys. Rev. 100, 645 (1955). 
2S. J. Mase, J. Phys. Soc. Japan 13, 563 (1958). 

3 P. R. Wallace, Phys. Rev. 71. 622 (1947). 

*E. N. Adams II, Phys. Rev. 89, 633 (1953). 

5 J. W. McClure, Phys. Rev. 104, 666 (1956). 

6 J. W. McClure, Phys. Rev. 108, 612 (1957). 

7P. Nozitres, Phys. Rev. 109, 1510 (1958). 

®*R. R. Haering and P. R. Wallace, J. Phys. Chem. Solids 3 
253 (1957). 


* J. E. Hebborn and E. H. Sondheimer, Phys. Rev. Letters 2 
150 (1959). 
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2. HAMILTONIAN AND MAGNETIC 
ENERGY LEVELS 

We shall construct the Hamiltonian in the magnetic 
field using the method of Luttinger and Kohn." The 
advantage of this method is that it allows the important 
interaction between the degenerate bands to be treated 
accurately using a relatively simple Hamiltonian. The 
disadvantage is that it is difficult to calculate all effects 
which give a term to the free energy proportional to the 
square of the magnetic field. However, it will be argued 
that the terms neglected are small, and the calculated 
susceptibility matches the large experimental value. 

We begin with the Hamiltonian derived from group 
theory by Slonczewski and Weiss."' There are four 
bands of interest with regard to conduction properties: 
two almost unoccupied and two almost completely 
occupied. All four are near in energy in the vicinity of 
the six vertical edges of the hexagonal Brillouin zone. 
It is only necessary to consider states very near the 
zone edges, so that the Hamiltonian may be expanded 
in powers of the distance from the edge. In the vertical 
direction (parallel to the c axis) the Hamiltonian is 
expanded in a Fourier series (the tight-binding approxi- 
mation converges rapidly in this direction due to the 
large separation between graphite layer planes). 

In writing the Hamiltonian we use the notation of 
reference 6. Cylindrical coordinates (¢,a,£) are used in 
which the distances from the zone edge in the x and y 
directions are xz= —(20/34ao) sina and x,= (20/3'ap) 
Xcosa, and the vertical distance from the center of the 
zone is k,=&/co, where do and ¢p are the lattice param- 
eters. The Hamiltonian in the absence of the magnetic 
field is then 
| 0 A; 

0 FE, Hx 
H;* H2;* E; 
Ay; —Hx FH; 


HA,;*) 
* 


H= 


where 
E,=At+yT+ hI”, 


E.=A—-yil'+}7sI", (2.1c) 
E;= 471", (2.1d) 


0 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
1 J. C. Slonczewski and P. R. Weiss, Phys. Rev. 109, 272 (1958). 
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Hy3=27*(—yot val )o exp(ia), 
Ho3= 27 (yotval)o exp(ia), 


(2.1e) 
(2.1f) 


H33=y3l'o exp(ia), (2.1g) 
with the abbreviation, [= 2 cos(}£). The only difference 
from reference 6 in the above equations is the inclusion 
of the ys term in ~; and £o, in order to make them 
consistent with E3. The diagonalization of the above 
Hamiltonian yields formulas for the variation of energy 
with wave number in the vicinity of the zone edge. 
Higher order terms ino are unnecessary in dealing with 
properties of the carriers, as the maximum o values of 
interest are no more than 0.1. 

The introduction of the magnetic field by the method 
of Luttinger and Kohn involves the replacement of the 
quantity x, by Kz+(ie5C/hc)d/dx,, where e is the 
magnitude of the electronic charge, KH is the magnetic 
field (parallel to the z axis), # is Planck’s constant, c 
the velocity of light, and the vector potential is given 
by A=(—Sty, 0,0). Care must be taken to preserve 
the order of the multiplication in the original Hamil- 


ky 0 

0 Ey 
— (3B)}(1—v)(n+1)} 
— (B)i(1—v)n! 


H= | 
| 


— (2B)*(1+y)n! 


In the above, B=ye?b=gk and v=4I'/yo. Use of the 
harmonic oscillator wave functions is valid only if the 
wave functions centered on different edges of the zone 
do not overlap. Overlap would produce broadening of 
the levels.’ If y; is not neglected the simple eigenvector 
chosen is not correct, as the y3 term couples it to those 
of quantum number »+3. This coupling breaks down 
the dipole selection rule and gives rise to the harmonics 
in the cyclotron resonance. To calculate the effect of 
the ys term on the magnetic susceptibility would cause 
considerable complications. Therefore, we shall ignore 
it here on the basis of the following crude estimate. 
If all of the band parameters except y3 were zero, then 
the Hamiltonian would have the same form as the 
two-dimensional Hamiltonian with v3 replacing yo. As 
v3 is approximately 0.1 of yo, and as the two-dimensional 
susceptibility is proportional to the square of yo, we 
see that the susceptibility with y; alone would be of 
the order of 0.01 of the observed vaiue. 

The secular equation derived from the Hamiltonian 
(2.2) can be written 


E-E, E-E, 
Brn(n+1) (n+ 3)B( _ +———)(p-z) 
(1—v)? (1+)? 
(E—E;)?(E— E,)(E—E2) 
+——______—=0 
(1—v?)? 


2 J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 
13 A. D. Brailsford, Proc. Phys. Soc. (London) A70, 275 (1957). 


(2.3) 
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(3B)8(1+ 7) (n+1)! Es 0 
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tonian, as the operator replacing x, does not commute 
with xy. In working out the second order Hamiltonian, 
new terms are found which are linear in the magnetic 
field.* The effect of such terms on the present calcu- 
lation is discussed in Appendix A, where it is concluded 
that they are small. 

The modification of the Hamiltonian (2.1) is easily 
accomplished by working out the changes in the 
quantities o exp(-tia) = Fio.+o,, which become }34ao 
X [ky Fixzt (e5C/hc)d/dx, |. If the Hamiltonian is now 
transformed by H’=SHS™, S=exp(—ix.x,hc/e3), the 
kz term is eliminated. We rewrite the operator which 
replaces o exp(ia) as bat, where b=3ace3C/2hc, a’ 
=2-4(u+0/du), and u= (hc/e5C)*x,. It is seen that at 
is the lowering operator in terms of the dimensionless 
variable u [i.e., if Y. is a harmonic oscillator wave 
function, then it holds that aty,,(u)=n'Wp»_1(u) }. Simi- 
larly, o exp(—ia) is replaced by b'a where a is the 
raising operator (ay,= (n+1)'Wn41). If ys is neglected, 
the eigenvector can be written as (Cin,Cabn,Cambast, 
Cyx/n-1), where the C’s are determined by the algebraic 
Hamiltonian, 


— (3B)'(1—v) (n+1) 


1 —(3B)i(1—v)nt 
(3B)*(1+y)(n+1)! 


— (4B)}(1+y)n} (2.2) 
0 Es 


The equation reduces to the correct “‘two-dimensional” 
secular equation if all parameters except yo are set 
equal to zero. If yo and y; are kept, the result of Haering 
and Wallace® is obtained. The same secular equation 
(except with v=Q0) has been published without its 
derivation by Uemura and Inoue.“ Recently, Sato'® 
has published a derivation of the energy levels for the 
case of yo and y; not zero. His results disagree with 
those of this paper and with those of references 8 and 
14. His mistake seems to be in assuming a certain 
symmetry in the eigenvector which does not hold in 
the presence of the field. 

The derivation given above does not hold if n=0. 
However, three solutions of the type (CiWo,Co,C 31,0) 
and one of the type (0,0,Cs:W0,0) can be found. Further- 
more, these four energies are the same as those found 
from Eq. (2.3) with n=0. 

The finding of the magnetic energy levels involves 
the solution of the quartic equation. Though formulas 
exist for such solutions, they are not very useful here. 
Instead, we give approximate formulas for the energy 
levels in special cases and present a relation which will 
be used below in performing certain sums. We note that 
to find the quantum number in terms of the energy it 
is only necessary to solve a quadratic equation. For 


4 Y, Uemura and M. Inoue, J. Phys. Soc. Japan 13, 382 (1958). 
1° H. Sato, J. Phys. Soc. Japan 14, 609 (1959). 
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many purposes, such a form is adequate. We find 


(E-E;)(E-E, E-E; 
(n+43)B=— —(-— —+— ) 


(1—v)? (1+)? 


E-E,;(E-E, E-E:\} By! 
«| —~(- —-- 9) barat (2.4) 
2 \(—»)?  (1+e) 4 


If the B?/4 term under the radical is ignored, (2.4) 
becomes the same as the secular equation in the absence 
of the magnetic field, except that yo" is replaced by 
(n+}4)B. This is an example of Onsager’s rule,'® which 
will hold for energies far from the band edge, except at 
the top and bottom of the zone (where '=0). At the 
top and bottom of the zone, we have the exact result: 


E=34+[($A)?+ (m, n+1)B]}. 


(2.5) 


For small quantum numbers, the levels are approxi- 
mately 


E=Est{—}(n+})(wrtox) 

+[} (n+})?(wi—we)?+ fos |} B, 
E= E,+(n+4)orB, 
E= E2+ (n+})woB, 


(2.6a) 
(2.6b) 
(2.6c) 


where w:= (1—v)?/(E,— E;) and we= (1+ )?/(E2— E;). 
The above formulas hold provided that neither /; nor 
E, is equal to E;. Note that one of the levels in Eq. 
(2.6a) is equal to E; for n=0. This loss of zero-point 
energy resembles the result for the “two-dimensional” 
model. For the special case that y=0, A=0 and y2=7¥5 
(so that w1= —we2), Eq. (2.6a) reduces to 


E=E;+[n(n+1)]}!B/(E\—E). (2.7) 
The above formula is interesting as it clearly shows 
the transition from ‘quantum behavior’’ to “classical 
behavior” as m increases, i.e., [(n-+1)]! goes to 
n+-+4 for large n. 

When £;, and £; are equal, and not equal to Es, the 
levels are (still for small »): 


E= Ext (1—»)[(n+3)B}}, 
E= E3—n(n+1)weB ‘(n+4), 
E= Ext (n+})woB. 


(2.8a) 
(2.8b) 
(2.8c) 


Similar formulas hold when £; is equal to Fo. 

The degeneracy of the levels is found in the usual 
way" by applying boundary conditions to the factor 
exp(ixx,fc/ei) which multiplies the wave functions 
expressed in the original coordinates. The number of 
states per volume in an interval dt for each energy 
level is 

(e3C/hecon”) dé = (B5C/2x) dé. 

16 L., Onsager, Phil. Mag. 43, 1006 (1952). 


17 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 584. 


(2.9) 
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In the above formula the spin degeneracy and the site 
degeneracy (there are two complete lines of degeneracy 
inside a single Brillouin zone) are included. 


3. CALCULATION OF THE SUSCEPTIBILITY 


Before performing the more rigorous calculation of 
the susceptibility we shali make a rough estimate which 
gives some insight into the origin of the large dia- 
magnetism. We shall use the simple formula (2.7), and 
(2.6b) and (2.6c) with v equal to zero. If in (2.7) the 
[n(n+1)]* were replaced by +4, the susceptibility 
would be correctly given by the Landau-Peierls formula. 
As it is known that the Landau-Peierls term is too 
small, we shall neglect it and investigate the contribu- 
tion of the correction proportional to [m(n+1) }! 
—(n+})~—1/(8m). The correction produces dia- 
magnetism as it raises the energy of the lower band 
(which is more fully occupied) and lowers the energy 
of the upper band, thus raising the total energy. The 
sum >> (1/mn) can be approximated by — /de/e, with 
e= E—E;. Thus the increase in energy is approximately 


bE= — (BK, an) fae fae Bf(e)/[8e(Fi—Es3)], (3.1) 


where f is the Fermi-Dirac distribution function. The 
limits on the & integral are +z. The limits on the ¢ 
integral are cutoff points which a more careful investi- 
gation yields as +(£,—£;). The singularity at e=0 
comes from our Taylor expansion of [(m+1) |* and 
could be eliminated. However, as the sign of ¢ changes, 
the resulting total integral is finite. The susceptibility 
due to (3.1) is then 


x= (Bq an) fae f ae f(©/[4e(E1--Es)]. (3.2) 


The quantity 8g is equal to (e/hc)*(3ae/rco)ye. To 
obtain x in emu/g, and use energies expressed in ev, 
the value of 8g is 1.435X10~%y:?. The value of the e 
integral at low temperature is finite if the Fermi level 
(¢) is between E, and £2. The value is approximately 
In| (Z,— E3)/({—£3)|, which is somewhat more than 
two. The integral over £, divided by 27, is then about 
1/4y1~1. Thus, a rough estimate of the low-tempera- 
ture susceptibility is about —3y2)X10-* emu/g. If yo 
is about 3 ev, the estimated susceptibility is about 
—30X10-*, of the same order as the experimental 
result.!§ If the Fermi level is far below the band edge, 
the susceptibility will be smail as the f in (3.2) will be 
small. If the Fermi level is far above the band edge, or 
if the temperature is very high, the contribution from 
the positive and negative regions of ¢ will tend to cancel 
and reduce the susceptibility. Thus the rough estimate 
above has the right order of magnitude, and the right 

18N. Ganguli and K. S. Krishnan, Proc. Roy. Soc. (London) 
A177, 168 (1941). 
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qualitative dependence upon temperature and Fermi 
level. For a two-dimensional band structure it has been 
shown that most of the diamagnetism comes from the 
region between the n=O level (for which E= £3) and 
the n=1 levels (E=E;+B}). In the present case, the 
source of the diamagnetism is spread over the energy 
region +(£,—E;). The two cases may be considered 
as being equivalent, for if we let all parameters but yo 
go to zero, then the level with n=O near E,; becomes 
equal to E;+B}. Thus, the energy region of the width 
about £,—£; has collapsed to the region between the 
levels which are numbered 0 to 1 in the “two-dimen- 
sional” scheme. Though the argument which Haering 
and Wallace presented is correct in that a large suscepti- 
bility does not come from the n=0 level in the three- 
dimensional case, their argument does not apply as 
the source of susceptibility is now spread out over a 
finite energy region. 

The calculation presented below will show that the 
above considerations are essentially correct. As we 
have seen, the large susceptibility comes from the 
departure from Onsager’s rule. This departure is due 
to the fact that the raising and lowering operators 
appear alone in the Hamiltonian, and not in symmetrical 
combinations. It is the form of the momentum matrix 
which determines the form of the Hamiltonian, and 
the form of the momentum matrix on the Brillouin 
zone edge is determined solely by the crystal structure. 

We now present the more rigorous calculation of the 
susceptibility. The free energy per unit volume is 
given by 

F=NE+BH Din g(Ein), (3.3a) 
g(E)=—kT In{i+exp[(§—£)/kT]},  (3.3b) 


where N is the total number of electrons per unit 
volume, & is Boltzmann’s constant, T is the absolute 
temperature, and 7 is the branch index which specifies 
one of the four solutions of (2.4) for a given m. We 
assign the values of 7 in the order of increasing energy, 
with i=1 corresponding to the lowest energy. Note 
that these indices will not correspond to those used to 
describe the energies on the zone edges in the absence 
of the magnetic field. The highest and lowest energies 
are the solutions for which the minus sign is chosen 
in (2.4). 

We shall perform the sum on m by the Euler- 
Maclaurin sum formula," which may be written: 


dn g(n)=3g(0) +32(~) 
+f dn g(n)+(1/12)g’(m)| 0%. (3.4) 
0 


To use the formula we must know the behavior of the 
energy levels at the end points, which was worked out 
in the previous section. We must also be able to carry 


9 FE. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
’ bridge University Press, Cambridge, 1950), 4th ed., p. 127. 
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out the indicated integration. We write fdn as 
JS dE d(n+4)/dE and note that we do not need to 
know the energy levels, merely m as the function of EZ, 
which is given by Eq. (2.4). In the free energy sum, 
the terms for n= © vanish for the two upper branches. 
For the two lower branches, we sum to a large quantum 
number which is chosen such that the total number of 
states summed over is independent of the magnetic 
field. When this is done, no term proportional to K? 
enters the free energy from the m=« terms. We 
perform a partial integration, obtaining 


s2(0)+ f dn g(n)=— | dE(n+3)f(E). (3.5) 
0 


In the above, we use the fact that the Fermi function 
is given by f= 0g/dE. The limits on the second integral 
are from Ej to ©. The free energy can then be written: 


F= ve-+aae f a3 Ls Fi, (3.6a) 


apis f dE (n-+4) f(E)—(dEio/8n)f(Ex)/12.  (3.6b) 


To find the susceptibility we calculate x=— (dF/ 
dK)/H= —G(OF/dB)/B. In taking the derivative we 
regard ¢ as a constant. We find 


x= (1/2m) f dé Bq(D+1), (3.7a) 


OEw~ 1 9 B JE xn 
D=¥| -4/(Ew) +a(5f@9—)} (3.7b) 
2 on 


0B BOoB\i 


] = > ad , E 


The first term in D comes from the derivative of the 
lower limit of the integral in (3.6b). Operating on (2.4) 
we obtain 


6=+[(E—E,) P+ B’Y4/8, (3.8a) 
Q=—[(E—E))/(1—v)?]+[(E—E2)/(1+)*], (3.8b) 


where the plus sign holds for branches 2 and 3, and the 
minus sign holds for branches 1 and 4. Because of the 
difference in sign, the integral for branch 1 is completely 
cancelled by part of the integral for branch 2, so that 
the two together give an integral from E29 to Ey. A 
similar result holds for branches 3 and 4. This is the 
origin of the cutoff mentioned earlier. 

We are interested in the field-independent suscepti- 
bility, so now may let B approach zero. We treat first 
the case that E\>E3;>E.. Then Ew= Fi, Eyo= Eo, 
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Ex= Eyo= E;. The end-point term can be evaluated by 
formulas (2.6). The result for the term D (at B=0) is 
D= — (1/12) {wif f( £1) — f (Es) J 


+wof f(Ex)— f(Es)]}. (3.9) 


In evaluating the term /, we first perform a partial 
integration and then let B approach zero. The integral 
between E39 and Ey) becomes 


foe f( k)@ —— fi E30 py ( E30) 


- fae (0f/8E)o,(E), (3.10a) 


o,(£)= ero, 


The integration in (3.10b) is from £, to E. The same 
sort of result is obtained for the integral from Fj to 
Ex, with the exception that the integral defining ¢2 is 
taken from Fs to E. It can be shown that the terms 
involving f@ from the two intervals cancel for small B. 
The integration to find ¢:(/30) [or ¢2(F20) ] is made 
difficult by the fact that 2 depends upon E£. However, 
one may integrate from £39 to an intermediate energy 
small enough that the change of 2 may be neglected, 
but large enough that B may be neglected in continuing 
the integral to /;. It is important to note that the 
cancellation is not obtained if B is set to zero before 
evaluating the @’s. 

It is, however, permissible to set B=0 to obtain the 
¢ in the second term in (3.10a). This can be shown by 
direct calculation, but the following simple argument 
should suffice. Setting B to zero affects the values of @ 
only over a very small energy range. Therefore, it does 
not affect the integral of ¢, but the first term in (3.10a) 
involves evaluating @ for the small argument. The 
formulas for the @’s are then 


1 (E— E3)(E\— E2) 
¢1=- in - ), (3.11a) 
82 Q(£,—E;)(1+ 7)? 


1 (E—E;)(E£\— E22) 
g2=— in - ). 
8Q Q(F.—E;)(1—v)? 


The expression for J becomes 


Ei of ai of 
I f dE (- - Jo f dE (- — Vos (3.12) 
E3 OF E3 dE 


Formulas (3.7a), (3.9), and (3.12) then give the 
complete susceptibility. It can be shown that if £i— Es 
= F;— EF, and v=0, the contribution of the term J to 
the susceptibility is the same as our rough estimate 
(3.2). 

For the case that -\>E2>F:, we have Exa= Fs, 


where 


(3.10b) 


and 


(3.11b) 
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Ex30= E2, Ey=EF,, and E\o= E3—4B(a1+w2). In this 
case, we must evaluate the integral from E29 to E10 
before allowing B to go to zero. The result can be put 
in exactly the same form as above. 

The derivations above do not apply to the special 
cases of E,; or Ez equal to E;, or of E; equal to Fo. 
Detailed calculations for these special cases have been 
performed, and the results agree with the limiting 
behavior of the above formulas. For the case E\= Fo, 
which corresponds to the top and bottom of the 
Brillouin zone, so that yv=0, the result is 


D+I= (1/3)[f(A4)— f(0) J/A. (3.13) 


This formula goes over to the “‘two-dimensional” result 
as A approaches zero, yielding a susceptibility which is 
proportional to the derivative of the Fermi function 
evaluated at the degeneracy energy. The numerical 
coefficient in (3.13) is about 5% different from that in 
reference 5. The discrepancy is due to the different 
methods of calculation. A direct calculation for the 
“two-dimensional” case using the method of this paper 
agrees with the limit of (3.13), so that it is the correct 
result. For the case, E;= 3, the Euler formula is not 
valid starting from the level for which »=0. However, 
if the m=O levels are included exactly and the sum 
formula used from m=1, the calculation is valid. The 
result in this case also agrees with the limit of (3.12). 
If the temperature is very high, so that &T is much 
greater than |£,—£;| or |E2—£;|, then the “two- 
dimensional” result holds for the entire susceptibility. 
At low temperatures the integral term (/) is much more 
important than the difference term (D) (which is 
always paramagnetic). In the high-temperature limit, 
the integral term gives a contribution equal to 1.5 of 
the total, and the difference term cancels the extra 0.5. 
We have programmed an electronic computer to 
evaluate the susceptibility formula numerically. The 
integrations are done by Simpson’s rule, using enough 
intervals so that the final result is good to +0.110-® 
emu/g. The results for a particular set of band param- 
eters are shown in Fig. 1. The results represent the 
carrier diamagnetism, i.e., the contribution to the 
orbital diamagnetism from the states near in energy to 
the Fermi level. We estimate that the carrier dia- 
magnetism with the magnetic field perpendicular to 
the c axis is very small. Firstly, the “cyclotron effective 
masses” are about twelve times heavier than those for 
the parallel case.* Secondly, the interband interaction 
does not have a large effect in this orientation, so that 
the Landau-Peierls formula is valid. For the same yo 
and y:, the Landau-Peierls formula gives about one- 
seventh of the present result for the field parallel to the 
c axis.! Thus the carrier diamagnetism perpendicular 
to the ¢ axis is about one-thousandth of that for the 
parallel case, so that our results represent the anisotropy 
in the carrier diamagnetism. If all other contributions 
are isotropic we may compare our results with the 
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Fic. 1. The magnetic susceptibility of graphite. The circles 
represent the data of Ganguli and Krishnan (reference 18). The 
curves are calculated for the following band parameters: yo=2.8 
ev, y:=0.27 ev, y2=0.02 ev, ys=—0.03 ev, ys=0.02 ev, and 
A=0.025 ev. The straight line is the ‘‘two-dimensional” suscepti- 
bility for yo=2.8 ev and ¢=0. The numbers on the curves give 
the Fermi level in ev. The 0.027-ev level corresponds to pure 
graphite. The 0.05 ev level corresponds to 10~‘/atom more 
electrons than holes; while the levels 0.02, 0.0, —0.05, and —0.10 
correspond, respectively, to 0.25104, 1.0X10~*, 3.7X10~4, and 
6.6X10~ more holes per atom than electrons per atom. 


measured susceptibility anisotropy.'* The diamagnetism 
of the inner shell electrons, and the Pauli spin para- 
magnetism are isotropic. Pacault and Marchand” 
assume that there is also a London-type diamagnetic 
anisotropy. They empirically extrapolate the results for 
aromatic molecules to graphite, obtaining about —1 
< 10~-* emu/g. However, we have recently been able to 
to show that the London diamagnetism and the carrier 
diamagnetism are the same for graphite.”’ In Fig. 1, 
we compare with the directly measured anisotropy. 
Calculations have been made for a variety of values 
of the band parameters. As might be expected, the 
high-temperature susceptibility is determined by vo 
alone. For values of the parameters of the order of 
magnitudes deduced from the de Haas-van Alphen 
effect and cyclotron resonance, the susceptibility at 
1000°K is about 90% of the “two-dimensional” 
susceptibility. The only other parameter which has an 
appreciable effect upon the value of the susceptibility 
above 300°K is y:. The values of yo and y; used in 
Fig. 1 were chosen to fit the experimental curve at high 
temperatures. If the experimental magnitude is reduced 
by 1X10~* emu/g, the values of both parameters are 
reduced approximately 0.1 ev. The value of y¢?/y1 for 
the parameters in Fig. 1 is somewhat different from 
the value deduced from the de Haas-van Alphen effect 
and the cyclotron resonance. Reducing their magnitudes 
increases the discrepancy. At 100°K, the parameter A 
has an effect, and its value was chosen to obtain 


2 A. Pacault and A. Marchand, Compt. rend. 241, 489 (1955). 
21 J. W. McClure, J. chim. phys. (to be published), 
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agreement at that temperature. The other parameters, 
if kept within reasonable limits, have no effect upon the 
value of the susceptibility. The values of these param- 
eters used for Fig. 1 were chosen to give rough agree- 
ment with the de Haas-van Alphen effect. The param- 
eters used give the correct de Haas-van Alphen periods, 
and electron and holes masses of 0.03mo and 0.06mo 
(where mo is the free-electron mass) for a Fermi level 
of 0.029 ev. 

Note that in Fig. 1 the susceptibility versus temper- 
ature curves are given for a variety of Fermi levels. In 
this paper, we are chiefly concerned with pure graphite, 
which corresponds to a Fermi level of approximately 
0.027 ev for the band parameters used. However, ‘the 
curves for the other Fermi levels should represent the 
behavior of impure graphite. In the three-dimensional 
band structure, the Fermi level for a constant excess 
(or deficit) of electrons over holes depends very little 
upon temperature. Thus, each curve in Fig. 1 corre- 
sponds approximately to the excess of electrons or holes 
noted in the caption. We shall not attempt to make a 
detailed comparison between these curves and the 
experiments, though the results seem to be qualitatively 
in accord with bromination results” if it is assumed 
that 2% of the bromine atoms are ionized. This estimate 
differs by a factor 10 from that in reference 22. It is 
interesting to note that the curves predict a maximum 
in the susceptibility as a function of temperature for 
very impure graphite. To the author’s knowledge, such 
@ maximum has not yet been observed. 

The calculations presented above are valid in the 
limit of very small magnetic fields. However, there is 
experimental and theoretical evidence that the results 
can apply to the actual measurements. Lumbroso-Bader 
and Marchand* have carefully searched for field 
dependence of the susceptibility of purified single 
crystals. They find that the variation at room temper- 
ature is less than 0.5% from 3 to 12 kilogauss. From 
the present derivation, we see that field dependence 
would be important when B is greater than (E—E;)Q 
over an appreciable fraction of the energy range. For 
a field of 10 kilogauss, B is about 10~ ev. As Q is usually 
about 1 ev, the fact that 5 is not zero affects only a 
small part of the total energy range. Also, we have 
used an electronic computer to calculate numerically 
the susceptibility at finite fields. The effect of the two 
lower bands, if completely full, was calculated by the 
Euler-Maclaurin sum formula, and the free energy 
sums for electrons and holes calculated term by term. 
The results at"50 kilogauss agree within 2% with those 
from formula (3.12), except at low temperatures where 
the de Haas-van Alphen effect is important. Thus at 
10 kilogauss we would expect the variation to be less 
than 1%. 


* G. R. Hennig and J. D. McClelland, J. Chem. Phys. 23, 1431 
(1955). 

*8N. Lumbroso-Bader and A. Marchand, Compt. rend. 248, 
3433 (1959). 
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4. DISCUSSION 


The most important result in the present work is the 
demonstration that the “three-dimensional” band 
model is capable of explaining the observed diamagnetic 
susceptibility. As the same model gives a good account 
of several other properties, it seems to be well estab- 
lished. Of course, the exact values of the parameters are 
subject to revision. 

It is appropriate here to discuss the relation of our 
work to that of Pacault and Marchand.” These authors 
have been able to obtain a good fit of experimental 
susceptibility data for a wide range of graphite types. 
They use a simple formula derived for a two-dimensional 
electron gas. (The model specifies a constant effective 
mass, and is not to be confused with the ‘“‘two-dimen- 
sional” band structure mentioned in this paper.) 
Theoretically, our model should be more correct for 
perfect graphite (though the agreement with experiment 
is not better). However, the band structure we use 
does not apply to small crystals, which have an energy 
gap between the valence and conduction bands. On the 
other hand, their model is plausible for the small 
crystals. Marchand* has proposed that their formula 
be reinterpreted for perfect graphite. Our results are 
so complicated that we have not yet been able to show 
the relation to their formula, though the numerical 
agreement is good. We do make a conjecture concerning 
the small crystal graphites. We note that increasing 
(or decreasing) the parameter A more than 2, produces 
an energy gap."' Though the effect of reducing the size 
is certainly more complicated, changing A may give 
the qualitative effect. The susceptibility for a large A 
would be given by (3.13) which resembles the formula 
of Pacault and Marchand. 

It is also of interest to compare our results with 
general calculations of the conduction electron dia- 
magnetism. In particular, we shall compare with the 
treatments of Adams* and Hebborn and Sondheimer, 
which yield complete formulas. These formulas are 
general in that they include all effects which contribute 
to the low-field susceptibility; however, they do not 
a priori apply to cases involving band degeneracy. 
Their formulas are very complicated and contain many 
terms, so it is of some value to see which terms corre- 
spond to the large susceptibility’ we have calculated. 
We may take a clue from formula (3.2), which as we 
saw is responsible for the large value of the diamag- 
netism. We replace the integral over « by {do?(+~y0)/ 
(E£.— £3) (as in this simple case, e=yo?e?/(E,— E;), in 
the absence of the magnetic field). We then obtain a 
result proportional to the integral over k space of 
[ye?/(E:— Es) Pf(6)/e. Now the difference between the 
energies of the two middle bands (2 and 3) is 2e, so 
that the expression has the form of the Fermi function 
divided by an interband energy difference. These terms 
are called x; and x4 by Hebborn and Sondheimer. (Of 


* A. Marchand, Compt. rend. 245, 1534 (1957). 


course, we could perform the partial integration to get 
a term containing 0f/de, but it would be multiplied 
by the logarithm function which has no analog in 
the general formulas.) Furthermore, only the term 
S (Ou;*/dx)(0u,/AOk2)dr in x4 contributes a factor 
[v0?/(E:—£E;) ?, so that it is the source of the large 
susceptibility. In the Adams paper, it is x3 which 
contains the large effect. In particular, it is the part of 
xs involving the operator s. In fact, Adams evaluated 
x3 for a particular model and noted that it included 
terms which had opposite signs in two bands, such that 
there would be a contribution to the susceptibility if 
the bands were not equally occupied. Next, we consider 
the question of degeneracy. The general treatment 
should give a correct result except when «=0. From 
our calculation, we have seen that the error at e=0 
cancels out of the final result. Thus it appears that the 
general formulas could be used to calculate the suscepti- 
bility correctly for the three-dimensional case. Since 
this is true, we must explain why the present method 
was used. Firstly, the method used seemed simpler. 
The evaluation of all the terms in the general formula 
would be a formidable task. Secondly, the method used 
provides more insight into the cause of the large 
diamagnetism, though it is hoped that an even better 
physical understanding can be gained in the future. 
Lastly, it provided a careful investigation which 
justifies the use of the general formulas. 


APPENDIX A 


We shall now discuss the effect of higher order terms 
which were left out of the Hamiltonian (2.2). The 
higher terms come from the elimination by perturbation 
theory of all states not included in the four-band 
sub-Hamiltonian. There are two types of terms which 
enter. There are those in which the quantity «, in the 
sub-Hamiltonian of the type (2.1) are replaced by the 
operator xz+(ie5(/ hc)d/dx,. These terms (above the 
first order) have a small effect as the terms of higher 
order in o have a small effect. There are, however, other 
terms which appear because the operator does not com- 
mute with x,. For example, the second-order terms in the 
operator contain a term which is linear in the magnetic 
field and is given by 


T re= (€HRA/mic)> a( Pen? Pre” 


— PrP ne*)/(Er—En), (A.1) 


where 7, s=1, 2, 31, 32 are the indices for the four 
bands on the zone edge, m is the index for all other 
bands, and P,,7 is the matrix element of the x compo- 
nent of the momentum. The effect of this term, which 
is analogous to the orbital angular momentum, is to 
add to the Hamiltonian the following matrix: 


0 Dy 0 0 
Dy 0 0 a 

0 0 Dox 0 - 

0 0 0 —DyK} 


6H = (A.2) 





THEORY OF DIAMAGNETISM 


The above matrix can be found by using the form for 
the general momentum matrices found by Slonczewski. 
From that work we have an important result: all of 
the subgroups possible at a general point on the zone 
edge are included in the four bands. This means that 
when (2.2) is treated exactly, it includes effects of the 
type represented by (A.2). Let us illustrate this state- 
ment. Suppose that we are dealing with a case in which 
Fi, Es, and E; are all different. Further, suppose that 
we are interested only in the two bands derived from 
31 and 32, so that we may eliminate bands 1 and 2 by 
perturbation theory. We would then find in our two- 
band sub-Hamiltonian terms like those given by D3; 
in Eq. (A.2). The same kind of argument holds if we 
eliminate bands 31 and 32 and keep bands 1 and 2. Of 
course, if £; or E2 is equal to £3, we cannot use pertur- 
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bation theory, but the ‘ype of interaction does not 
change. As the differences between E, or E2 and E; are 
of the order of tenths of electron volts, and as the 
nearest state in energy to the four bands of interest is 
several electron volts away, the effect of the terms in 
(A.2) must be small compared to those already present 
in (2.2). 

Still higher terms could contribute. For example, 
the fourth-order terms produce the analog to the 
free-atom diamagnetism. We will not give a complete 
discussion of the higher terms. However, we have 
shown that the second-order terms are negligible, and 
the order of magnitude of the fourth-order terms is 
probably of the order of the free-atom diamagnetism, 
which is small (0.5 10~* emu/g). 
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Infrared absorption is studied at near liquid helium temperature for n- and p-type degenerate samples 
of various carrier concentrations. The absorption in p-type samples, at photon energies larger than the 
energy gap, depends on the hole concentration. The results show that the valence band is warped and that 
the energy at k=0 is very close to the maximum energy of the band. A step in the absorption of n-type 
samples is observed which gives an estimate of ~0.012m for the effective mass of light holes. The long 
wavelength absorption in p-type samples is characteristic of intervalence band transitions. 


INTRODUCTION 


a studies of indium antimonide have con- 
tributed a large amount of experimental information 
about the conduction band which is consistent with a 
model of an energy minimum at the center of the Bril- 
louin zone and an effective mass varying with energy. 
Observations of a change of absorption edge with the 
concentration of conduction electrons'* gave a rough 
estimate of the effective mass for the conduction band. 
Consistent values of the effective mass have been ob- 
tained from various types of experiments including 
cyclotron resonance,’ reflection and absorption at long 
wavelengths,‘ Faraday rotation,> and magneto-oscil- 
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latory effect.6 The reflection and absorption studies 
made on samples of various carrier concentrations ex- 
plored a considerable range of the conduction band, 
giving the variation of effective mass with energy. The 
magneto-oscillatory effect experiments gave an esti- 
mate of the gyromagnetic ratio for the conduction 
electrons. 

Experimental information about the valence band, 
including the results of infrared studies, is not as con- 
clusive, as uncertainty is involved in the interpretation 
of some of the observations. Theoretical treatments 
suggest that the valence band resembles to some extent 
that of germanium and silicon but that there may be a 
number of energy maxima due to the lack of the center 
of symmetry.’* Estimates of the effective mass for 
holes, varying from 0.1m to 0.2m, have been deduced 
from different types of measurements ;** for a compli- 
cated band structure, masses obtained from different 
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types of experiments do not have the same significance 
and are not basic parameters characterizing the band 
structure. Some indication of the existence of light 
holes was obtained from the measurements of the 
variation of Hall coefficient and magnetoresistance with 
magnetic field’ and from infrared absorption of p-type 
samples at long wavelengths.*:' Cbserved infrared ab- 
sorption near the intrinsic edge has been attributed to 
indirect transitions,":” and it has been suggested on 
this basis that the valence band has maxima far from 
the center of the Brillouin zone. On the other hand, 
it has been shown": that, with a maximum of the 
valence band at the same point of & space as the 
minimum of the conduction band, there may still be 
indirect transitions accounting for the observation. Re- 
garding this point, deductions from the piezore sistance 
measurements are also uncertain. Similar observations 
have been interpreted as evidence for off-center 
maxima" as well as being consistent with a band struc- 
ture similar to that of germanium and silicon.'® It has 
been also suggested’ on the basis of large ratios of trans- 
verse to longitudinal magnetorisistance for both (100) 
and (110) directions that the valence band is isotropic 
or that it has several maxima with nearly spherical sur- 
faces of constant energy. However, the magnetoresist- 
ance ratios for the two directions are fairly large also in 
the case of p-type germanium and silicon, and even 
larger ratios were given by calculations based on the 
warped valence bands.'? 

Our measurements of infrared absorption in samples 
of low carrier concentrations showed that the spectral 
variation of absorption above the absorption level of 
~ 500 cm=', is consistent with that of direct transitions.'8 
Over the range from liquid nitrogen to room tempera- 
ture, the threshold can be expressed as a constant term 
Eo, plus a term linear in temperature. The value of Eo 
is close to the value obtained from the intrinsic Hall 
coefficient and resistivity, indicating that the maximum 
of the valence band is near k=0. In the work reported 
here,” absorption was studied for m- and p-type samples 


near liquid helium temperature. Samples of various 


carrier concentrations were used which were degenerate 
at the low temperature. Absorption was measured to 
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Fic. 1. Absorption edge in pure and n-type degenerate samples. 
Curves 1 and 2 are for pure samples at room temperature and 
liquid nitrogen temperature, respectively. Curves 3 and 4 show 
the absorption at the two temperatures for a sample having 
6.110" cm~ carriers. Curve 5 shows the absorption at ~5°K in 
a sample having 2.3 10! cm™ carriers. 


photon energies much higher than the energy gap. 
Measurements on p-type samples were extended also 
to long wavelengths. Analyses of the results showed that 
heavy hole band is warped and multiple maxima, if 
present, are not very pronounced. An estimate of the 
effective mass of the light hole band was also obtained. 


ABSORPTION EDGE OF P-TYPE SAMPLES 


We shall first consider briefly the effect of degenerate 
carriers in n-type samples. The absorption of pure 
samples is shown by curves 1 and 2, Fig. 1, for room 
temperature and liquid nitrogen temperature, respec- 
tively. Curves 3 and 4 give the absorption at the two 
temperatures for an m-type sample with an electron 
concentration of 6.110!’ cm~*. The absorption edge 
shifts to larger photon energies as a result of the filling 
of the low-lying energy levels by the conduction elec- 
trons. Curve 4 for liquid nitrogen temperature is steeper 
than curve 3 for room temperature. The phenomenon 
can be understood on the basis that the drop of electron 
occupation at the Fermi level has more straggling at 
higher temperatures. The following relation can be 
easily derived on this basis; 


hv+ (1+ €./€.)RT In(ao/a—1) 


= Egt(1+e./e)e(€) (1) 


where Eg is the energy gap, a and ap are the absorption 
coefficients at the frequency v for the n-type sample and 
the pure sample, respectively, ¢,/¢. is the ratio of en- 
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ergies in the valence band and the conduction band for 
a given wave number f, and e,(¢) is the value of €, corre- 
sponding to the Fermi level ¢. Absorption curves 
measured on various samples at room temperature and 
liquid nitrogen temperature can be fitted reasonably 
well with this relation. Since the effective mass of 
electrons is known to be much smaller than that of the 
holes, the ratio «,/e€, is small, and a value of 0.1 has 
been assumed. Figure 2 shows the curve of e,. as a 
function of the wave number according to Spitzer and 
Fan.‘ Since the carrier concentration and the wave 
number of the Fermi surface have a one to one corre- 
spondence, this curve gives also ¢.(¢) as a function of 
the carrier concentration. The points in Fig. 2 are 
obtained from the absorption edge measured on samples 
of various carrier concentrations. They are seen to be 
in good agreement with the curve. 

Curve 5, Fig. 1, gives the results obtained on a sample 
near liquid helium temperature. The curve and similar 
results obtained on other samples can not be fitted 
with Eq. (1), according to which the absorption edge 
should have been much steeper. We shall return to this 
point later. Since the absorption edge at liquid nitrogen 
temperature as represented by curve 4 has a slope com- 
parable to that observed at the low temperature, the 
application of Eq. (1) to the data for liquid nitrogen 
temperature is questionable and the estimate of €.(¢) is 
therefore subject to some uncertainty. This difficulty 
is less important for the room temperature results. 

We turn now to p-type samples. If the valence band 
had only one branch and if the absorption were pro- 
duced by direct transitions, then the absorption edge of 
a degenerate p-type sample should be the same as that 
of a degenerate n-type sample having the same carrier 
concentration. This follows from the fact that the carrier 
concentration (C.C.) is directly related to the volume, 
V.(¢), of wave-number space bound by the Fermi 
surface, i.e. 


C.C.=2Vi($) =2 (40/3) 8 (2) 


in the case of a energy band having spherical constant- 
energy surfaces centered at R=0. Thus an n-type or a 
p-type sample having a given carrier concentration 
will have energy levels in the conduction band or the 
valence band filled by carriers up to the same &, ruling 
out transitions for smaller wave numbers. 

Figure 3 shows some of the experimental results for 
p-type samples. In general, the absorption departs from 
the curve for pure samples at a frequency about as 
expected for an n-type sample. However, the absorption 
decreases gradually and extends to an absorption edge 
at about the same position as in pure samples, in striking 
contrast with the case of n-type samples shown in Fig. 1. 
The explanation for the difference between n- and p-type 
samples is to be found in the structure of the valence 
band. 

Figure 4 shows schematically the energy band struc- 
ture with the valence band consisting of three branches 
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Fic. 2. Energy as a function of wave number for the conduction 
band. The curve is essentially that given by Spitzer and Fan.‘ 
The points are obtained from estimates of Fermi energy based on 
the absorption edge of degenerate n-type samples: the dots are 
obtained from room temperature data and the crosses are based 
on data for 78°K. 


Vi, V2, and V3, each doubly degenerate. The heavy 
hole band, V;, may actually be split and have several 
maxima instead of one maximum at k=0. However, as 
pointed out in the introduction, we believe that the 
maximum energy of the valence band occurs in the 
neighborhood of k=0. Furthermore, it will be seen 
later that multiple maxima, if present, can not be very 
pronounced. 

In a p-type degenerate sample, in which the energy 
levels above the Fermi level ¢ are occupied by holes, 
optical transitions from V,; to the conduction band are 
ruled out for frequencies smaller than /v;. However, 
transitions from V2 to the conduction band are possible 
down to hve. With a V2 band having a large curvature, 
hvz may be close to the energy gap in magnitude. Hence, 
transitions from the V2 band could give an absorption 
persisting to the neighborhood of the absorption edge 
in pure samples. Thus, the existence of the V2 band 
seems to explain qualitatively the failure of the absorp- 
tion to cut off sharply as in m-type samples. The absorp- 
tion is expected, however, to show a steep drop at hr; 
due to the cutoff of transitions from the V; band. Ex- 
perimentally, the absorption does not show a stepwise 
drop, instead the absorption falls off gradually from the 
absorption of pure samples. The discrepancy between 
the expected and the observed behaviors becomes clear 
from the following considerations. The hole distribution 
in the V,; band falls off within a range of a few kT 
around the Fermi level. The photon energy for optical 
transition is given by 


hv=Egtey;tes (3) 
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Fic. 3. Absorption 
coefficient at ~5°K 
as a function of pho- 
ton energy for degen- 
erate p-type samples. 
The carrier concen- 
trations in units of 
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where Eg is the energy gap, 


€0)= 77k? /2me, €-=h*k?/2m-. 


An energy spread de; is magnified by a factor 
(1-++-m>,/m.) in the spread 6(hv) photon energy. Assum- 
ing the ratio of effective masses to be ~ 10, the absorp- 
tion should drop from its full magnitude to less than 
10% over a range of 6(hv)~40kT. For T~5°K, 5(hv) 
~0.017 ev Fig. 3 shows, however, that the difference 
between the absorption of a p-type sample and the ab- 
sorption of pure samples increases much more gradually, 
reaching a maximum over a range of >0.1 ev in photon 
energy. Therefore, the temperature straggling of hole 
distribution at the Fermi level is far from adequate to 
explain the gradual decrease of absorption. 

We interpret the gradual decrease of the absorption 
as an indication of a warping of the V,; band. The 
energy in the V; band may be approximated by an 
expression of the following form :* 


€o) >= ak’[1 cP ¥ (kok + kyk?+ kk)/k*], (4) 


where x, y, z directions are taken along the cubic axes 
of the crystal. The parameter y introduces a warping 
of the constant energy surfaces, making them non- 
spherical. The energy varies as ak along the direction 
of a cubic axis while varying as a(1—~+/3)k? along the 
direction of a body diagonal. The situation is shown 


schematically in Fig. 5. With holes filling the energy 
levels above ¢, direct transitions from V, to the conduc- 
tion band is eliminated for hy<hy,’. Transitions for 
hv>hv, are not affected by the holes. In the range 
hv;'’<hv<hy, the transitions are partially eliminated 
by the presence of holes. Thus, the absorption asso- 
ciated with the transitions begins at hy,’ but does not 
reach the full possible magnitude until 4. 

The optical absorption coefficient is given by the 
usual expression : 
p(v) 


-|p\*p(v) « | p'? : (5) 
cn 6mhy 


4r @ 


= 


where is the refractive index, |p|?/3 is the square of 
the momentum matrix element averaged over directions, 
and p(v)dv is the number of states in either band for 
which the transition frequency lies between v and v+dv. 


2h dV;,(hv) 2h 
p(v) =——__ - —=——/,, (6) 


ry 


(2r)* d(hv) (27)? 

where V;(Av) is the volume in k space bound by the 
surface of transiton frequency v. The transition fre- 
quency is given by (3) where er; is given by (4). Since 
€; is much smaller than either e, or Eg it is a reasonable 
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approximation to treat the ratio, €v:/€-,. as a constant. 
We have then: 

hv SEgt+ (1+ e1/€-)€e (7) 
and 


ds ds 
v= f ~ = (tea/e f ——., (8) 
grad,hv | grade. 


where ds is an element of surface of constant Av or €¢. 
In the conduction band of indium antimonide, e, 
depends only on the magnitude of the wave number. 
Therefore, we can write: 


9 


R? 
p(v)« f sinédéd¢. (9) 
gradxe. Sav 


If the conduction band could be characterized by a 
constant effective mass, | grad,e-| would be proportional 
to k and p(v) would be proportional to ~/e-. This is not 
true, however, for the conduction band of indium 
anitmonide. We shall obtain the value of | grad,e,| 
from the curve ¢.(&) given in Fig. 2. 

We are interested in calculating the absorption which 
is eliminated by the presence of holes in the V; band. 
All transitions for hy<hv;' involve states occupied by 
the holes, therefore the integration in (9) should extend 
over the full range: 0< @< e and O< ¢< 2z. For hy>hy/’, 
the range of integration is limited by the intersection of 
the surface of constant Av with the Fermi surface in V, 
band. It follows from (4) that the range is determined 
by the condition: 


ak[1—y(k2k,+hket+k2k2)/k]Zen(t), (10) 
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Fic. 4. Schematic diagram of energy bands of indium antimonide. 


AND 


VALENCE BAND IN InSb 


4€ 


ra 





hv, 








Ve 








(11) . [100] 


Fic. 5. Schematic diagram of energy bands showing a warped V; 
band and the Fermi level ¢ of a degenerate p-type sample. 


where the value of & for a given hy is determined from 
the curve e.(k) for the value «.= (hv— Eg)/(1+1/e-). 
It has been suggested that the maximum energy of the 
V, band may occur in the (111) directions. We assume 
therefore that y is positive, i.e., the constant energy 
surfaces bulge in (111) directions. We have then for 
hv! <hv<hy: 


vs C—sin?26 
ff sinadoas—4 f sina ~—sin-»( = =) fo, (11) 
2 sin‘ 
where 
4 €r1(¢) 4 ky’ 3 
ef 24-09)] 
Y ak* Y k 


k,;’ being the wave number corresponding to /v;’. The 
limits of integration in (11) are determined by: 


172— (4—3C)*]< sin%< 4[2+ (4—3C)*]. (12) 


The maximum photon energy, hv, is related to hv,’ 
through the corresponding wave numbers k, and k;’: 


ky’ =k,(1—7/3)!. 


The full absorption for V,-conduction band transi- 
tions can be calculated as a function of hy by using (5) 
and (9). The magnitude of the absorption is adjusted 
so as to obtain a lower envelope for the absorption 
curves of the various p-type samples by subtracting the 
calculated absorption from the absorption of pure 
samples. The envelope curve obtained is shown by 
curve A in Fig. 6 and by the dashed curve in Fig. 3. The 
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Fic. 6. Absorption coefficient as a function of photon energy 
for p-type samples 2, 3, and 4. Curves 2, 3, and 4 are calculated 
for hv,’ =0.325, 0.355, and 0.395 ev, respectively. Curve A corre 
sponds to the case of a. V; band filled with holes. 


absorption of the samples of two highest carrier con- 
centrations falls somewhat below the curve. This does 
not seem to be serious in view of the experimental 
accuracy and possible complications involved in going 
to large hv and high-impurity concentrations. Depend- 
ing upon the carrier concentration, the absorption in a 
given sample should depart from the envelope curve at 
the appropriate photon energy /v,’ and merge with the 
absorption curve of pure samples at corresponding /1. 
The absorption between fv,’ and Av; can be calculated 
by using (11) instead of (9). Curves 2, 3, 4 in Fig. 6 are 
calculated in the attempt to fit the experimental data of 
samples 2, 3, and 4. Each curve was calculated for a 
chosen value of /Av;’. The three values of hy,’ were 
chosen so as to satisfy the requirement that the values 
of k corresponding to ¢.= (hv;’—E«@)/(1+¢,/€-) should 
be proportional to the one-third power of the carrier 
concentration. A value of y=2 was used which seems 
to give the best fit. Taking into account that in these 
calculations use has to be made of the e.(k) curve 
obtained from an entirely different type of experiment 
and considering the accuracy of the experimental points, 
the fit obtained is quite satisfactory. 

An effective density-of-states mass may be defined 
by the equation: 


2m (2ma/h*?)'e§ = dV ,.(€)/de. (13) 


The energy expression (4) for the V; band gives 


Vi(e) = (42/3) (€/a)!A, (14) 


where 
2 r/2 /2 OY re fee 
A= sin6dé 1—-—(sin?20+sin‘# sin?2¢) 
wo 0 4 
We define m,’ and m, by 


h?/2m,'=a, h?/2m,=a(i—y/3). 


AR @&. F. 
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These quantities may be thought of as effective masses 
along the (100) and (111) directions, respectively. 
Using the value y=2 obtained above, we got 


m,/m,'=3, ma/my,'=1.84. (16) 


According to (13) the volume, V,(¢), bound by the 
Fermi surface can be written: 


dn f2ma \) 40 f2ma I ; 
V.(E)= - z r) = ( hi ) 
3\ 3\ h? 2m’ 


dr f me ; 
2 ( a) . ( 17) 
3 \m 
where k;’ is the wave number of the Fermi surface 
along the (100) directions and is associated with hv’. 
Since V;(¢) is related to the carrier concentration by 
(2), (17) can be used to determine the value of k,’ and 
hence the value of Av,’ for a given carrier concentration, 
once m,/m,’ is known. For the value of mg/m,’ ob- 
tained, the values of hv,’ used in calculating the curves 
2, 3, and 4 correspond to carrier concentrations within 
10% of the measured carrier concentrations of the 
samples 2, 3, and 4, respectively. This agreement is a 
check in comparing the data with the calculated curves. 
Since the effective mass of holes in the V,; band 
must be much larger than the effective mass of electrons, 
the threshold for direct transitions should correspond to 
k=0 even if the valence band had multiple maxima 
occuring off the center. Therefore, a degenerate p-type 


€ 











—s 
Ve 








[111] 


[100] 


Fic. 7. Schematic diagram of energy bands showing a warped Vi 
band and the Fermi level ¢ of a degenerate n-type sample. 
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Fic. 8. Absorption coefficient as 
a function of photon energy for an 
n-type sample of 6.610" cm“ 
carrier concentration. 
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with a Fermi level below the maxima but above the 
point at k=O would show full absorption near the 
threshold with a deficiency in absorption beginning at 
a somewhat higher energy. The fact that such behavior 
was not observed even for sample 1 of the smallest 
carrier concentration shows that the maxima can not 
be very pronounced. The sample has a hole concentra- 
tion of 5.510"? cm~*. Assuming an effective density-of- 
states mass of 0.18m, the Fermi level in the sample 
should be about 1.35X10-? ev below the maximum 
energy of the band. If the energy at k=0 is below the 
maximum energy of the band by a larger amount, full 
absorption would have been observed near the threshold. 


ABSORPTION IN N-TYPE SAMPLES 


Referring to Fig. 7. Direct transitions from V; to the 
conduction band begin at photon energy hy; and reach 
quickly the full value as in pure samples at hy;’. The 
absorption rises steeply in this region, giving the ab- 
sorption edge. However, direct transitions from the V2 


0.6 
hvi(ev) 


band do not come in until a higher photon energy, Ave, 
is reached. Thus the existence of the V2 band leads us to 
expect another rise of absorption at some frequency 
considerably higher than the threshold. Observation of 
the effect requires very thin samples since the ab- 
sorption coefficient increases with frequency. Figure 8 
shows the measured absorption coefficient for an n-type 
sample of about 2 microns in thickness. A step can be 
seen at about 0.61 ev. The energy Ave can be written: 


h? 
hv.= Ec+¢{+—f, 
2m2 


where mz is effective mass of the V2 band. The value of ¢ 
can be estimated from the carrier concentration. From 
measurements made on two samples with different 
electron concentrations, 3.710'7 cm and 6.610!” 
cm-*, the values obtained for m2/m are about 0.012. 
The step in the absorption is small, corresponding 
to Aa 1000 cm as shown in Fig. 8. On the other hand, 
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Fic. 9. Long wavelength absorption in degenerate p-type 
sample at ~5°K. The points are measured on two samples of 
comparable carrier concentrations, ~5.5X10" cm~*. The curve 
is calculated for hv 2.’ =0.085 ev. 





the absorption in p-type degenerate samples should 
be produced entirely by transitions from the V2 to the 
conduction band, at photon energies smaller than hv;’. 
Curve A, Fig. 6 leads us to expect an absorption of 
about 4000 cm to be associated with such transitions. 
The observed step in the absorption of n-type samples 
seems therefore to be too small. One possible explanation 
is that there are indirect transitions from V; and V2 to 
the conduction band which would be included in the 
absorption given by curve A, Fig. 6. Another possibility 
is that the V2 band may also be warped, the consequence 
of which would be to spread out the absorption step and 
make it appear smaller. 

It has been mentioned in connection with Fig. 1 that 
curve 5 for a degenerate sample at 5°K is not nearly as 
steep as expected. Since the edge corresponds to the 
threshold of transitions from V; to the conduction band, 
the warping of V, band and consequent difference 
between Ay; and hy,’ is a cause for the edge to be less 
steep. Curve C, Fig. 1, is measured on a sample of 
2.3 10'* cm™ electron concentration corresponding to 
k=4.85X 10° cm~. The difference between Av; and hy,’ 
is (h*k®/2)(1/m,'+1/m,). Taking a reasonable value 
ma=0.18m and using the values of mg/m,’ and ma/m, 
obtained before we get /4v,’—hv,=0.062 ev. The spread 
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of hy indicated by this difference is of the right order of 
magnitude to account for the slope of curve C. 


LONG WAVELENGTH ABSORPTION IN 
P-TYPE SAMPLES 

The absorption at small photon energies, seen in 
Fig. 3, is apparently produced by hole transitions 
between valence bands V,; and Vs, like in the case of 
p-type germanium” indium arsenide” and gallium 
arsenide.” For a p-type degenerate sample at low 
temperature, a sharp high-frequency cutoff would be 
expected for the absorption if both energy bands had 
spherical surfaces of constant energy. Estimate, similar 
to that given in connection with the absorption edge, 
shows that the falloff of the experimental curve is much 
too gradual to be accounted for by the straggling of 
hole distribution at the Fermi level. The warping of 
the V; band would lead to a gradual decrease absorption 
between hv;2’ and hv. Figure 9 shows the long wave- 
length absorption measured on two samples of similar 
carrier concentrations. The absorption becomes constant 
toward small photon energies. Assuming that the ab- 
sorption varies according to the hole occupation of the 
states in the V; band we can calculate the drop of ab- 
sorption beyond hy 2’. The curve in Fig. 8 is calculated 
for a value of hv,’ which seems to give the best fit 
with the experimental data. For the carrier concentra- 
tion of the samples, the value of v1.’ used corresponds 
to an effective mass of 0.014m for the V2 band. This 
value is in reasonable agreement with the value, 
0.012m, obtained from the study of n-type samples. 

According to the interpretation, the value of hv.’ 
should increase as the square root of the hole concentra- 
tion. Figure 3 shows that the absorption indeed falls 
off at higher Av for larger carrier concentration. How- 
ever, we would also expect the absorption to be inde- 
pendent of carrier concentration for hy<hv,,', whereas 
the observed absorption increases with carrier con- 
centration even for small /v. This phenomenon indi- 
cates that the absorption may be associated with in- 
direct rather than direct transitions. It remains to be 
seen whether the low-frequency absorption becomes a 
constant for smaller carrier concentrations. There is, 
however, a limit for the carrier concentration below 
which the sample will not remain degenerate at low 
temperature. 

” W. Kaiser, R. J. Collins, and H. Y. Fan, Phys. Rev. 91, 1380 
(1953); H. B. Briggs and R. C. Fletcher, Phys. Rev. 91, 1342 
(1953). 

21 F, Matossi and F. Stern, Phys. Rev. 111, 472 (1958). 

2R. Braunstein, J. Phys. Chem. Solids 8, 280 (1959). 
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Photoemission from Si Induced by an Internal Electric Field* 


R. E. Stwon AnD W. E. Spicer 
Radio Corporation of America Laboratories, Princeton, New Jersey 
(Received February 18, 1960) 


External photoelectric emission from silicon with a threshold of response corresponding to the band gap 
(1.05 ev) has been observed from a back biased p-n junction which had received a cesium surface treatment. 
This emission current is proportional to the intensity of the incident light. The spectral distribution of this 
field induced photoemission has been simply related to the spectral distribution of the fundamental absorp- 


tion of silicon. 


LECTRON emission due to avalanche breakdown 
in semiconductors has been reported by several 
workers.' Burton has described this effect in silicon, the 
surface of which had been treated with cesium. Using 
a system similar to Burton’s, we have observed the ex- 
ternal emission of photoinduced carriers by means of the 
internal field across a p-m junction. This emission occurs 
at voltages below those necessary for avalanche 
breakdown. 

The sample, a silicon crystal with a grown p-n junction, 
was mounted in the vacuum tube (as shown in the inset 
in Fig. 1) for the cesium surface treatment and meas- 
urements. The cesium treatment served to reduce the 
electron affinity of the silicon.? After the cesium treat- 
ment was completed, a field induced electron emission® 
(with no photoexcitation), similar to that reported by 
Burton,! of several milliamperes could be obtained with 
a potential drop of about 35 volts in-the region of the 
junction.2 For the photoemission measurements, 
chopped light from a monochromator with a band-pass 
of 0.03 ev or less was used.‘ A collector voltage of 67 v 
was sufficient to saturate the photoemission in all cases. 

Figure 1 shows the spectral distribution of the photo- 
emissive yield with and without an internal field ap- 
plied. The spectral distribution with no field applied is 
characteristic of a surface which has received the opti- 
mum Cs treatment for hot electron emission (HEE). 
The application of 9 volts to the Si diode in the reverse 
direction greatly increases the photoemission and moves 
the long wavelength limit into the infrared. The thresh- 
old of response is moved from 1.4 to 1.05 ev. 

The spectral distribution obtained with the internal 
voltage applied is clearly the sum of the emission due 
to two separate sources. The first is the field induced 
photoemission. This completely dominates for photon 
energies less than about 1.8 ev. At higher energies, a 
component due to the normal (i.e., that with no internal 


* Work supported by the U. S. Signal Corps, Fort Monmouth, 
New Jersey. 

1J. A. Burton, Phys. Rev. 108, 1342 (1957); J. Tauc, Nature 
181, 38 (1958); J. Bok (private communication); L. Patrick and 
W. J. Choyke, Phys. Rev. Letters 2, 48 (1959). 

2 W. E. Spicer, Bull. Am. Phys. Soc. 5, 69 (1960). 

3 For convenience, we will use the term “hot electron emission” 
(abbreviated HEE) to describe emission both in the avalanche 
region and at lower voltages. 

4H. B. DeVore, RCA Rev. 13, 453 (1952); H. B. DeVore and 
J. W. Dewdney, Phys. Rev. 83, 805 (1951); W. E. Spicer, Phys. 
Rev. 113, 114 (1958). 


field applied) photoemissive effect is added. In compar- 
ing the two spectral response curves, it is obvious that 
the normal photoemissive effect dominates in the ultra- 
violet and that the field induced emission is practically 
constant for photon energies above 1.8 ev. 

Since field induced photoemission would only be ex- 
pected from the region of the junction, it should be very 
strongly dependent on the position of the light on the 
sample. By sweeping our light across the sample, this 
was found to be the case. However, the width of the 
light beam was still probably much larger than the 
region of the crystal from which the field induced photo- 
emission can be obtained. This, of course, results in a 
reduction of the measured photoemissive yield below 
the value which could be obtained if all the light were 
focused onto the emitting area. We do not know what 
the width of this area is, but it may be fairly small. 

One of our Si junctions was activated in an image 
tube. This allowed the emitted electrons to be focused 
onto a phosphorescent screen giving an image of the 
region from which emission originated. For both the 
HEE and the field induced photoemission, the emis- 
sion came from a narrow band in the vicinity of the 
junction. However, the band of emission was not con- 
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Fic. 1. The increase in the photoemission from cesium treated 
silicon caused by a potential applied in the reverse direction across 
the p-n junction. Inset shows a schematic diagram of the experi- 
mental tube. 
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Fic. 2. The calculated curve of photoelectric yield as a function 
of photon energy fitted to the experimental points. 


tinuous but made up of a number of spots indicating a 
patchy emitting surface. Because of limitations in the 
electron optical system, we could not be sure of the size 
of the spots. 

The field induced emission has been measured as a 
function of voltage between four and twelve volts. It 
increases by about a factor of 80 as the voltage is in- 
creased over this range. 

The following mechanism is proposed for the field in- 
duced photoemission. Light of energy greater than the 
band gap produced pairs in the silicon thus enhancing 
the number of minority carriers. In the p-type material 
these are electrons, some of which diffuse into the region 
of the p-n junction near the surface and are accelerated 
across the junction. In crossing the junction, some of 
them will receive enough energy to escape from the 
material and appear as external photoelectrons. 

If the above model is correct, the spectral distribution 
of this emission should be related to the spectral dis- 
tribution of the fundamental absorption of Si. If we 
assume a simplified geometry, it is possible to derive an 
expression for this relationship. Assume that a junction 
occurs at the emitting surface and that the probability 
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P(x) of a carrier created in the interior of the Si reaching 
this junction is governed by tie diffusion equation: 


P(x) =e-#!4, (1) 


where x is the distance from the surface and L is the 
diffusion length. The number of pairs produced at a 
depth x per unit time would be: 


dn/dt=a(hv)Iye~* *dx, (2) 


where a(hv) is the absorption coefficient of Si for a 
photon of energy hv and Jp is the intensity of the inci- 
dent light in units of photons/sec. Under steady state 
conditions, the number of electrons reaching the junc- 
tion will be given by the product of (1) and (2) inte- 
grated from zero to infinity. The field induced photo- 
emissive yield will be this quantity multiplied by a 
factor C, the emission efficiency. This is the probability 
of escape for an electron which reaches the junction. 
The expression for the photoelectric yield, Y, in elec- 
trons/photon is: 
a(hyv) 
Y=C—— : (3) 
a(hv)+1/L 


Figure 2 shows this expression fitted to the experi- 
mental data in the region where the field induced photo- 
emission is much larger than the emission due to the 
conventional photoemissive effect. The values of the 
absorption coefficients of Si were obtained from the data 
of Dash and Newman' and a diffusion length of 2 107% 
cm and an emission efficiency of 7X10-® electrons/ 
photon were assumed. The value of C would probably 
be considerably larger if the light were completely 
focused on the emitting area and if our boundary con- 
ditions had been more realistic. However, the important 
thing is the good agreement obtained between the ex- 
perimental data and the calculated curve. 

It is clear that this emission is quite closely related 
to hot electron emission in the voltage range below that 
at which avalanche breakdown takes place. In HEE 
one depends on thermally generated minority carriers 
in the p-type material for the emission; in this case, 
minority carriers are generated by the radiation falling 
on the sample. 
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Radiation Effects of Bombardment of Quartz and Vitreous Silica by 
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Bombardment of quartz or vitreous silica by positive ions produces a surface layer of altered refractive 
index whose depth and refractive index is found from reflection coefficient measurements at 650 my, 600 my, 
550 my, 500 my, and 450 my. The layer depths and the changes in refractive index versus integrated flux 
are given for H.*, D2*, He*, Ne*, A+, Kr*, and Xet* ions with energies from 7.5 kev to 59 kev. All bom- 
bardments give approximately equal changes in refractive index for a given energy input per unit volume 
of material as long as the ion energy is low enough so that energy loss by ionization is negligible. The changes 
produced by ion bombardment are attributed to direct lattice displacements and are shown to be consistent 
with the known changes produced in quartz and vitreous silica by fast neutron bombardment. Thermal 
spikes produced by knock-on atoms in quartz and vitreous silica are experimentally shown to be unimportant 


for knock-on energies near 45 kev. 


INTRODUCTION 


N the course of an investigation’ of the interesting 
observation by Koch? that 60-kev Krt ion bom- 

bardment markedly decreased the reflection coefficient 
of glass for visible light, it developed that optical 
measurements of ion-bombarded surfaces could give 
useful information about radiation effects attributed 
to atomic displacements. First, the ion mass and energy 
can be controlled to reproduce exactly, if desired, the 
flux of knocked-on atoms produced by fast neutron or 
other energetic particle irradiation. Second, optical 
wavelengths are of the same order as the ion penetration 
so both the change in property of the bombarded 
material and the penetration depth of the ions can be 
found. This approach gives no direct information about 
the nature of the defects produced, but it is effective 
in determining what parameters of the energetic atoms 
are important in producing the observed changes. 

Brooks*® has classified the major problems in the 
theory of radiation effects into three categories: (1) the 
mechanism of damage production, (2) the nature and 
mobility of the imperfections produced, and (3) the 
effect of imperfections on measureable properties of 
the solid. This paper deals with the first category and 
in particular with the importance of cooperative effects 
due to the dissipation of the incident ion energy in a 
very small volume in the solid. 

Quartz and vitreous silica were selected for the 
present study because their behavior under neutron 
irradiation has been extensively studied by Primak‘ 
and others.®* Part of the damage observed has been 
attributed by Primak to the local temperature spikes 
produced by the dissipation of the energy of the 
knocked on atoms in small volumes. In ion bombard- 
ment, both the penetration and the energy of the ion 


” Supported by the U. S. Atomic Energy Commission. 
1R. L. Hines, J. Soot Phys. 28, 587 (1957). 


2 J. Koch, Nature 164, 19 (1949). 

3H. Brooks, J. Appl. Phys. 30, 1118 (1959). 

4W. Primak, Phys. Rev. 110, 1240 (1958). 

5M. Wittels and F. A. Sherrill, Phys. Rev. 93, 1117 (1954). 
6 P. G. Klemens, Phil. Mag. 1, 938 (1956). 


are known so that the local temperature can be calcu 
lated. Alternatively, ions which liberate different 
amounts of energy in the same distance can be compared 
to show the effect of temperature spikes having different 
maximum temperatures but identical volumes. The 
present study sets an upper limit on the extent of 
temperature spikes produced in silica by energetic 
atoms in terms of experimentally measureable quanti- 
ties. Thus it differs from the usual treatment of thermal 
spikes based on theoretical estimates of displacement 
production. 


BEHAVIOR OF ENERGETIC ATOMS 


Complete discussions of atomic displacements in 
energetic ‘solids are given by Dienes and Vineyard,’ 
and Seitz and Koehler’, and the important results are 
restated here to clarify the relationship between ion 
bombardment and radiation effects in general. The 
initial interaction, as far as displacements are concerned, 
of a high-energy particle is to collide with and impart 
considerable energy to a lattice atom. If E and M, are 
the energy and mass of the incident particle, and M, 
is the mass of the lattice atom, the maximum energy, 
Tm, that can be transferred is 


Tm=4M\M2(M,+M)2)°E. (1) 


As an example, a 0.25-Mev neutron can impart a 
maximum energy of 45 kev to a knock-on atom in 
quartz. The weighted averages of the atomic weight 
(M2= 20) and the atomic number of the atoms in SiO, 
are used here instead of calculating individually the 
effect of silicon and oxygen atoms. 

The primary knock-on atom collides with and dis- 
places other lattice atoms and loses energy until it has 
too little energy to create new displacements. Energy 


7G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 

8 F, Seitz and J. S. Koehler, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2. 
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loss by ionization will be small as long as 
Em/M,<1I,./8, (2) 


where m is the electron mass and J, is the lowest 
electronic excitation energy of the target material 
which is given by the low-energy limit of the main 
optical absorption band. The energies of the final 
knock-on atoms will be less than the energy, Ea(~25 
ev), required to produce a new additional displacement. 
If (2) is satisfied by the primary knock-on atom, then 
the total number of displacements produced per incident 
particle, Vg, is 

Na=E/2Ea. (3) 


As the displaced atoms share energy with surrounding 
atoms, the region will have an energy in excess of 
thermal energy and thus a “temperature spike” is 
created whose initial volume, V, is the region over 
which the initial displacements are distributed and 
whose initial temperature rise, AT, is given by 


AT=E/(pcV), (4) 


where c is specific heat and p the density of the material. 
Subsequently, th: heat will be conducted away during 
a time dependent on the thermal diffusivity of the 
material. If any energy is lost by ionization, AT will 
be less than predicted by (4) because the ionized atoms 
dissipate their energy in electromagnetic radiation. 

In the above discussion, it should be recognized that 
the origin of the primary energetic atom has no effect 
on the subsequent events as long as its energy, mass, 
and atomic number are specified. The exact charge 
state of the energetic atoms should be of minor im- 
portance in cases where the energy loss by ionization 
is negligible. lon bombardments can be compared with 
neutron bombardments in a reactor if both are expressed 
in terms of the flux and energy of the primary knock-on 
atoms. However, reactor bombardments produce pri- 
mary knock-on atoms with a wide spectrum of energies 
and the knock-on flux depends on the knock-on range 
as well as the incident neutron flux. These factors make 
it preferable to compare the bombardments in terms 
of the amount of energy, &4, liberated per unit volume 
in displacement collisions. If (2) is satisfied, then 


Sa=4N f oF (En) T m(En)dEn, (5) 


where E, is the neutron energy, F(E,) is the energy 
distribution of the time-integrated neutron flux, o is 
the neutron scattering cross section, and M is the 
number of atoms per cubic centimeter. For ion bom- 
bardment, if the displacement production is uniform 
in the altered layer of depth, d, the energy liberated 
per unit volume in displacement collisions is 


&,=FE/d, (6) 


AND 
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where F is the integrated flux of ions and where it is 
again assumed that little of the ion energy is lost by 
ionization. 


REFLECTION COEFFICIENT 


The reflection coefficient of a surface can be analyzed 
to obtain information concerning the refractive index 
and depth of films on the surface. The numerous 
aspects of the theory are presented by Heavens’ and 
his notation is employed here. When light is reflected 
at normal incidence from the interface between two 
nonconducting media, the reflection coefficient is 


Ro=[(no— 1) ‘(no+m,) F, (7) 


where mo and m, are the refractive indices of the two 
media, air and quartz in this case. Ro is defined as the 
ratio of reflected intensity to incident intensity. If a 
thin film is present on the surface, light will be reflected 
from both the air-film interface and the film-substrate 
interface and interference effects will be present. For 
light of wavelength \ vertically incident on a layer of 
thickness d,, and refractive index m, which is on a 
substrate of index mo, the reflection coefficient is 


rye+2ryre cos26; +r?" 
R=— : (8 
1+ 2rire cos26,;+r?r2? 


where r1= (mo—1)/ (mo +1), r2= (m1 —N2)/ (n1+n2), and 
6,=2mm,d;/rX. The reflection coefficient is always less 
than Ro, the value with no surface layer, as long as 
ni<mz. When m= (nz)! and d;=A/4m, the reflective 
coefficient vanishes. Curve a in Fig. 1 is a typical 
curve of reflection coefficient versus the ratio of film 
depth to wavelength. 

If the refractive index of the film is not uniform as a 
function of depth, the reflection coefficient can be 
derived only in special cases. However, a nonuniform 
film can be approximated by dividing it into several 
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Fic. 1. Theoretical values of’ reflection coefficient ratio as a 
function of the depth to wavelength ratio for the three refractive 
index versus depth functions shown in Fig. 2. 


*0.S. Heavens, Optical Properties of Thin Solid Films (Butter 
worths Scientific Publications, Ltd., London, 1955). 





RADIATION EFFECTS OF 
thinner uniform films. Two cases of interest are 
represented by curves 6 and c of refractive index versus 
depth shown in Fig. 2. Exact formulas are unwieldy, 
but if the Fresnel coefficients, r, are small compared to 
unity, as is the case here, a good approximation is, 


R= | ryt ree 2814 rye2i(brt bo) |2, (9) 


where r3= (2—n3)/(m2+n3) and 62=2xned2/d. Curves 
b and ¢ in Fig. 1 show the reflection coefficients for the 
films having the refractive index variation shown in 
Fig. 2. 

APPARATUS 


The general layout of the bombarding system is 
shown in Fig. 3. The ions are created in a Phillips 
ionization gauge-type ion source’ and pass through a 
t-inch diameter exit canal into the main vacuum 
system. The appropriate gas is bied into the ion source 
by means of a needle valve and the ion source pressure 
is adjusted for optimum operation. The energy of the 
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Fic. 2. Three possible forms of the variations of refractive index 
versus depth for ion bombarded quartz. Curves 6 and ¢ coincide 
with a except where shown otherwise. 


emergent ions can be varied from about 1.5 kev to 11 
kev. Next the ions pass through a magnetic field created 
by an electromagnet with 3-inch diameter pole faces, 
and are bent through an angle of 20°. Collimating slits 
in the ion beam path are set so that the intensity of 
impurity ions differing in mass by +15% is reduced by 
a factor of two and those differing by +30% are 
reduced by a factor of thirty. A retractable faraday 
cup is used to measure the analyzed ion beam current 
and is controlled by a solenoid so that the time at 
which it is moved out of the path of the beam can be 
accurately determined. When the ion current is meas- 
ured a small correction, which is experimentally 
determined, is made for secondary electron emission. 

Next, the ions pass through the main accelerating 
gap whose potential difference is controllable from 0 to 
50 kv. The ion source voltage and the main accelerating 
voltage are adjusted so that ions of the desired energy 
are focused on the target plate in a spot about 0.5 mm 
in diameter. This spot is swept out into a rectangular 

1 C, F. Barnett, P. M. Stier, and G. E. Evans, Rev. Sci. Instr. 
24, 394 (1953). 
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DEFLECTOR PLATES 

Fic, 3. Schematic layout 
of ion bombardment appa- 
ratus. 








pattern of uniform current density by electrostatic 
deflection plates located between the magnet and the 
faraday cup. Sawtooth voltage wave forms with fre- 
quencies of about 200 and 2000 cycles per second are 
used. A gate valve permits the samples to be changed 
without disturbing the main vacuum system. A hot 
tungsten filament is used to neutralize the charge 
deposited on the bombarded quartz by the ion beam. 
The ion source and magnet are adjusted with the 
faraday cup intercepting the beam. Then the cup is 
moved out of the path of the beam to allow the beam 
to bombard the sample. The ion current is measured 
again at the end of the run and usually has not changed. 
On long runs the ion current is checked several times. 
Ion beam currents range from 0.03 to 3 microamps and 
bombardment times range from half a second to several 
hours. At total ion energies below 10 kev the obtainable 
ion current drops rapidly which, because of contaminant 
film formation, prevents experiments at low energies. 
All bombardments are carried out at room temperature. 
The pressure in the region containing the sample is 
about 2X10-> mm of Hg during bombardment. All 
meters are calibrated against % laboratory standards. 
The vitreous silica samples are pieces of clear fused 
quartz supplied by General Electric Company which 
are ground and polished on both sides using standard 
techniques. The crystalline quartz samples are cut from 
Brazilian rock crystal supplied by the Diamond Drill 
Carbon Company. All quartz samples were cut, ground, 
and polished so that the bombarded face was perpen- 
dicular to the optic axis as determined with polarized 
light. All samples were scrubbed with detergent, rinsed 
in distilled water and dried with a blast of clean 
compressed air before bombardment. The samples are 


about 3-inch in diameter and about } inch thick. 
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Fic. 4. Schematic layout 
of the vertical illumination 
microscope and other appa- 
ratus used to measure re- 
flection coefficient ratios. 








Since the area of the bombarded region is small, it is 
convenient to use the optical system of a vertical 
illumination microscope as shown in Fig. 4 to measure 
the reflection coefficient of the bombarded surfaces. A 
battery-powered tungsten filament lamp and a set of 
monochromatic filters (450 my, 500 my, 550 my, 600 my, 
and 650 my with half-widths of 18 my) are used for the 
light source. The incoming light is reflected from the 
half-silvered mirror in the microscope body, passes 
through the objective lens (0.40 N. A., 20X, 215 mm 
T. L.), is reflected from the surface to be measured, 
passes back through the objective lens, through the 
half-silvered mirror, and strikes a barrier layer photo- 
electric cell placed over the eyepiece tube. The photo- 
electric cell current is measured with a low impedance 
chopper-type dc amplifier. The light level and the 
amplifier impedance are low enough to assure a linear 
relation between light intensity and amplifier reading. 
The area illuminated on the sample could be varied 
with the microscope field adjustment from 0.07-cm 
diameter to 0.02-cm diameter. This method measures 
the reflection coefficient averaged over angles of 
incidence of +24° from normal incidence. 


EXPERIMENTAL TECHNIQUE 


Reflection Coefficient Measurement 


Two sources of background illumination are present 
with the above measuring system. First, some of the 
light is reflected from the bottom surfaces of the bom- 
barded sample, reenters the microscope, and strikes 
the photoelectric cell. By mounting the }-inch thick 
sample on a }-inch thick glass slide with immersion 
oil, much of the background is eliminated. The }-inch 
separation between the top and bottom surfaces is 
large enough compared to the }-inch working distance 
of the objective so that the amount of light which 
re-enters the microscope and strikes the photoelectric 
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cell can be neglected. Second, some light is reflected 
from the lenses in the objective. The amount of back- 
ground light is given by the amplifier reading when 
nothing is under the objective (Jpackground). Usually the 
background reading is less than 20% of the total 
reading over a quartz surface. The desired information 
is the ratio of reflection coefficients of bombarded (R) 
and nonbombarded (Ro) surfaces. After the sample is 
in position, the microscope is focused on the bombarded 
surface using an eyepiece. Then the eyepiece is removed 
and the photoelectric cell placed over the eyepiece tube. 
The Sombarded area covers only a small portion of the 
sample and is easily located by moving the sample with 
the calibrated mechanical stage and watching the 
variation in reflection coefficient as indicated by the 
amplifier reading. The stage coordinates of the center 
of the bombarded area and a nonbombarded area are 
recorded and the sample is shifted between the two 
positions and the amplifier reading recorded at each 
position. Then the sample is moved completely out of 
position and the background recorded. The light source 
and amplifier are stable over the time (2 min) required 
for the measurements. The reflection coefficient ratio 
is calculated from the equation 


J ws cy 
R Ro= (Tpombarded . T background ) 


(Tn: nbombarded — I nd)- ( 10) 


backgrou 


The entire measurement is done twice at each wave- 
length for each sample and the average of the two 
measurements is used in subsequent calculations. If the 
two measurements differ by more than 1% they are 
repeated to find the error. The final average is repro- 
ducible with an accuracy of 0.5% 


Integrated Flux Measurement 


In order to plot the radiation effects as functions of 
integrated flux density in ions/cm’, the flux density of 
the ion beam must be measured. This is done by 
determining the area of the bombarded spot since the 
ion beam current is known. Ideally, the ion beam 
should have a uniform current density which drops 
abruptly to zero at the edge of the beam. Then, if the 
reflection coefficient is measured as a function of position 
over the surface using a calibrated mechanical stage, 
there would be a uniform change over the bombarded 
area. The area could be found from the stage coordinates 
at which the reflection coefficient changed. Actually, 
the ion beam has uniform current density over a central 
area and then falls slowly to zero at the beam edge. 
The area can be measured if the reflection coefficient 
ratio is known as a function of the relative integrated 
flux density. Such a curve (see Fig. 5) is obtained by 
bombarding several samples with the same voltage and 
current settings on the bombarding apparatus but for 
different lengths of time. Since operating conditions are 
the same, the flux density profile for the ion beam will 
be the same in all the samples in a given series and can 
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Fic. 5. The experimental points represent the combined effect 
of the radiation damage caused by the ions plus the effect of the 
contaminant film formed on the quartz surface. A theoretical 
curve for the reflection coefficient ratio of a saturation bombarded 
quartz sample with a contaminant film whose thickness is a linear 
function of the integrated flux is fitted to the experimental 
points at high fluxes (dashed curve). Extrapolation of this curve 
to zero flux gives the saturation value of R/Rpo due to the radiation 
damage alone, and the difference between the dashed curve and 
the saturation value of R/Ro gives the correction for contaminant 
film presence. The crosses show the experimental! points corrected 
for contaminant film presence and the solid curve gives the effect 
of the radiation damage alone. 


be found by the procedure given below. Essentially, 
the method utilizes the differences in R/Ro at various 
points on a sample to obtain the flux density relative 
to that at the center. 

For a given series of bombardments which differ only 
in the length of bombardment time, /, the flux density 
in ions/(cm?* sec), j(x,y), is constant but depends on 
the coordinates « and y measured from the center of 
the beam. Consequently, the reflection coefficient ratio 
also depends on x and y as well as ¢. By measuring 
R/ Ro at all points on the bombarded area, a quantity 
t'(x,y) can be determined experimentally by the relation 


(R/Ro)(t,x,y) = (R/Ro)(1’,0,0). (11) 


Thus ¢’(x,y) is the time required at a flux density 
j(0,0) to produce a value of R/ Ro equal to the value of 
R/Ro observed at the point (x,y), the flux density 
j(x,y), and the bombardment time ¢. The point (0,0) 
refers to the center of the ion beam. The right-hand 
side of (11) is the experimental curve of reflection 
coefficient ratio versus bombardment time at the center 
of the ion beam. Such a curve is identical to that 
shown in Fig. 5 except that in Fig. 5 the abscissa has 
been converted from time to integrated flux density. 

If the changes in reflection coefficient ratio depend 
only on integrated ion flux density (ions/cm?), then 


tj(x,y)=t'7 (0,0) (12) 
The total ion current, 7, striking the sample is known 
and by definition is 


ime f j(xy)dxdy 


(13) 
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where e is the charge per ion. Eliminating 7(x,y) 
between (12) and (13) one obtains 


j(0,0) = ile fe ry dy 


where the integral is evaluated numerically from the 
experimental data. The measurement of R/Ro at all 
points on the bombarded area is carried out only for 
one sample in each series. Once j(0,0) is known, the 
integrated flux densities of the various bombardments 
are found by multiplying by the bombardment times. 
Best results are obtained by measuring samples which 
have been bombarded to give R/Ro, at the center, 
about 75% of the saturation value. The accuracy of 
the flux density measurement is estimated to be 
between 5% and 20% depending on the accuracy of 
the R/Ro versus ¢ curves and the magnitudes of the 
areas of the bombarded regions. The area of the 
bombarded region is defined as the total number of 
ions striking the sample divided by the integrated 
flux density at the center of the bombarded area. The 
areas range from 0.01 cm? to 0.1 cm’. 


(14) 


Contaminant Film Correction 


Bombardment of surfaces in a vacuum system by 
energetic particles usually produces a brownish-black 
coating on the surface." This is due to the thin film of 
hydrocarbon molecules present on all surfaces in a 
vacuum system caused by exposed gaskets, wax, and 
diffusion pump oil. When an energetic particle strikes 
the film, some of the molecules polymerize to form 
nonvolatile substances. Since the original film of hydro- 
carbon molecules is continually being replaced by 
deposition from the vapor phase, the contaminant film 
continues to build up as long as the energetic particle 
bombardment continues. In the present case of ion 
bombardment, the contaminant film has a_bluish- 
silvery appearance when viewed by reflected light, and 
a brownish appearance when viewed by transmitted 
light. Quantitatively, the contaminant film produces 
an increase in reflection coefficient which is super- 
imposed on the change due to the radiation effect as 
shown in Fig. 5. The thickness of the film can be 
estimated by masking part of the bombarded area to 
prevent film buildup and then measuring the shift of 
interference fringes between the bombarded surface 
and a reference flat at the boundary between the 
masked and unmasked areas.’ For a bombardment for 
which the effect of the contaminant film, R., is R. 
=1.2Ro, the thickness of the film is found to be 0.009 
+0.002 micron. This indicates a refractive index of 
about 3.0 if absorption is neglected. The absorption 
coefficient k per vacuum wavelength is found by 
measuring the decrease in transmission coefficient due 
to the contaminant film. For a typical sample with 


1 A. E. Ennos, Brit. J. Appl. Phys. 4, 101 (1953). 
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0.5Ro, it is found that 


kd.=0.0019\-1 4, (15) 


where d, is the contaminant film thickness, A the wave- 
length in microns, and the constant probably depends 
upon the conditions during film formation. 

The films are very tenatious and attempts to remove 
them by polishing with rouge altered the bombarded 
quartz film before removal of the contaminant film 
was complete. Attempts to remove the contaminant 
film chemically were unsucces-:ul. The rate of formation 
of the the current 
density increases, decreases as the ion mass or energy 
is increased, and decreases as the partial pressure of 
hydrocarbons in the system is decreased. The contami- 
nant film is a severe problem in low-energy bombard- 
ments by H2*, Dot, and He* ions but is negligible in 
Kr+ and Xe+ bombardments at the current densities 
used here. In the latter case, the hydrocarbon atoms are 
probably sputtered off faster than they can be replen- 
ished so that the surface concentration is low. 

The effect of the contaminant film on the reflection 
coefficient can be calculated from its refractive index, 
n,, absorption, k;, and thickness, d;. The bombarded 
quartz has a refractive index m2.=1.48 and thickness 
dz, and the substrate quartz has refractive index m3 

= 1.547. The reflection coefficient of this arrangement 
can be calculated in tractable form using (9). Since the 
contaminate film thickness is small compared to A the 
expression can be expanded in terms of (md,/A)<1. 
In addition, it is assumed that (&;/n;)<1. The final 
result can be identified as the individual contributions 
of the bombarded layer and the contaminate film, i.e., 


R= Robo: bardment +R, mtaminanty (16) 


contaminant film decreases as 


where 


ky raXo+Prsre 
R. -( ) sin 26» 1X 110) 
my riXo 
. 
t ( ) 4Xor6,)?, (17) 
1X 077; 


X o= (Mo— Nz)/ (not ng). 


and 


The quantities in large parentheses are almost inde- 
pendent of m, between m,= 2 and ny, so their approxi- 
mate values are found using 7, The thickness, 
d,, of the contaminant film in a given series of bom- 
bardments such as are shown in Fig. 5 should be 
proportional to the number of ions/cm?, F, striking 
the sample. Then (17) can be written as 


> 
3 
Ds 


R.=(kiny'—0.12 sin28, ](aP’/A)+4.23(aF/d)*, (18) 


where a= 87rX orinid,/F. 
The actual correction for a given series is obtained 
from the curves of R/Rp» versus F for each of the 5 
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Fic. 6. Experimental values of reflection coefficient ratios versus 
reciprocal wavelengths for 15-kev He* ions and 38-kev Net ions 
with the correction for the presence of the contaminant film 
included. 


measured wavelengths. Using overlying graphs, the 
experimental points for large fluxes are fitted with trial 
curves until the values for a and k;/, are found which 
give the best fit to the experimental points. These 
values of a and &;/n, are then used to calculate the 
corrections at small values of integrated fluxes. The 
accuracy depends upon the accuracy of the R/Ro 
versus F curves and the validity of the approximations 
made in the derivation. The total error is estimated to 
be +10% of the value of the correction. 


RESULTS 


Figures 6(a) and 6(b) give the reflection coefficient 
as a function of reciprocal wavelength for two different 
bombarding conditions. Most of the results are for 
quartz because the changes are larger and easier to 
measure than those for vitreous silica. Each figure 
represents a series of bombardments of different time 
durations which give the different integrated fluxes as 
indicated. About ten bombardments were made in each 
series but it is not possible to show clearly all the 
information in a single figure. Most of the results can 
be fitted with curves of the type shown in Fig. 1(a) 
which then give values for the depth and refractive 
index of the bombarded layers. Figure 7 shows a typical 
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Fic. 7. The dots are the original experimental points for a 
typical sample, the crosses are the values after subtracting the 
effect of the contaminant film, and the curve gives the theoretical 
values for a uniform layer with the parameters shown 
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case with a curve fitted to the experimental values 
corrected for contaminant film presence. It is recognized 
that the layer may be nonuniform and that (8) would 
not adequately predict the change in reflection coeffi- 
cient. However, if the light wavelength is on the order 
of, or greater than, the layer thickness, the above 
approach may be interpreted to give an average 
refractive index and an effective depth for the layer. 
For saturation bombardments the value of An/n should 
depend only on the properties of the bombarded solid 
and should be uniform as long as the depth is much 
larger than the distance over which the nonbombarded 
substrate can exert an ordering influence. Figures 8 
and 9 give values of An/n and d, respectively, as a 
function of integrated flux of 38-kev Ne* ions. Figure 
10 gives values of An/n versus integrated flux for 
7.5-kev He* ions on vitreous silica. 

All of the bombardments, except Xet+ and Krt, give 
similar saturation type curves of An/n and d versus 
integrated flux although the saturation value of An/n 
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Fic. 8. The decrease in ordinary refractive index (A=550 my) 
of quartz as a function of integrated flux of 38-kev Ne* ions. 
The experimental values are obtained bv fitting theoretical curves 
to the reflection coefficient ratio data shown in Fig. 6(b). 


appears to depend somewhat on the penetration depth. 
The information can be presented adequately in terms 
of Fs0% which is defined as the integrated flux which 
produces 50% of the saturation change in An/n. The 
layer depth, d, is taken to be the value obtained at 
saturation fluxes. From previous work,! the layer depth 
is believed to correspond to the range of the incident 
ion in most cases. However, the comparison of these 
experimental ranges with other experimental values and 
with theoretical estimates is outside the scope of this 
paper. All of the information obtained under different 
bombardment conditions is summarized in Table I in 
terms of the quantities defined above. 

There are a number of effects of possible importance 
in the analysis of the results of ion bombardment of 
quartz but when they are considered quantitatively 
they turn out to be of minor importance as is shown 
below. One obvious effect of the ion beam will be to 
sputter atoms off of the quartz surface. The sputtering 
should be very similar to the sputtering of glass where 
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Fic. 9. Effective depth of the altered layer produced by bom 
bardment of quartz with 38-kev Ne* ions as a function of inte- 
grated flux. The experimental points are obtained by fitting 
theoretical curves, assuming the bombarded layer has uniform 
optical properties, to the data shown in Fig. 6(b). 


it is known that on the average a 32-kev At ion sputters 
away 1.2 atoms from quartz.' Thus for a typical value 
for F's59% of 1.2 10" ions/cm? only 1.44 10" atoms/cm? 
will be sputtered away which is a layer only 0.18 10-° 
cm thick. 

The possibility that the observed decrease in reflec- 
tion coefficient is not due to interference effects can be 
checked by measuring the increase in transmission 
coefficient of the bombarded surface. The absolute 
value of the two changes should be equal if no contami- 
nant film is present. For a quartz sample bombarded 
by 47-kev At ions the reflection coefficient (A= 650 my) 
decreased in absolute value by 0.0115+-0.0001 and the 
transmission coefficient (A=650 my) increased in abso- 
lute value by 0.009+-0.003." The transmission coeffi- 
cient increase is a small change in a large number and 
would be difficult to measure with greater accuracy. 

The changes in refractive index produced by ion 
bombardment are stable at room temperatures. Samples 
which have been remeasured after a period of six 
months have shown no significant changes in reflection 
coefficient. To investigate the stability in greater detail, 
samples of bombarded quartz and vitreous silica are 
annealed for periods of thirty minutes at successive 
temperatures of 100°C, 200°C, 300°C, 400°C, 500°C, 
600°C, and 700°C and remeasured after each anneal. 
No significant changes occur until the 600°C anneal 
which the refractive indices of both the 
bombarded quartz and vitreous silica to values close 
to that for nonbombarded vitreous silica.” 


decreases 
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10. The increase in refractive index of vitreous silica as a 
function of integrated flux of 7.5-kev He* ions. 


2R. L. Hines, Bull. Am. Phys. Soc. 2, 18 (1957). 
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TABLE I. Summary of experimental information on ion bombardment of quartz and vitreous silica. F'50% is defined as the integrated 
flux which produces 50°% of the saturation change in refractive index. The refractive index change and layer depth are found by fitting 
theoretical curves to the experimental values of the reflection coefficient of the bombarded surface at different wavelengths. The errors 
given represent the accuracy with which the theoretical curves can be fitted to the experimental values of reflection coefficient. 


Ton Energy 
energy parameter 


E (kev Em/M, (ev) 


Effective 
layer depth 
(microns) 


Average 
An/n at 
saturation 


Integrated Energy dissipation 
flux F50% Fs0%E/d 
(ions/cm*) (ev/cc) 
Quartz (J,/8=0.8 ev) 
0.171+0.009 
0.235+0.012 
0.338+0.017 
0.219+0.011 
0.290+0.015 
0.400+0.020 
0.091+0.005 
0.191+0.010 
0.272+0.014 
0.074+0.004 
0.085+0.004 


H.* 14.6 3.97 
H.* 19.9 5.41 
H,* 32.6 8.88 
D.* 12.8 1.74 —0.046+0.005 
D,.* 18.8 2.55 —0.048+0.002 
4.02 —0.041+0.002 

s 1.03 —0.042+0.002 

He* 5. 2.06 —0.042+0.002 
He* ce 3.22 —0.048+0.002 
Ne* 38.. 1.04 —0.043+0.002 
Ne* 43. 1.20 —().043+0.002 
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Vitreous silica (7,/8=0.8 ev) 
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Microscopic heating of the bombarded surface due 
to the energy input of the ion beam is known to be 
negligible under the present bombardment conditions.! 
The total energy input is low (50 milliwatts or less) 
and the energy is spread over a large enough area so 
that the temperature rise is always less than a few 
degrees centigrade. 

The last side effect considered here is the importance 
of the bombarding atoms which are probably retained 
in the quartz as impurity atoms. This does not appear 
significant because the concentration reached in these 
bombardments is small. For 40-kev Net ions, a bom- 
bardment of F50% gives an atomic concentration of 
0.04%, if the atoms are spread uniformly throughout 
the bombarded layer. 


DISCUSSION 


The light ion bombardments H,*+, D.+, and Het 
produce quite similar effects. The molecular ions will 
be disassociated, as they enter the solid, by collisions 
and the energy will be shared equally between the two 
incident atoms. Thus the penetration of an 8-kevy D* 
ion should be the same as that found for a 16-kev Det 
ion. The reflection coefficient measurements show 
definite evidence of nonuniformity in the film because 
of the large penetration depth of the ions. At low 
integrated fluxes the maximum reflection coefficient is 
well above unity and generally resembles Fig. 1(c) 
which is due to a layer of low refractive index below 
the surface. This agrees with the picture that as the 


ions penetrate, they lose energy and at lower energies 
(dE/dx) displacements Probably increases. Thus the rate 
of damage is higher beneath the surface and a subsurface 
layer of low refractive index would be formed before 
the surface layer is appreciably altered. At large fiuxes 
the curves resemble Fig. 1(b). Saturation damage has 
been produced at all depths except the extreme limit 
of ion penetration. There the damage is less because 
relatively few ions have penetrated so that the refractive 
index versus depth is similar to Fig. 2(b). The average 
refractive index is found by assuming that (8) will be 
valid near a minimum in the reflection curve. The 
uncertainty in the analysis of the nonuniform layers 
causes most of the large errors quoted for F'50%. 

The medium weight ions Ne+ and At have much 
smaller penetrations and consequently show no evidence 
of nonuniform layers. The Ne*+ bombardments in 
particular should closely duplicate the knock-on atoms 
formed in quartz because the atomic number and mass 
of Ne is the weighted average of those for Si and O. 

Bombardments by the heavy ions Kr+ and Xe* are 
difficult to interpret because the absolute change in 
reflection coefficient is smaller than for the other ions 
and consequently the accuracy of determination of d 
and An/n is less than for the other ion bombardments. 
Also, there is evidence that the damage continues to 
change slowly after a rapid initial change (Fig. 11). 
The layer depth continues to increase (Fig. 12) after 
the change in refractive index has saturated (Fig. 13). 
A possible interpretation is that the knock-on atoms 





RADIATION EFFECTS OF 
produced by the Xe*+ and Kr* ions would have a 
greater penetration than the Xet and Kr* ions them- 
selves. From (1) it is seen that the maximum energy of 
a knock-on atom produced in quartz by a 59-kev Krt 
ion is 37 kev. But referring to the data for penetration 
of Ne* ions in quartz, such a knock-on atom would 
have a penetration in excess of the depth of the layer 
produced by low flux Kr*+ bombardments. Thus the 
initial rapid rise may be attributed to the penetration 
of the Xe* ions and the subsequent slower rise attrib- 
uted to the penetration of the high-energy knock-on 
atoms produced by the Xe* ions. Experiments at high 
energies would clarify this concept because the layers 
would be thicker and greater accuracy could be obtained 
for the refractive index and depth. 

In comparing these results with previous results 
reported for ion bombardment of glass, it is evident 
that a different mechanism must be involved because 
F’59% for 33.5-kev At ions on glass is 1.5 10!® ions/cm? 
but for quartz F50% for 38.4-kev At ions is 1.210" 
ions/cm*. Furthermore, glass is a disordered structure 
and should resemble fused quartz in its behavior. 
However, bombardment of fused quartz increases the 
refractive index whereas bombardment of glass de- 
creases the refractive index. Consequently, it now 
appears that the changes observed in glass must be 
related to the constituents other than SiOz which are 
present in glass. In particular sodium ions are present 
and are known to diffuse through glass. The bombard- 
ment probably greatly increases the diffusion rate and 
sputters the sodium atoms off the surface! so that in 
effect it etches out the sodium and leaves a layer of 
vitreous silica. 


The changes in refractive index produced by ion 
bombardment agree in most respects with those ob- 


served by Primak* for neutron bombarded quartz. 
For 50% of the saturation change in refractive index, 
Primak finds that an integratcd neutron flux /F,dE 
of 8.4X 10" n/cm? is required where the flux responsible 
for the damage has an energy spectrum proportional to 
1/E from 0.01 to 1 Mev. From (5), this gives a value 
of &=4.0X10 ev/cc which produces 50% of the 
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Fic. 11. Reflection coefficient ratios (A=550 my) versus integrated 
flux for quartz bombarded by 59-kev Kr* ions. 


L,. Holland, Brit, J. Appl. Phys. 9, 410 (1958), 
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Fic. 12. Effective depth of the layer produced when quartz is 
bombarded by 59-kev Kr* ions. The increase in depth for fluxes 
larger than that required for saturation (see Fig. 13) is attributed 
to the penetration of the high-energy knock-ons produced by the 
Kr* ions. 


saturation change in refractive index. The primary 
knock-on flux (M,,= 20, N,.= 10) will have all energies 
up to 180 kev but with the above energy distribution, 
the average knock-on energy, weighted according to 
the amount of damage a particular knock-on will 
produce, is 45 kev. By comparison, a 45-kev neon 
bombardment (M=20, VN =10) gives from (6) a value 
of &=11X 10" ev/cc for the flux which produces 50% 
of the saturation change in refractive index. This is 
considered reasonable agreement in view of the difficulty 
of measuring the neutron flux responsible for the 
observed changes in quartz. 

The shape of the curves of refractive index versus 
flux is the same for both neutron irradiation and ion 
bombardment. However, the absolute change in refrac- 
tive index of ion bombarded quartz (An=0.067+0.002) 
is significantly less than that observed for neutron 
irradiated quartz (An=0.077). This may be due to the 
ordering effect of the undamaged quartz substrate 
present in ion bombardment. As can be seen from 
Table I; the saturation change in An/n decreases for 
small bombarded layer depths. Also, when the bom- 
barded quartz is annealed, the refractive index de- 
creased to the value for nonbombarded vitreous silica. 
Evidently annealing reduces the ordering effect of the 
nonbombarded substrate and permits all of the bom- 
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Fic. 13. Decrease in ordinary refractive index of quartz bom 
barded by 59-kev Kr* ions. The experimental points are obtained 
by fitting theoretical curves to the data shown in Fig. 11 
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barded quartz to achieve the saturation disordered 
state. 

The importance of the local heating produced by the 
individual ions can be assessed in two ways. First, the 
local temperature after all displacements have occured 
can be estimated if the displacements are assumed to be 
distributed uniformly within a sphere whose diameter 
is equal to the depth of the damaged layer. From (3) 
it is calculated that about 900 displacements are 
created by a 45-kev Ne atom. These are spread out in 
a cascade pattern with considerable scattering starting 
at the entry point, so a spherical approximation for the 
energy distribution is probably good. From (4) and the 
experimental layer depth of 8.5X10-* cm, the local 
temperature rise is estimated ‘to be 8.4°C for the 
temperature spike produced by a 45-kev Net ion. This 
temperature is far too low to produce any of the 
observed changes since phase transitions in quartz 
require temperatures of 1000°C or more. Thus Net, 
or silica knock-on atoms, in silica in the energy range 
of 45 kev and probably higher as well, spread their 
energy over large volumes and hence cannot produce 
significant temperature changes. Although the temper- 
ature rise at lower energies is not directly known, it 
can be estimated from the available information. It is 
seen that the data presented here for Net ions agree 
with the linear relation between ion penetration and 
energy predicted by Nielsen." Assuming such a linear 
relation, if the measured altered layer depths are 
extrapolated to lower Net ion energies, the temperature 
rise will increase inversely as the square of the ion 
energy. In particular, a 3.4-kev Ne* ion, or silica 
knock-on, would increase the local temperature to the 
melting. point of quartz (~1500°C) over a spherical 
region containing 110* atoms. From the criterion (2) 
it is seen that 45-kev Ne? ions, or silica knock-ons, may 
lose part of their energy by ionization. This will make 
the actual temperature rise lower than that calculated 
from (4). Likewise, the temperature rise extrapolated 
to lower ion energies may be less than that given if 
some energy is lost by ionization. However, it must be 
remembered that the criterion (2) is an order of magni- 
tude estimate and that the energy loss by ionization 
may still be small for the Ne* energies given here. 
Since the energy per unit volume (/'50%£/R in Table I) 
of Ne* ions required to produce 50% of the damage is 
only 20% more than that required of A+, Kr*+, and Xe* 
ions, which do satisfy the criterion (2), it appears that 
most of the energy of 38-kev to 52-kev Ne? ions is 
dissipated in displacement production. In view of the 
lack of quantitative verification of the criterion (2), 
the results presented here are best regarded as an 
upper limit for the temperature rise produced by a 
given Ne* ion or silica knock-on. Or, alternatively, 
local temperatures on the order of the melting point of 


“R.A. Dugdale, Report of the Bristol Conference on Defects in 
Crystalline Solids (The Physical Society, London, 1955). 
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quartz (~1500°C) will be created by Ne* ions, or 
silica knock-ons, only for energies below 3.4 kev and 
will involve the heavier masses. In view of the low 
local temperatures produced, the decrease in F50%E/d 
is probably due to changes in the amount of energy 
lost by ionization for the different masses. 

The above observations suggest that the changes in 
refractive index of bombarded quartz must be due to 
the independent contributions of knock-ons. Since the 
effect of temperature spikes is doubtful, the changes 
are thought to be due to displacements alone with 
little or no contributions from temperature spikes. 
From (3) and the experimentally known layer depth, 
it is calculated that the probability that a given atom 
has been displaced after an integrated flux of F50% is 
30%. The saturation concentration of interstitials and 
vacancies is certainly much smaller than 30% so most 
of the primary defects will have annealed out. Because 
of the local strain created by interstitials and vacancies 
and the nature of the SiO. molecular bonds, the lattice 
at the site of an interstitial or vacancy probably does 
not return to its initial configuration when the defect 
is annealed if the interstitial and vacancy concentration 
is large. Thus a disordered structure gradually builds 
up and saturation would be expected for fluxes which 
give on the order of 100% probability for displacement 
of a given atom. 

For vitreous silica, a different mechanism must be 
present because for F'50% the displacement probability 
of a given atom is only 7% (7.5-kev He* bombardment) 
and the final state is known to be denser than the 
initial state. The bombardment may enable the vitreous 
silica to reach a more ordered and consequently more 
dense state than is otherwise possible. In the formation 
of vitreous silica, as it is cooled from the melt, the rate 
of ordering will become negligible at temperatures well 
above room temperature. Thus the order present at 
room temperature is usually that which would be 
present in thermodynamic equilibrium at much higher 
temperatures. The bombardment may increase the 
ordering rate and permit the vitreous silica to achieve 
a greater degree of order. This effect is well known in 
studies of the ordering of AuCu; by electron irradiation." 


CONCLUSIONS 


The changes in reflection coefficient for visible light 
which are observed when quartz and vitreous silica 
are bombarded by ions of mass numbers from 1 to 131 
and energies from 7.5 kev to 60 kev are due to formation 
of surface layers of altered refractive index. The layer 
depth depends on the energy and mass of the bombard- 
ing ions. The changes in refractive index are attributed 
to the atomic displacements created by the incident 
ions and are in agreement with the changes observed 
in fast neutron irradiated quartz and vitreous silica. 
Ions of all the masses and energies employed produce 


equal amounts of damage in terms of energy expended 
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per unit volume of bombarded material as long as the 
energy parameter of the incident ions is low enough so 
that energy loss by displacement production predomi- 
nates. From calculations of the local temperatures 
produced by the ions and comparison between ions 
having different energies but similar penetrations, it 
appears that the effect of temperature spikes is unim- 
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portant for knock-on atoms in silica with energies 
near 45 kev. 
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Fundamental Lattice Dispersion Frequencies of NaCl and KCl at 82°K 
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The infrared dispersion frequencies of NaCl and KCl at 82°K were measured by infrared absorption of 
thin films and were found to be 1704-2 cm™ and 149+2 cm“, respectively. These values can be compared 
with those predicted by formulas of Szigeti, Odelevski, Lundqvist, and others relating the dispersion 
frequency to the elastic and dielectric constants. Good agreement seems to be obtained using the Szigeti 
formula or a combination of the Lundqvist and Odelevski formulas at low temperatures where anharmonic 


effects are small. 


I. INTRODUCTION 


N this note experimental values of the fundamental 

infrared dispersion frequencies of NaCl and KCl 
at 82°K are reported. Measurements at these low 
temperatures enable anharmonic effects to be accounted 
for in a more satisfactory manner. This is important 
when comparing observed frequencies and those cal- 
culated using a formula derived independently by 
Szigeti! and Odelevski? which expresses the infrared 
dispersion frequency in terms of the elastic and di- 
electric constants. When room-temperature values of 
these constants are inserted, some deviations are 
found to occur. These may be attributed partly to 
anharmonic effects and partly to the simple model 
used in the derivation of the formula. By comparing 
observed frequencies at low temperatures with calcu- 
lated frequencies using low-temperature dielectric and 
elastic constants, the nature of the deviations may be 
clarified. Attempts to explain part of the deviations in 
terms of a more complicated model of dielectric 
polarization have been made recently by Dick and 
Overhauser*® and by Hanlon and Lawson‘ in connection 
with the related problem of the effective charge. A 
treatment assuming a more complicated potential 
involving three-body as well as two-body interactions 


1B. Szigeti, Proc. Roy. Soc. (London) A204, 51 (1950). See 
also M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1954), p. 111, for further 
discussion. 

2 V. I. Odelevski, Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 14, 232 
(1950). 

3B. G. Dick, Jr., and A. W. Overhauser, Phys. Rev. 112, 90 
(1958). 

‘J. E. Hanlon and A. W. Lawson, Phys. Rev. 113, 472 (1959). 


has been discussed by Lundqvist.® The frequencies 
calculated using these various proposed formulas will 
be given after the experimental data is presented. 


Il. EXPERIMENTAL 


These studies were carried out using a Perkin-Elmer 
Model 12 monochromator modified for grating operation 
as suggested by Lord and McCubbin.® A grating ruled 
at the University of Michigan with 320 lines per inch 
was employed. The resolution was about 3 cm™. The 
entire optical system was enclosed in a plastic film 
housing in which air was recirculated through a molecu- 
lar sieve desiccant in order to reduce the intense water- 
vapor absorption. 

The dispersion frequency was determined by meas- 
uring the frequency of maximum absorption of films 
of NaCl and KCl less than one micron thick which 
were vacuum evaporated onto quartz plates 0.58 mm 
thick. These quartz plates were cemented with General 
Electric 7031 varnish to the sample holder of a metal 
transmission Dewar having polythene windows. The 
sample holder was surrounded with a radiation shield. 
The temperature was measured in a separate experi- 
ment using a copper-constantan thermocouple soldered 
to a sheet of copper which was cemented to a piece of 
quartz in the sample position. The temperature 
measured in this manner was 82°K. 

The data is shown in Table I along with Barnes and 


5S. O. Lundqvist, Arkiv Fysik 9, 435 (1955); Arkiv Fysik 12, 
263 (1957). 

®*R. C. Lord and T. K. McCubbin, Jr., J. Opt. Soc. Am. 47, 
689 (1957). 
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fasie 1. Comparison of calculated and observed frequencies 


Frequency incm™! 


»/Iac 
lemperature \w/ nc) 


K NaCl KCl 


room 164 141 
room 164 142 
170 149 
174%" 145° 
176>¢ 1474e 
160° 140: 


Barnes and Czerny* 
present results 
present results 
Szigeti formula (1 


Observed 
Observed 
Observed 
Calculated 


r-FRS 
NINN Ne 


Calculated: Odelevski 
formula (2 
‘alculated: Lundqvist 186 149" 
formula (4 
‘alculated: Lundqvist-Dick 2 185° 148: 
Overhauser formula (5 
alculated : Lundqvist-Hanlon 
Lawson formula (5 
‘alculated: Lundqvist 
Odelevs':i formula (6 


* See reference / 

Elastic cot ts « m W. C. Overton, Jr., and R. T 
Phys. Rev. 84, 758 (1951). Index of refraction (* =¢,) at one micron from 
the American Institute of Physics Handbook (McGraw-Hill Book Company, 
New York, 1957), Chap. 6, p. 23. The temperature coefficient of the index 
of refraction and the lattice constant were sufficiently small and could be 
neglected. Temperature coefficient of dielectric constant from E. Bretscher, 
I'rans, Faraday Soc. 30, 684 (1934 

Dielectric constants from S. Hauss 

1 Elastic constants of KC! from M. H. Norwood and C. V. Briscoe, 
Phys. Rev. 112, 45 (1958). Index of refractio om the American Institute 
f Physics Handbook, reference b e coefficient of dielectric 
constant from A. Eucken and A. B ik 27, 321 (1934) 


dielectric constants from A. Eu *r, reference d 


owim, 


ihl, Z. Naturforsch. 12a, 445 (1957) 


Czerny’s measurements.’ The frequencies calculated 
using the various proposed formulas are shown in the 
remaining rows of Table I. These will be discussed in 
the following section. 


Ill. DISCUSSION 


A connection between the dispersion frequency and 
the compressibility has been realized for a long time.! 
A relation expressing the dependence and also taking 
the dielectric polarization into account in a satisfactory 
manner has been derived by Szigeti assuming central 
repulsive interactions between nearest neighbors and 
independently by Odelevski,? who also introduced a 
correction for the interaction between nearest-neigh- 
boring anions. The Szigeti formula for NaCl-type 
lattices is 


(1) 


where wo is the infrared dispersion frequency, 8 the 
compressibility, ¢,, and ¢9 the high- and low-frequency 
dielectric constants, Ro the nearest-neighbor distance, 
and M the reduced mass. The frequencies calculated 
using room-temperature values of the elastic and 
dielectric constants yield good agreement with experi- 
ment for most of the alkali halides. When the correction 
for nearest-neighboring anion interactions is included, 


7R. B. Barnes and M. Czerny, Z. Physik 72, 447 (1931) 
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the Odelevski formula 


€0 +2 =) 

“ (2) 

9 MB? (1+s) 
is obtained, where 1+s is related to the anion-anion 
repulsive potential. This may be expected to be a 
function of the anion-anion distance Ryo in the crystal 
divided by the ionic radius R, and can be written as 


1+s=F(R,./2R., (2a) 


The functional dependence of 1+ on the dimensionless 
parameter Raa/2R, crudely estimated by 
inserting experimental values of the frequency, elastic 
constants, and dielectric constants in expression (2). 
Odelevski found that the 1+ s seemed to decrease as 
the value of R,./2R, increased. Conversely, from a 
knowledge of Raa/2Ra,, it should be possible to estimate 
1+s. For NaCl and KCl, the values of Ri./2Ra are 
1.10 and 1.23, respectively. 

Generalizations of the Szigeti formula to take 
into account some additional dielectric 
polarization have been proposed independently by 
Dick and Overhauser’ and by Hanlon and Lawson.‘ 
In their models the ions are considered to consist of 
cores and massless valence shells which are harmonically 
bound to each other by a force inversely proportional 
to the polarizability. Although these two treatments? 
differ in some other respects, both lead to an expression 
for NaCl-type lattices of the form 


€n+2 


€o+2 


can be 


aspects ol 
I 


6R, 1 
Ms 


| 
wo = 


1+6R,A/8 


in which J is defined as 
A\=a,/(n e)*+a_/(n_e)’, 
by Dick and Overhauser and as 


A=f(ay+a_)/(ne)’, (3b) 
by Hanlon and Lawson. Here a, and a_ are the cationic 
and anionic polarizabilities in the crystal, respectively, 
and e is the electronic charge. The factors m, and n_ 
represent the number of shell electrons of the anion 
and cation as estimated from the dielectric 
constants and frequency dependences of the dielectric 
constant of rare gas atoms which are isoelectronic with 
the ions. For Nat, K*, and Cl-, the values are found 
to be 4.8, 8.7, and 8.7. The factor m is to be regarded 
as an average number of shell electrons contributing 
to the dielectric polarization. This is chosen as approxi- 
mately four corresponding to two s electrons and two 
of the six p electrons. The factor f appearing in (3b) 
is evaluated by fitting experimental data to an expres- 
sion involving the deviation of the ionic charge from 
an integral value and has been determined to be 
approximately two. As a result of these differences, 


stati 
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the correction term 6RA/8 for NaCl and KCI calcu- 
lated using formula (3b) is about eight times larger 
than when calculated using formula (3a).8 

A different approach to the problem was presented 
by Lundqvist® who treated vibrations of cubic ionic 
lattice in the Heitler-London approximation using a 
Hamiltonian containing three-body interactions in 
addition to the two-body central force interactions 
assumed in the derivation of the Szigeti formula (1). 
Such a Hamiltonian was employed by Léwdin® to 
treat the cohesive properties of solids. The inclusion of 
three-body interactions enabled Léwdin to account for 
the failure of the Cauchy relations for elastic constants 
¢12= C44, Which are satisfied for central forces in crystals 
in which the ions are located at centers of symmetry. 
Lundqvist succeeded in expressing the transverse and 
longitudinal frequencies of long polar vibrations as 
well as the effective charge in terms of the elastic 
constants. However, since he was not able to calculate 
all polarization terms, he also proposed the semi- 
empirical formula 


Eo +2 6Ro 1 
v= (==) (S)(+a-en) (4) 
€0 +2 M B 


to take into account some aspects of this treatment. 
This formula indicates that in a crystal where the 
Cauchy relations are not fulfilled, the infrared disper- 
sion frequency will be different from the Szigeti result. 
Of the few crystals whose elastic constants at low 
temperatures are known, the case of NaCl and KC] is 
particularly interesting in that c4s—Ci2 is relatively 
large for NaCl. In addition, since the anion polariza- 
bility is much larger than that of the cation, the 
dielectric polarization corrections given by the shell 
model may be expected to behave in the same way for 
both crystals. The results of the shell model contained 
in formula (3) may be combined with those of 
Lundqvist formula (4) giving 


(—\(F ( 1 B+ Cas C12 ). 
w= ainenimmemaation me: gah 
€9 +2 ) 14+6R0A(1, B+ 447 C12 ») 


as suggested by Hanlon and Lawson. As can be seen 
in Table I, the shell corrections are negligible when 
s yur estimate of this correction term has been given 
recently by W. Cochran, Phil. Mag. 4, 1082 (1959). This term is 
evaluated in a semiempirical manner involving the deviation of 
the ionic charge from an integral value. For NaCl and KCl the 
estimated correction for this treatment is about equal to that of 
Hanlon and Lawson (reference 4). 
P. O. Léwdin, Advances in Physics, edited by N. 
(Taylor and Francis, Ltd., London, 1956), Vel. 5, p. 1 
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calculated as indicated by Dick and Overhauser, but 
are significant when calculated as indicated by Hanlon 
and Lawson. Similarly, the Odelevski formula (2) and 


the Lundqvist formula (4) may be combined giving 


Ex t2 6Ry B+ Cua— C12 
(SVG) 
€9 +2 


t+ 
This procedure is not rigorous, 
rough approximation. 

It can be seen from Table I that the experimental 
data is in good agreement with frequencies calculated 
using the Szigeti formula (1) or the Lundqvist- 
Odelevski formula (6). On the other hand, the agree- 
ment is not as good using the Lundqvist formula (4) 
or the Odelevski formula (2) separately. This is 
because the term ¢4;—¢12 in the Lundqvist leads to a 
positive frequency shift, while the term 1/(1+s) 
the Odelevski formula leads to a negative frequency 
shift of approximately the same magnitude. The value 
of these individual shifts is greater for NaCl than for 
KCl. The resulting agreement is quite good considering 
that many approximations have been made in the 
derivation of (6). It should be remembered that the 
evaluation of the anion-anion interaction parameter 
1+s is quite crude and was made using room-temper- 
ature data. In addition to this, there are other difficulties 
in accounting for anharmonic effects in the elastic” 
and dielectric’ constants. Consequently, this agree- 
ment should not be regarded as final experimental 
proof of the Lundqvist-Odelevski formula until results 
from other materials become available. 


but may serve as a 
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10 Tt has been assumed here that use of parameters measured 
at 82°K would be adequate for evaluating the validity of the 
proposed formulas. The value of these parameters at this temper- 
ature are slightly different from the true harmonic values which 
are obtained by linearly extrapolating to O°K in the manner 


indicated by G. Liebfried and H. 
(1958) for the elastic constants. 

| Higher order terms in both the potential and electric moments 
contribute to the dielectric constant and are believed to be re- 
sponsible for the additional structure appearing in the infrared 
lattice vibration spectrum. Although such contributions decrease 
with temperature as evidenced by the positive temperature 
coefficient of the dielectric constant, there is still a residual 
contribution at low temperatures as indicated by the presence 
of structure in the infrared reflection spectrum at 80°K. The 
influence of higher order terms on the dielectric constant of ionic 
crystals is developed in a systematic way by B. Szigeti, Proc. 
Roy. Soc. (London) A252, 217 (1959). 


Hahn, Z. Physik 150, 497 
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Fundamental differential are derived under the 
unrestricted approximation of electrical neutrality that admits 
trapping. Applied magnetic field is taken into account. The general 
transport equations derived hold without explicit reference to 
detailed trapping and recombination statistics. Modified ambi- 
polar diffusivity, drift and lifetime function, which 
depend on two phenomenological differential ‘‘trapping ratios,” 
apply in the steady state. The same diffusion length is shown to 
hold for both carriers, and a general “‘diffusion-length lifetime” 
is defined. Mass-action statistics are considered for cases of (one 
or) two energy levels. Certain ‘‘effective’’—rather than physically 
proper—electron and hole capture and release frequencies or 
times that apply to concentration increments are defined, and a 
restriction from detailed balance to which they are subject is 
derived. Found widely useful is “capture concentration,” the 
concentration of centers at equilibrium that are occupied times 
the fraction unoccupied. Criteria are given for minority-carrier 
trapping, recombination, and majority-carrier trapping, and for 
“shallow” and “‘deep’’ traps. Applications of the formulation 


equations 


velocity, 


1. INTRODUCTION 


HE space charge associated with carrier injection 

in homogeneous semiconductors is frequently 
negligible, and, in phenomenological transport 
theory, implications of this local electrical neutrality 
have been worked out in some detail. However, the 
simple neutrality condition widely employed—that 
of constant excess of one mobile-carrier concentration 
over the other—is a restricted one that applies as an 
approximation in some cases. Upon injection, changes 
generally occur in concentrations of fixed charges 
associated with various impurities or crystal imper- 
fections, including those on which equilibrium conduc- 
tivity and those on which equilibrium lifetime, 
rule, largely depend. In a general sense, these concen- 
tration changes constitute ‘rapping. Extending results 
previously reported,' this paper gives general ambipolar 
theory based on the unrestricted neutrality condition 
that admits trapping, with some theoretical appli- 
cations to problems in transport and photoconduc- 
tivity.” 

In Sec. 2, fundamental differential equations are 
derived that take into account diffusion, drift, recom- 
bination and trapping and include an applied magnetic 
field. This section also contains: a specialization to the 
steady state, which exhibits how trapping (of arbitrary 
statistics) modifies recombination and the transport 
processes ; definitions of certain “effective” frequencies 
and times that properly characterize trapping and 
recombination as they apply to concentration incre- 


quite 


as a 


1 W. van Roosbroeck, Bull. Am. Phys. Soc. 2, 152 (1957). 

2For a more detailed and extended treatment with further 
applications, see: W. van Roosbroeck, Bell System Tech. J. 39, 
515 (1960). 


include: the diffusion-length lifetime corresponding to the 
Shockley-Read electron and hole lifetimes, and that for recom- 
bination centers in the presence of (nonrecombinative) traps; 
linear and nonlinear steady-state and transient photoconductivity ; 
the photomagnetoelectric effect; and drift of an injected pulse. 
The small- and large-signal nonlinearities that may occur with 
saturation of deep traps provide a single-level model for super- 
linearity. Photomagnetoelectric current is found to be decreased 
by minority-carrier trapping, through an increase in diffusion 
length. A simple general criterion is given for the local direction 
of drift of a concentration disturbance. With trapping, there may 
be “reverse drift,” whose direction is normally that for the opposite 
conductivity type. With solutions of one type obtained for drift 
of an injected pulse, multiple trapping ultimately results in 
Gaussian mobile-carrier distributions which spread as if through 
diffusion and which drift at a fraction of the ambipolar velocity. 
With solutions of another type, related to reverse drift is the 
occurrence of local regions of mobile-carrier depletion which may 
in practice extend over appreciable distances. 


ments above thermal equilibrium; certain fundamental 
relations from detailed balance; and criteria for classi- 
fying centers with respect to their trapping and re- 
combination properties. 

In Sec. 3, the general ambipolar Siisiehin is 
applied to investigate trapping in various connections. 
From theory for the steady state, diffusion lengths and 
lifetimes are evaluated, and the influence of trapping 
on the photomagnetoelectric (PME) effect is deter- 
mined. Small- and large-signal steady-state nonlineari- 
ties are analyzed. A treatment of transient photocon- 
ductivity is given; the present formulation provides 
results of comparative formal simplicity. This treatment 
involves a formalism that recurs in the theory of time- 
dependent transport. An analysis is given of such 
transport, namely, the drift with trapping of an 
injected pulse. 


2. GENERAL FORMULATION 


The formulation is accomplished in two stages: In 
Sec. 2.1, general differential equations for the transport 
are derived along the lines of previous treatments.’ 
These equations involve no specific reference to the 
detailed trapping and recombination statistics. In Sec. 
2.2, the formulation is completed with equations for 
the time rates of change of concentrations of trapped 
carriers. 


2.1 The Transport Equations 


that the 
total concentration of positive charges, the sum of the 


The unrestricted neutrality condition is 


3 W. van Roosbroeck, Phys. Rev. 
4W. van_Roosbroeck, Phys. Rev 


91, 282 (1953). 
101, 1713 (1956). 
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CURRENT CARRIER 
concentration p of mobile holes and the concentration 
pb of all fixed positive charges, is equal to the corre- 
ponding concentration of negative charges: 


m= p+p=n+h. (1) 


For the total concentration m, two forms of continuity 
equation may be written which are extensions of the 
familiar (nonambipolar) continuity equations for holes 
and for electrons that apply for no trapping: 


dm/dt= dp/dt+0p/dt= —e™ divI,+g—Om 
= 9n/dt+0n/dt=e" divIh+g—®Rm. (2) 


Here, I, and I, are the hole and electron current 
densities, and the volume generation rate function g is 
that for interband excitations. The volume rate ®» is 
associated with trapping and recombination. It depends 
directly only on the various concentrations and not 
explicitly on coordinates and time; R» plus 0f/dt and 
On/ dt, respectively, gives volume rates R, and ®,, for 
p and n. The use of the same volume rate R» in each 
of Eqs. (2) is consistent with the neutrality condition 
and with the condition® 


divI=0, I=I,+I,, (3) 


which applies in regions containing no sources or sinks 
of (total) current. 

Hole and electron current densities that include 
the effect, for small Hall angles 6, and 6,, of steady 
applied magnetic field are given by® 

p=1,*+6,I,* xk, (4) 
I,=1,*+6,1,* Xk, 


where k is a unit vector in the direction of the magnetic 
field and I,* and I,* are defined by’ 


I ,*=0,E—eD, gradp, 
I,.*=o0,E+eD,, gradn. 


(5) 


Equations (4) and (5) hold under the assumption of 
Boltzmann statistics. They result in 


—divI,=—div(o,E)+eD, div gradp 
—6,[grado,,E,k] = divI,,=div(c,E) 
+eD, div gradn+0,[[gradc,,E,k], (6) 


in which the heavy brackets denote scalar triple 
products. 

The ambipolar continuity equation for m is obtained 
by a procedure similar to that previously employed in 

5 W. van Roosbroeck, Bell System Tech. J. 29, 560 (1950). 

6 See reference 4. Small Hall angles are assumed partly because 
appreciable magnetoresistance is otherwise involved. As indicated 
in this reference, arbitrary Hall angles (and injection levels) could 
suitably be taken into account by theory involving the phenome- 
nological magnetoresistance without added carriers. Note that 
small or moderate magnetic field will generally not affect the 
occupation probabilities for the traps. 

7 The notation employed is consistent with that of references 3 


and 4. 
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the no-trapping case** except that, for the required 
generality, p and m are treated formally as unrelated 
variables: The respective forms of Eqs. (6) for divI, 
and divI,, are introduced into Eqs. (2). The two forms 
for dm/dt that result are then multiplied, respectively, 
by on and o, and added, to eliminate divE; and E is 
replaced by the expression obtained by solving for E 
to the first order in Hall angles in 


I=cE+e grad(D,n—D,p)+ (0,0 ptOnonJEXk 
—e grad(0,D,p—0,Dnn) Xk. (7) 


Equation (7), the sum of the equations for I, and I,, 
exhibits the respective drift, Dember, Hall, and PME 
contributions to total current density. To simplify the 
result for 0m/dt, use is made of curlE=0; a time- 
dependent contribution to magnetic field from time 
dependence of I generally has quite negligible effect. 
Use is also made of the proportionality of the hole and 
electron mobilities 4, and uw, to the corresponding 
diffusion constants D, and D, in accordance with 
Einstein’s relation. 

The continuity equation for m that results* may be 
written in the form’ 


dm/dt— g+Rmn= —e divIp,—e™ divIp, 
—v,‘gradu—v,-gradp, (8) 

which exhibits current densities Ip, and Ip, that 

involve the diffusion of electrons and holes, respectively, 


and velocity functions” v, and v, that give their 
drift : 


—eo{o,D, gradn 
+[6,—40(c,/c) ]o,D, gradnXk}, 
—eo{o,D, gradp 
+[0,+30(c,/c) ]on,D, gradpxk}, 
Vn= —eCunppo “p[I—0(c,/o)1Xk], 
Vp=Cunupo -n[1+0(c,/o)1 Xk]. 


Ipn= 


Ip,= 


(9) 


Here 6=0,—86, is the sum of the magnitudes of the Hall 
angles. Tensor ambipolar diffusivities for electrons and 
holes under the magnetic field may be written from 
Ip, and Ip,. The vector-product contributions to these 
current densities involve PME currents as well as the 
combined action of the magnetic and Dember fields. 
It is easily seen that the divergences of these vector 
products vanish for the linear small-signal case; and, 


8 This equation specialized to the case of Ap=0 and no applied 
magnetic field can be shown to be consistent with a continuity 
equation for Ap derived under the assumption of a common life- 
time function for electrons and holes; E. S. Rittner, Photoconduc- 


tivity Conference, edited by R. G. Breckenridge, B. R. Russell, 
and E. E. Hahn (John Wiley & Sons, Inc., New York, 1956), 
Chap. IITA. 

® Compare with Eq. (21) of reference 2. 

In Eqs. (133) of reference 2, velocities v, and v, (written with 
carets) are define which are for the linear small-signal case and no 
applied magnetic field. 
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containing [gradn, gradp, kJ as a factor, they vanish 
also whenever the concentration gradients are collinear, 
as in the no-trapping case, or in the steady state, or in 
certain cases of simple flow geometry. 

The neutrality and continuity equations in conjunc- 
tion with equations for the time rates of change of 
concentrations of fixed charges at each of the various 
trapping levels are equations equal in number to the 
number of unknown concentrations. These equations 
accordingly suffice as fundamental differential equations 
provided I is a known function of the space coordinates 
and time. If I must be determined from boundary 
conditions, then use is made of the fundamental 
differential equation, Eq. (3), which the 
solenoidal property of I. This may be written in terms 
of E or electrostatic potential V as additional dependent 
variable by use of Eq. (7); and I may then similarly be 
eliminated from the continuity equation. 


expresses 


The current densities in ambipolar form obtained by 
eliminating E may be written as 
a)l T I 
oO | — | 


IL ,ot Al, 
T.o—Al, 


L=(, 


I (ao, 


'(o,D, gradu+o,D, gradp) 
+O(onop o)Ix<k+eo (O50 ntOn p) 
‘(o,D, gradn+o,D, gradp) Xk, 


and 


AMS Cyngor a (no Ap— pA, )I 
—ea'(o,D, gradn+o,D, gradp) 
—o po) (mAP— poAn) 
Aa/ov)?+AnAp |X k+ eo (0,0 n+On0 p) 
-(opD, gradn+o,D, gradp) Xk. 


i , 71 ; 
+ Oe-pnpo “Lov (co, 


—n; 


(12) 


Subscripts zero denote equilibrium values, and An, Ap, 
and Ao are increments above equilibrium; = noo is 
independent of conductivity. The current densities for 
equilibrium carrier concentrations are given by 

I ,0 Oo pd 


I, ) (Tno 


o I+ 66" np pl? 200 -Ixk, 


ov) I—6eu, Myla *1xk. 


The current density I” represents the amount by 
which the electron and hole flow densities exceed the 
corresponding drift flow densities under I/c, the ohmic 
contribution to the field. The current 
density AI is the current density of added mobile 
carriers: For given I, it represents the amount by which 


electrostatic 


the electron and hole flow densities exceed their values 
for no added carriers. It is easily seen that the right- 
hand member of the continuity equation, Eq. (8), may 
be written as —e~! divAl—@eu,u ,nZo0 curll-k, the 
term of which is a contribution from PME 
circulating current,’ associated with diffusion under 
the magnetic field. 


second 
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2.11 Formulation for the Steady State 


A number of results for the steady state can be 
established from the general differential 
without specifying in detail the trapping and 
bination statistics. Differential trapping ratios 


equations 
recom- 


r,=dn/dm, r,=dp/dm, 


(14) 


are introduced. These apply since, in the steady state, 


ni and p each depend directly only on total concen- 
tration m of negative or positive charges. In the im- 
mediate context, r, and r, will be considered simply as 
factors which depend in general on m and which, 
multiplying gradm, give grad# and grad/f, respectively. 
They apply, of course, for any number of trapping 
levels. 

With Eqs. (14), it follows from Eqs. 5) 
the continuity equation for 
written as 


9) that 
the steady State may be 


and 


div(D’ gradAm) — v’- gradAm+Ag—Am/r,=0, (15) 
in which D’ and v’ are modified ambipolar diffusivity 
and drift velocity given by 
D'=e iT ( 1—r,)D,on+ (1—1,)D,0; 

=RT i npyo IT i—f,)n-+ (i—f2)P 
pil 
rep? Xk}, 


Cinupo *{[ (1—r,)n—(1—r, 


+6(e/o)[(1—rp)un»n?+ (1- 


and in which the net generation rate g—®,, has been 
written as the increment Ag—Am/r» in this rate over 
thermal equilibrium, with Ag and Am the corresponding 
increments in g and m and r,, a lifetime function for 
Am. The modified diffusivity and velocity do not apply 
to time-dependent cases; v’ 
the effect of applied field on apparent diffusion length, 
but is not, for example, drift velocity for an injected 
pulse. The current densities given by Eqs. (10) 
be written for the steady state in accordance with 


would, for example, give 


may 


[== —eD’ gradAm+@(c,0,/0°)1Xk 
+ea(0,0,+0,0,)D’ gradAmXk. (17) 
The equilibrium lifetimes for electrons and_ holes 
differ in general, but are nevertheless always associated 
with the same diffusion length. This result 
readily from Eq. (15), whose linear small-signal form is 


follow > 


Dy div gradAm— vo’ - gradAm+Ag—Am/rm=0, (18) 


the zero subscripts denoting thermal-equilibrium values. 
The lifetime function 7,, is here constant; and since An 
and Ap now equal (1—r,,)Am and (1—r,)Am, with r, 
and r, the thermal-equilibrium trapping ratios, Eq. 
(18) implies 


1PD,' div gradAn— (1—r,,)~'vo’- gradAn 
+Ag—An/(1—rn)tTm=0, 


(1—r,,) 
(19) 
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for electrons and a similar equation for holes. Thus, 
for An the lifetime is 7,, multiplied by (1—r,), while 
as may be established in greater generality from Eqs. 
(14) and (15)—the diffusivity and velocity are those 
for Am multiplied by the reciprocal of this factor, and 
similarly for Ap. It follows, in particular, that the 
product of equilibrium diffusivity and lifetime, which 
is the square of Lo, the diffusion length, is the same for 
An, Ap, and Am, independently of the particular 
trapping and recombination statistics.' A “‘diffusion- 
length lifetime” 79, based on the unmodified ambipolar 
diffusivity? Do=kTpnpp(mot po)/oo may accordingly be 
defined by" 


To= Le? Do= (Dy Do) tm 
=[1—(rpnotrnpo)/ (not po) rm 


= (not pt potn)/(mot po), (20) 


in which 7, and 7, are the equilibrium lifetimes for Ap 
and An. The diffusion length and lifetime ro that 
correspond to the (equilibrium) Shockley-Read electron 
and hole lifetimes as well as the 7» for recombination 
in the presence of nonrecombinative traps are evaluated 
in Sec. 3 


2.2 Mass-Action Theory 


Relationships of the mass-action type provide a 
simple” and general" basis for trapping and recom- 
bination. Levels from two types of centers will be 
considered and, partly by way of notational convention, 
these will be taken as acceptor and donor levels. This 
case, involving both negative and positive fixed charges, 
is the simplest for which both steady-state trapping 
ratios occur. With suitable interpretation of the no- 
tation, the mass-action equations for this case apply 
to (one or) two kinds of single-level centers in general. 
An extension for centers of a single type but with two 
energy levels will also be given. In multilevel cases, 
two successive levels generally suffice for analysis of 
the trapping at a given time. Levels appreciably lower 
and higher than these may contribute to recombination, 
but will not contribute to trapping, since the lower ones 
remain full (or else saturated) and the higher ones 
empty. 


2.21 Single-Level Centers of Two Types 


Mass-action equations for the two types of single- 
level centers present together are: 

1 R. N. Zitter, Phys. Rev. 112, 852 (1958), discusses phenome 
nological! lifetime for any model derived from the PME effect (in 
the thick slab). This is the same as 7», and Zitter relates it to a 
diffusion length. 

2 A, Hoffmann, Halbleiterprobleme, edited by W. Schottky 
(Friedrich Vieweg und Sohn, Braunschweig, 1955), Vol. II, Chap. 
5. See also; E. Spenke, Elektonische Halbleiter (Springer-Verlag, 
Berlin, 1955), pp. 304-307. 

3 F, W. G. Rose, Proc. Phys. Soc. (London) B71, 699 (1958). 
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g—Rn=g—Cnp—Cpil pnh— pi(Mi— A) ] 
—Crofnp—no(Ne— p) ], 


dn /It= Rn— Am=Culn(Ni— Kh) —myh | 


—Cpil pa—pi(Mi— fA) ], 
Op/dt= Ryp— Rm= —C no np—n2(N2— Pp) ] 
+C pl p(H2— Pp) — pop]. 

The first equation gives Rm, and it (as well as the other 
two) is obtained by considering the photoconductive 
case of uniform concentration and no transport, g—-@m 
being the contribution to dm/dt which does not involve 
transport. Four processes are taken into account for 
each type of center. In the second equation, for example, 
the term Cyipf is the volume rate of neutralization of 
fixed negative charges by holes; C,; is a phenome- 
nological capture coefficient which depends in general 
on temperature and not on concentration. The second 
term in the same brackets gives the rate for the inverse 
process, Cyipi being the emission coefficient for hole 
emission from a neutral acceptor center. Here 2, is the 
total concentration of the acceptor centers, and the 
concentration ;, constant at given temperature, is 
defined by the condition that the quantity in brackets 
vanish at thermal equilibrium, in accordance with 
detailed balance. The brackets to the left relate to the 
interactions of the same centers with electrons, the 
term C,.(9i—*#) being the volume rate of capture of 
electrons by the neutral acceptor centers, and Crim 
the coefficient for electron emission from the charged 
ones. The concentrations m, and ; are those of the 
Hall-Shockley-Read theory,"'® and are here intro- 
duced without explicit reference to Boltzmann sta- 
tistics. The third equation expresses the dependence 
of 0f/dt on the analogous processes for the donor 
centers. In the first equation, which includes the rate 
Cnp of direct electron-hole recombination, are involved 
only interactions which change the total concentration 
m. 

Though written symmetrically for fixed charges of 
both signs, Eqs. (21) may formally be transformed so 
as to apply to two types of donor or acceptor centers. 
This possibility is related to the circumstance that the 
fixed charges are not properly considered as trapped 
carriers in that the trapping processes are manifest 
through changes in fixed-charge concentrations rather 
than in these concentrations themselves. For example, 
centers of the acceptor type function as electron or 
hole traps according to whether the concentration of 
the charged centers increases or decreases with carrier 
injection. 

For theoretical applications, it is desirable to replace 
Eqs. (21) by equations in concentration increments 
above thermal equilibrium and to define, from the 
latter equations, suitable capture and release fre- 
quencies and times for mobile electrons and _ holes. 


~ MR_N. Hall, Phys. Rev. 83, 228 (1951); 87, 387 (1952). 
18 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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Subtracting from Eqs. (21) the corresponding thermal- 
equilibrium equations, in which the time derivatives 
and the quantities in the various square brackets are 
zero, gives equations for Ag—A®,n, dAN/dl, and 
0Ap/dt. From these, if volume generation and direct 
recombination are neglected, it follows that the re- 
spective contributions to dAn/dt and dAp/dt other 
than the terms involving transport processes as such 
are 


—ARn= —ARn—O0AN/ dl 
= —Cril (Ni— Ao) An—nmAn— AnAfh |+C,mAn 
—Crof poAnt+mAp+AnAp |+C,n2A(N2— A), 
—AR,p= —ARn— OAP/ dt (22) 


= —Cyi[ hoApt poAnt ApAh |+Cpipid(Hi— fh) 
—C pf (Me— po) Ap— pAp— ApAPI+Cp2p2Af. 


In Eqs. (22), the magnitudes of the contributions 
involving brackets are capture rates, while the re- 
maining terms on the right are release rates. The cap- 
ture and release frequencies, introduced in accordance 
with 


— ARn= — vem Ant vgniAnh 
— Vinodn+pv png (Me— p) 
— AR p= — VepiAptrgpA(Ni— fH) 
= VeprApt vopAP, 


may be suitably identified by comparison with Eqs. 
(22). In both sets of equations, the top and bottom 
rows of each right-hand member give contributions 
associated, respectively, with the acceptor and donor 
centers. 

The capture and release frequencies must evidently 
entail. concentration dependence. As will appear, Eqs. 
(23) do not impose unique definitions with respect to 
this dependence, while the uniquely determined con- 
stant frequencies that apply near thermal equilibrium 
are certain “effective” rather than physically proper 
quantities. These circumstances result because the 
capture rates, as they appear in Eqs. (22), cannot be 
written with An or Ap as a factor and thus expressed 
in terms of capture frequencies. To obtain the physi- 
cally proper capture frequencies would necessitate 
solution of the particular problem; they would depend 
in general on coordinates and time. The contributions 
to the capture rates that contain Af and Af as factors 
are associated, however, with trap saturation: These 
contributions, for carriers of given charge, represent 
the decreases and increases in capture rate with the 
filling of centers that assume, respectively, the same 
and the opposite charges. They may, in a phenomeno- 
logical sense, be deleted from the capture rates and 
assigned to the release rates, by which the difference 
between these rates for centers cf each type remains 
unchanged. Note that the quadratic terms also contain 
An or Ap as a factor; assigning them entirely to the 
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release rates is a matter of convenience. The “effective” 
capture and release frequencies and times are accord- 
ingly as follows: 


Electron capture by neutral acceptors: 


Vini=Tetnt -=Cni(Ni— ho), 


Electron release from charged acceptors: 


= 


Von1=T ont (=Ca(n-+m), 


Hole capture by charged acceptors: 


Vepi=Tipt =Cpiho, 


Hole release from neutral acceptors: 


Yor1=T opt (=Cpil(pt+ fi), 


Electron capture by charged donors: 
Vint=Ting (=C;, opi . 


Electron release from neutral donors: 


1 


n2 C, 


(+N), 


Hole capture by neutral donors: 
Vip2=>Ttp2 fon( p2(N2— b 
Hole release from charged donors: 


Cp2( pt po). 


Vop2=T gp2 


Note, for example, that y:n1 is the “effective” average 
frequency per electron of electron capture by a neutral 
acceptor center and hence the reciprocal of the corre- 
sponding electron capture or trapping time, 7:n1; and 
Voni is the “effective” average frequency per charged 
center of electron release from a charged acceptor center 
and hence the reciprocal of the corresponding electron 
release time, Tgn1. The saturation terms that originate 
from the true capture rates appear as the contributions 
from n and p in the “effective” release frequencies, 
while the “effective” capture frequencies do not depend 
on the injection level. 

These “effective” quantities are generally the ones 
on which theoretical expressions depend. For example, 
for the decay of photoconductivity associated with 
trapped minority carriers, with recombination of com- 
paratively short lifetime 7; entirely in other centers, 
for which decay times are'® a release time 7, for nearly 
full traps and +, plus the multiple-trapping time 
(r,/7+)73 for nearly empty traps, 7, and 7, are cor- 
rectly identified as equilibrium values of “‘effective’’ 
capture and release times. Thus, 7, is in general not a 
constant for the traps but depends also on conductivity, 
which should be taken into account in calculating the 
trapping level from the product of 7, and the capture 
cross section. 

16 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955); 
J. R. Haynes and J. A. Hornbeck, Photoconductivity Conference, 
Chap. IIIF (reference 8). 
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2.211 Thermal-Equilibrium Relationships 
The definitions 
Ny =nNo(Ny— fio) ‘fio, 


N2=Nopo/ (N2— po), 


f= Pofto/ (Mi-— fio), 
p2= po(Me— po) / po, 


are required by detailed balance. It is evident from 
these equations that 


(25) 


Ni Pi=Nop2=Nopo=N?, (26) 


hold, where n, is the thermal-equilibrium electron or 
hole concentration in intrinsic material. Note that Eqs. 
(26) state, in effect, that the product—(Cyyn1) (Cpipi) 
or (Cn2M2)(Cp2p2)—of the electron and hole emission 
coefficients equals m? times the product of the corre- 
sponding capture coefficients."” It is readily found from 
Eqs. (25) that fractions of charged acceptor and donor 
centers are given, respectively, by 


fy I= (Atay), Bo MNe= (1+ae0), (27) 
with 
(28) 


10=No/M1= pi/ po, + a20= Po/ p2= N2/No. 


Through familiar considerations involving equi- 
librium Boltzmann statistics, the concentrations 2; or 
pi (and mz or pz) have been shown to equal electron 
concentration in the conduction band or hole concen- 
tration in the valence band for the Fermi level coin- 
cident with the energy level of the centers.'® The 
relationship 


ny=n2/pi=n, expl (6:— &)/kT ] 


=n; exple(®—W,)/kT] (29) 


for acceptor centers is here employed, and a similar 
one for donor centers. Here ¥;= —e'6, and 6=—e"'& 
are the equivalent electrostatic potentials of the energy 
level & of the centers and the Fermi energy & for 
intrinsic material. This relationship is more phenome- 
nological than those involving the energies of the 
conduction- and valence-band edges and which give 
n, and ; in units of the effective densities of states in 
the bands. Note that the temperature dependence of 
the energy gap is involved through #;, while the differ- 
ence between the effective densities of states or the 
effective masses with nonspherical energy surfaces in 
momentum space is reflected simply in a difference 
between ® and the midgap potential. If statistical 
weights associated with spin degeneracy are taken into 
account, then the definitions of Eqs. (25) are of course 
retained, but Eqs. (29) are modified. The right-hand 
members (for :) are multiplied by 2; the exponentials 
for p: are multiplied by }. In the similar result for donor 
centers, the exponentials for m2 and 2 are multiplied 
by 3 and 2, respectively. For given m, and m2, these 

17 A. Hoffmann, reference 12; Chih-Tang Sah and W. Shockley, 


Phys. Rev. 109, 1103 (1958); W. Shockley, Proc. Inst. Radio 
Engrs. 46, 973 (1958). 
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modifications'® produce comparatively minor changes 
in &; and &» or V; and Wo. 

The four effective trapping and release times or 
frequencies for each type of center satisfy a funda- 
mental restriction, namely 
ViniVopi Po 1+Ap/(potp;) 


= —- j=1 ? 
; +! 
TinjTopi VgniMepj Mo 1+An/(to+n;) 


T gnjTtpj 


(30) 


Thus, only three are independent. As will appear, this 
restriction is widely useful for calculations and physical 
interpretations. It is essentially a consequence of 
detailed balance: For thermal equilibrium, it follows 
readily from the definitions of Eqs. (25), while the 
factor on the right that depends on An and Ap results 
simply from the concentration dependence of the 
effective release frequencies. 


2.212 Trapping and Recombination Ranges; 
Shallow and Deep Traps 

Three linear small-signal ranges, respectively, charac- 
terized primarily by minority-carrier trapping, re- 
combination, and majority-carrier trapping may be 
defined for each type of center by use of Eq. (30). The 
“minority-carrier trapping range” is defined by the 
condition that the equilibrium minority-carrier to 
majority-carrier release frequency ratio exceeds unity. 
In p-type material, this ratio, vgnj/Ygpj, is Cnjnj/C pjpo 
=Cnjno/Cp;p;, from Eqs. (24), (26), (27), and (28); 
and from Eq. (30), venj/vepj is larger by the factor 
po/no. The ‘“‘majority-carrier trapping range” is defined 
by the condition that the majority- to minority-carrier 
capture frequency ratio exceeds unity, for which the 
equilibrium majority- to minority-carrier release fre- 
quency ratio is larger by the factor po/mo for p-type 
material, or mo/po for m type. The “recombination 
range” is defined as that not included in either trapping 
range. Thus, the recombination range is given by 
no/nj= p;/ poSCnj/Cps< pj/no= po/n; for p-type ma- 
terial, the electron-trapping range by Cnj/Cpj> p;/mo 
= po/n;, and the hole-trapping range by Cnj;/Cpj< p;/ Po 
=no/n;. A “minority-carrier capture range,’ which 
includes the trapping and recombination ranges, may 
be defined by vinj/vepj>1. Similar results, obtainable 
by interchanging n and 4, hold for n-type material. 

The three ranges may be specified in terms of the 
equality densities. These are the equilibrium carrier 
concentrations for the Fermi level coincident with the 
equality level.’ They are defined in the present context 

18 These are derived from: F. W. G. Rose, Proc. Phys. Soc. 
(London) B70, 801 (1957). See also; P. T. Landsberg, Proc. Phys. 
Soc. (London) A65, 604 (1952); C. H. Champness, Proc. Phys. 
Soc. (London) B69, 1335 (1956). 

8 This is the Fermi level for which the (equilibrium) rates of 
electron and hole capture and release are all] equal: Chih-Tang Sah 
and W. Shockley, W. Shockley, reference 17. The equality level 
is similar in purport to the demarcation level of Rose, which is 
the trapping level for which the rates are equal: A. Rose, Phys. 
Rev. 97, 322 (1955); Progress in Semiconductors, edited by A. F. 


Gibson (John Wiley & Sons, Inc., New York, 1957), Vol. II, pp. 
111-136. 
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Venj= No gpj/ Vani, 


n;* C pif; Cnj = povtp 
p*=C, 


in which the release frequencies are equilibrium values. 
Thus, the recombination range is given by mo< p;*< po 
or porn;*>no for p-type material, the electron- 
trapping range by 2;*<mo or p;*> po, and the hole- 
trapping range by ;*> po or p;*<mo, and similarly for 
n-type material. The ranges may evidently also be 
specified in terms of the equality level, the Fermi level 
& for intrinsic material, the actual Fermi level &¢, and 
the ‘reflected Fermi level” &’=26— &,p, the reflection 
of &- For the recombination range, the 
equality level is between 6¢ and & ’; for the minority- 
carrier trapping range, it is between &% and the edge 
of the majority-carrier band; and for the majority- 
carrier trapping range, it is between &”’ and the edge 
of the minority-carrier band. Note that if the capture 
coefficients are equal, then n,*=p; (or p;*=n,) holds 
and the respective trapping ranges are given by con- 
ditions on the trapping level &; obtained by inter- 


(31) 


N;/C pj= Nov enj/ Vepj= Pov gnj/Vopis 


about 6: 


changing those on the equality level. 

The volume rates of electron and of hole transitions 
at equilibrium are, respectively, C,1%0(i— Mo) =C rimito 

Novini and Cpipotio=C pipi(Mi— ho) = porep: for ac- 
ceptor-type centers. From Eq. (30), these rates are 
proportional to vgn: and vy,i. Hence each definition 
given for a trapping range insures that the transition 
rate at equilibrium for the particular carriers is the 
larger, and also that the transition rate ven OF v¢pi Per 
mobile carrier is the larger too. The definitions for 
minority- and majority-carrier trapping reflect the 
circumstance that a transition rate will be the larger 
if either the cross section or the concentration of the 
particular carriers is sufficiently large. The recombi- 
nation range is that for which a larger transition rate 
per mobile minority carrier is associated with a total 
transition rate for majority carriers which is the larger. 

For shallow minority-carrier traps, since relatively 
few are occupied by minority carriers at equilibrium 
so that they can capture majority carriers, the condition 
for the minority-carrier trapping range may be met 
even though the capture coefficients are comparable in 
magnitude. For deep traps, since relatively few can 
capture minority carriers, the minority-carrier trapping 
generally requires a minority-carrier capture coefficient 
considerably the larger. Suitable conditions for “‘shal- 
low” traps and “deep” traps are, in view of the con- 
dition on C,;/C,; for the electron-trapping range, 
no (or nj>>po) and nx<po (or pmo) 
and “deep” 


respectively, p< 
in p-type material. That is, “shallow” 
traps for minority carriers are appreciably removed 
from the reflected Fermi level, Se’, towards the edges 
of the minority- or majority-carrier bands, respectively. 
Similarly, for majority-carrier trapping, “shallow” and 


“deep” traps are appreciably removed from the Fermi 


level, Sp, towards the edges of the majority- or 
minority-carrier bands, respectively. The proper cri- 
teria are essentially that &»’ separates the “shallow” 
and ‘“‘deep” traps for minority carriers and & separates 
them for majority carriers. Thus, for minority carriers, 
levels in extrinsic material considerably shallower than 
the midgap may still be “‘deep”’ levels. 


2.22 Centers with Two Energy Levels 


The formalism for centers of two types is readily 
modified to yield equations for one type of center with 
two energy levels. With the assumption that the centers 
can each assume single negative or positive charge or 
be neutral, # and # denote concentrations of centers in 
the respective charged states. It is thus clear that the 
fundamental mass-action equations for this case are 
formally the same as Eqs. (21) with the modification 
that both Ni—# and N.—# are replaced by N—A—A, 
where Xt is the total concentration of the centers. The 
equations in concentration increments that result if 
direct recombination is neglected are accordingly 


Ag—ARm= Ag— (Yipit Ping) Am 
+ (Vin2— Vg pi— Cngn2) Ahh 
+ (Vipi— Vgn2—C pi Pr AB, 
OAR/ Ot= (Vini— vip) Am 
— (Veni tYgnit gp AN 
+ (¥ip1—Cuin—C pi pr AB, 
JA P/dt= (vip2—Vine)Am 
+ (Vino—Cpop—C nome) An 
— (Vipot Vop2t+Von2) AP. 


Effective capture and release frequencies are here 
employed whose definitions are provided by Eqs. (24) 
if Mi— fio and No— fy are both replaced by N— fo— Po. 
Aside from these modified definitions, Eqs. (32) are 
formally identical with corresponding equations for 
single-level centers of two types except for the addi- 
tional “constraint” terms in capture co- 
efficients appear explicitly. 

For thermal equilibrium, definitions of 1, pi, mo, 
and p2 apply which are Eqs. (25) with both %i—%; 
and MN2— fo replaced by N— fio— Ay. It follows that the 
restriction 


which the 


ng? /N\N2= pipo/ pir = ho/ po, (33) 


holds for this two-level case. As is easily verified, Eqs. 
(26) still apply, while the fractions of charged centers 
are 
hy /M= (A+ ny/no+nyne/ne) 

= (1+ po pit pe Pipe) l= oy 
bo N= (1+ peo ‘pot pipe po) 1 

= (14+ no/ne+ne?/nn2) =a 


(1+ayo+ar), 


(1+ay9+ a2), 


with ay and a given, as before, by Eqs. (28). Rela- 
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tionships formally identical with Eqs. (29) give m, and 
n» in terms of the two energy levels. 

For this two-level case, the four effective trapping 
and release times or frequencies associated with each 
energy level satisfy the fundamental restriction that is 
formally identical with Eq. (30). It is also easily 
verified that the various conditions given for the 
recombination and trapping ranges and for shallow and 
deep traps apply without formal modification. 

By suitable notational generalization of the funda- 
mental mass-action equations, the results of this section 
can be shown to apply to two-level centers in general, 
whose states (differing successively by one electronic 
charge) may include ones that are multiply charged, 
either positively or negatively. Through use of the 
phenomenological capture coefficients, _ statistical 
weights associated with multiply charged states do not 
enter explicitly. 


3. SOME THEORETICAL APPLICATIONS 


3.1 Linear Steady-State Photoconductivity ; 
Diffusion-Length Lifetimes 


The mass-action equations written for the steady 
state and linearized by neglect of the quadratic terms 
give concentration increments that are proportional ; 
solving for Afi/Am and Af/Am provides the thermal- 
equilibrium trapping ratios, and lifetimes tn, Tp, Tm, 
and diffusion-length lifetime ro are readily evaluated. 
These procedures will be illustrated in detail for the 
single-level case. 

For formal simplicity of the results in this connection 
(and in various others as well), a concentration which 
will be called the “‘capture concentration” is introduced. 
For, say, acceptor centers, the capture concentration 
%,* is defined as follows: 


Mi = Mi/ (1+ 11/no) (1+ pr/ po) = novinr/Vgnt 

= povips Vopi= Ni (Ny MNi)(1— %p/Mi). (35) 
The various forms for 9,* are obtained by use of the 
definitions of Eqs. (24), the equilibrium relationships, 
Eqs. (25), (27), and (28), and the fundamental re- 
striction, Eq. (30). As the last form shows, 91,:* is the 
concentration XN, of centers multiplied by the respective 
equilibrium fractions of centers occupied and unoc- 
cupied. Values of it which are small or large result, 
respectively, in negligible capture frequencies or in 
large capture frequencies with negligible release fre- 
quencies. If the centers are nearly all ionized or un- 
ionized, then 91;* is small; the last form shows that its 
largest value is 391, which it assumes for f0/3i=3, 
that is, for the Fermi level coincident with the energy 
level of the centers. Note also that the volume rates of 
electron and hole transitions at equilibrium,” novens 
and pPovep1, are equal to N,* times the corresponding 
effective release frequencies. With an obvious nota- 


% See Sec. 2.212. 
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tional change, entirely similar results hold for donor 
centers. 

The trapping ratio for the case of acceptor centers 
and the equilibrium lifetimes, which are the Shockley- 
Read lifetimes,'® are given by: 

Vini— Vtpl 


Vent tVgnit Yop 


In 


T po(Ni— ho) — TnoMo 
eal 3,— Pree ee 4 ed po+pr) 
Ni* (Tepi— Ten) 
=— =|—r7,/T,», 
(Ni* +0) epi t PoTens 
Tn)Tm>= (Vepi typi t Yoni) Ay 
Tno( Mot pot pi) +7 po(mo+m) 
eS Serre 
(Mi*+ po) Tinr + MoT eps 
Snot po 


—(j— 
ao (ti 
’ 


Tp SS Fg 4 Veni tVonit Yop) Ai 
T po(Mi— hot not+m1) + Tol pot pr) 


MN 1*-+not po 


(MN 1+ 0) Tipit potent 


N w+ Not po 


Here, 7,0 and Tyo given by 


Tnod=— (CniD1) fom (1— fo Mi) Tint 
= (1+ p:/ po) Tenis 


T po= (C101)! = (Mo/N1) repi= (1 4+11/No)" rep, 


(37) 


are the respective limiting lifetimes”! in strongly 
extrinsic p- and n-type materials (in which they are 
also Ten1 aNd Tep1); and A; given by 


Ai= VinVgpit VeniVepit VepiYgnt 
= CnC pi Ni (Ni* + not po) (38) 
is always positive if neither C,, nor C1 is zero. 

The diffusion length Zo and lifetime 7» corresponding 
to the Shockley-Read lifetimes may be evaluated from 
Dy’ and rt» or from 7, and 7», thus from Eqs. (16) or 
(20) and Eqs. (36). These equations give 


Le _ Do' tm -_ Doro= Df 1 — rnPo ( not po) |7p 
= RTyrnppoo (moTtpit PoTtni) 


=¢ (a peDatinito nol pttpi), (39) 


where on and op are eu»No and euppo. Other forms may 
be written by expressing 7:n1 and 7;p1 in terms of Tro 
and ryo by use of Eqs. (37). The diffusion-length life- 


*1 Conditions for these lifetimes are po>DU*+pi+/):.* and 
no>>JUi* ++". 
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time for this case, 


I 
To= (VgnitPgpi) (Veni¥gpi Tt VepiYgni) 
7 


=[7po(mot+m) +7 no( pot pi) J/ (not po) 


= (MoTtpit poTini)/(Mot po), (40) 


is formally similar to the familiar common lifetime 
for both electrons and holes for the limiting case of It, 
small, as inspection of Eqs. (36) serves to verify.” This 
common lifetime otherwise applies as such only under 
a condition restricting the capture concentration which 
is frequently severe: The condition, obtained from 
Eqs. (36) by use of | 7,—70| /ro1 and 
requires for the minority-carrier trapping range that 
this concentration be small compared with the equi- 
librium minority-carrier concentration. 

A diffusion-length lifetime which is also of interest 
is that for traps in conjunction with recombination 
centers. For recombination centers in extrinsic material, 
a lifetime 7; for minority carriers may be specified. 
Assume negligible recombination in the traps them- 
selves, so that, for p-type material, r,=7,/(1—r,) is 
73/(1—r,,). Then, for nonrecombinative electron traps 
of the acceptor type, Eqs. (36) give fra=veni 
(Veni toni), Tp=O0, and, from (16), Do’/Do 
=[1— poIt:*/ (mo+ po) (Ni*+n0)] results. Or, if the 
electron traps are of the donor type, then r,=0, 
¥ p= — Vin2/Vgn2, Do /Do=[1+MN2*/ (not po) ],and ta=7 
are obtained. Essentially the same diffusion-length 
lifetime, namely 


Tn To ToK1, 


Eqs. 


To= (Do'/Do) Tm [1+ */(n po) Irs, 


results for both types of traps.”* Thus, minority-carrier 
trapping increases diffusion-length lifetime.** As the 
analysis shows, this increase results directly from an 
increase in the ambipolar minority-carrier diffusivity. 
The effect is appreciable for capture concentration at 
least comparable with the equilibrium concentration 
of majority carriers. Similar analysis for nonrecom- 
binative majority-carrier traps gives a r» which is that 
of Eq. (41) modified by division by 1+91,*/mo for 
n-type material or 1+,*/po for p-type. Thus, ma- 
jority-carrier trapping decreases diffusion-length life- 
time, but only by a factor no smaller than (1+ fo/mo)~ 
or (1+ 0/ po), respectively. 


j=1,2, (41) 


#2 As W. L. Brown has pointed out, this formal similarity must 
hold because diffusion length does not depend on release times 
but on the capture times, the times the carriers are free. It can 
be shown that it holds for any number M of types of centers, for 
which ro is given by 

Mu 
LE (morspitPotens) TY" 
j=l 


not po). 


*3 Equation (20) provides an equivalent derivation. It can be 

shown that if different types of traps are present, the I1;* in Eq. 
(41) is replaced by the sum of the respective capture 
concentrations. 
* A. K. Jonscher, Proc. Phys. Soc. (London) B70, 230 (1957) 
gives an increase of diffusion length with trap concentration which 
is bounded and always essentially negligible, a result at variance 
with that given here. See reference 2, footnote on p. 525, 
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General conditions for the validity of the linear 
analysis of this section may be formulated as conditions 
for the neglect of the quadratic terms. For this purpose, 
the steady-state equations for uniform concentrations 
and volume generation rate Ag are employed. The 
conditions are then obtained in a self-consistent manner 
as restrictions on (positive) Ag or on concentration 
increments by substituting for the concentration in- 
crements their values from the linearized equations in 
terms of Ag and the equilibrium capture and release 
frequencies. It is thus found, for example, that for 
nonrecombinative electron traps of the acceptor type, 
Ap and Af must be small compared with the concen- 
tration Ni—%o of unoccupied traps, and An small 
compared with +. These may be severe conditions 
for p-type material. They could in practice require an 
injection level much lower than small-signal ones 
meeting the familiar condition’ based on conductivity 
change. 


3.2 The Photomagnetoelectric Effect 


The steady-state PME effect with trapping in an 
infinite slab to the faces of which the applied magnetic 
field is parallel will be considered for a linear small- 
signal case. Equations (7), (10), and (17) for current 
densities may be suitably specialized, as in the treat- 
ment previously given for the no-trapping case,‘ and 
the short-circuit PME current along the slab obtained 
as an integral across the slab of the PME current 
density. The latter is evaluated from the solution of the 
suitably specialized continuity equation for boundary 
conditions corresponding to recombination of carriers 
at the respective surfaces with generation at the 
illuminated one. The concentration variable is now 
Am, the modified ambipolar diffusivity Do’ is employed, 
and a surface recombination velocity s,, for Am implies 
velocities s, for An and s, for Ap. These are clearly 
such that s,Am=s,An=s,Ap holds, from which the 
relationships 


Sm= (1—1n)Sn= (1—15)5, 


sf (42) 
SmT m= SnTn=SpTp = 
follow. 
The increase AG in conductance of the slab is the 
integral of Ao across the slab, or 


vo 
AG= ef (u»An+p,Ap)dy 


Yo 


(r-/tm)Amdy. (43) 


The second form follows from An/r,=Ap/rt,=Am/ 
Tm= Rm, With 


i 


Te=Aa/e(untup)Ag= (untntupTp)/(untup), (44) 


a lifetime function that determines the conductivity 
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increase Ao for the uniform volume generation rate 
Ag= Rn. 

The PME method of the _ high-recombination- 
velocity dark surface is best employed, since it generally 
provides better accuracy for the conductance change 
than does the thick-slab method which it otherwise 
subsumes as a limiting case.2® Optimum slab thickness 
is about one or two diffusion lengths. For large dark- 
surface recombination velocity, the small-signal results 
for no trapping”® give, for the present case, 


[#0 = —OeLLo(Si+coth2Y 9) 


= —O(untup)'(Lo/t-)(cothYo)AG, (45) 


in which Lo= (Doro)? is the diffusion length, Yo is yo/ Lo, 
and S; is SmiLo/Do'=L.:/Lo, subscript 1 referring to 
the illuminated surface. Note that AG now involves 7, 
as a factor. 

For nonrecombinative traps in extrinsic material 
with recombination of lifetime 7; in other centers,?’ ro 
is given by Eq. (41). For AG, Eqs. (43) hold with 
Te/Tm=[(1—rn) nt (1—1rp)up |/ (un+up) for the linear 
small-signal case. The solution for Am is readily ob- 
tained by comparison with that for the corresponding 
no-trapping case,?* and 
AG= K ge(untup)T3£(cosh2Y o— 1), 

(S;sinh2Vo+cosh2¥o) (46) 
results for the present linear small-signal case, where, 
for p-type material, Kg=7./7; is given by 
Kg=1+(b+1)'0,*/no (electron trapping) 
Ke=([1+(i+6 i) a Oe po | [1+9,*/ po] 

(hole trapping). 


(47) 


For hole and electron trapping, respectively, in n-type 
material, 9 and fo in these equations are interchanged 
and b=yn/p, replaced by its reciprocal. Note that the 
expression which Kg multiplies also depends on 
trapping, since Lo does. 

Dimensionless PME current-conductance ratio 


9/(AG Go) = _ 2yo(utnt+Mp)l, 8D \ AG 


=(K,/Kg)2YocothYo (48) 


follows from Eqs. (45) and (46), with 


K ,=70/T3= 1+2,* (not+ po), (49) 


for nonrecombinative minority-carrier traps; for ma- 
jority-carrier traps, this K, is modified as in connection 
with Eq. (41). Apparent lifetime 7, on the assumption 
of no trapping, obtained by equating $/(AG/Go) to 


25 Reference 4, Sec. 3.42. 

26 Reference 4, Eq. (50). 

27 This case has been treated by A. Amith, Bull. Am. Phys. 
Soc. 4, 28 (1959); Phys. Rev. 116, 793 (1959). See also reference 
1 


1. 

28 In Eq. (44) of reference 4, Ap is replaced by Am; the Dp that 
appears explicitly originates from the boundary conditions and 
is replaced by Do’ and Si is SmiLo/Do’ = La/Lo. 
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[2yo/(Dor,)*] coth[yo/(Dor,)*], is accordingly given by 
7, tanh*[_yo/(Dor,)? ]= (Ke?/K,)73 tanh?¥, and equals 
(K«?/K,)rs3 for the thick slab. As trap concentration 
increases, diffusion length increases and a slab of any 
given thickness becomes a “thin” slab, for which 
Yo) cothYo~1; and g/AG/G»o) approaches a constant 
value which is independent of the thickness. For ex- 
ample, if the half-thickness yo is of order (Dors)*, then 
K,>1 or X;*>>not+ fo also gives small Yo. From the 
expressions for K, and Eqs. (47) for Ke it is found 
that 9/(AG/Go) approaches 2(b+1)no/(mo+p0) for 
electron trapping and 2(b+1)0/b(mo+ 0) for hole 
trapping, regardless of conductivity type. On the other 
hand, if the slab is so thick that yo?>>Dor33,;*/ (mot po) 
holds, then the condition 91,;*>>mo+ po for large trap 
concentration gives” 73/7, equal to K,/K«¢ or 
(b+1)?n0?/(not+po)N;* for electron trapping and 
(b+1)*p0/h'(not+po) for hole trapping in p-type 
material, with similar results for n-type obtained as 
in connection with Eqs. (47). 

The recombination lifetime 7; can be determined 
from suitable measurements with traps saturated. 
With 73; known, measurement of 3/(AG/G») serves to 
determine 7o, since, from Eqs. (47) and (49), K,/Ke 
may be written as (b+1)mo[_0+ po— (po—bm0) 73/70 }7 
for electron trapping in p-type material, or as an 
analogous expression for hole trapping in -type. If the 
equilibrium concentration of empty traps and the 
release time (which, if 73 is comparatively short, is the 
photoconductive decay time for the traps nearly full) 
are also determined, then trap concentration, energy 
level, and capture cross section can easily be calculated. 


3.3 Nonlinear Steady-State Photoconductivity 


Lifetime functions 7, and 7, for An and Ap resulting 
from arbitrary steady-state injection levels may be 
evaluated from ®,. For centers of the acceptor type 
and no direct recombination, Eqs. (21) give 


An/t n= Ap/tp=Rm=Cruln(Ii—h)—myh | 
=C ml pa—pi(Mi— A) ] 
np—n,? 


T po(m+-) + rno(P+pr) 


(50) 


The familiar last form,'® which results from elimination 
of # and use of Eqs. (37), provides expressions for rT, 
and r, in terms of An and Ap. Certain other forms? 
result if both m and # are eliminated instead by use also 
of the neutrality condition. Then 7, and r, as well as 
* Amith (reference 27 and private communication) has pointed 
out that trapping usually influences the PME current-con- 
ductance ratio mainly through the effect on conductance. For 
minority-carrier trapping in the thick slab, 73/7, is proportional 
to MN; * in the intermediate range in which 9U;* is large compared 
with minority-carrier concentration mo or po but small compared 
with o or mo so that the change in diffusion length may be neg- 
lected. For majority-carrier trapping in general, rz and ry are 
substantially equal in this range. 
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An and Ap are written in terms of Af as a single 
independent parameter which can be related to the 
steady generation rate Ag=R,. 


The lifetime function'’ for | Ai|<«<An~Ap=Am, 


T po(Motmi+Ap)+ Tno( pot pitAp) 


(51) 


Ta™ Tp 


not potAp 


follows readily from Eqs. (50). That this lifetime 
function apply in general requires |A#| relatively 
small for all Ap, a condition which subsumes, as may 
be expected, equilibrium lifetimes substantially equal 
to ro. This common lifetime then applies for low in- 
jection levels for which the condition Ap (¥gnitvgp1)/ 
(CaitCp1) holds, in which equilibrium release fre- 
quencies are employed. In the minority-carrier trapping 
range, both conditions may be severe: Equilibrium 
lifetimes are ro for 90,* small compared with minority- 
carrier concentration mo or po; and ro then applies for 
Ap small compared with mo+m, or pot fi, which follows 
also from the condition of Sec. 3.1 for neglect of 
CriAndn or C,,ApAn suitably specialized. If the con- 
dition on Ap is not met, then (with the condition on 
Mi*) Eq. (51) gives a lifetime which increases rapidly 
with injection level at low injection levels.” But such 
observed behavior with extrinsic material, as these 
considerations indicate, cannot usually be properly 
analyzed by use of Eq. (51). The 7, and r, in the small- 
signal range generally either result primarily from 
recombination or majority-carrier trapping and are 
both ro and substantially constant, or else have differing 
equilibrium values given by Eqs. (36). Thus, unless 
trap concentration is quite small, Eq. (51) has sig- 
nificant application in the former case only to the 
transition from 7» to the lifetime tnzo+7 po for the 
large-signal range. 

It can be shown? that in the latter case of differing 
lifetimes small-signal trap saturation generally obtains 
with which apparent diffusion-length lifetime increases 
to a value given by 7,n1 for n-type material or r,,: for 
p-type. Further increase then occurs in the approach 
to a large-signal lifetime which is substantially tno for 
n-type material or 7,0 for p type, that is, the (small- 
signal) lifetime in the limit of strongly extrinsic material 
of the opposite conductivity type. Such increases of 
lifetime can account for certain cases of superlinearity, 
or the more-rapid-than-linear increase of photocon- 
ductivity with injection level, on the basis of a single 
trapping level.” 


*® As a result of saturation of centers available for minority- 
carrier capture, this lifetime increases essentially linearly in the 
small-signal range from the equilibrium value rp0(o+m)/po or 
Tno(Pot+pi)/mo and asymptotically to the large-signal value ro 
OT Tro. 

14 multilevel model for superlinearity has been given by 
A. Rose, R C A Rev. 12, 362 (1951); Phys. Rev. 97, 322 (1955); 
Proc. Inst. Radio Engrs. 43, 1850 (1955); Photoconductivity 
Conference, Chap. 1A (reference 8). See also: R. H. Bube, J. Phys. 
Chem. Solids 1, 234 (1957) 
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The steady-state fractions of ionized centers can be 
represented by simple formal generalizations of the 
equilibrium relationships of Eqs. (27) and (34) for 
single- and two-level centers: In these equations, fio 
and fp» are replaced by # and f/ and ayo and az» by 


Crimt+C pip 
a=-— Qa) 


CpiptCrim 


1+ An/(no+n,*) 
1+Ap/(potpi*) 
1+Ap/ (pot ps") 
“1+An/(n +n,*)' 


Cp2ptCrmse 

— a 
CroMmt+C pope 
as can readily be shown® by solving for the ionized 
fractions from Eqs. (21) and also from the corresponding 
two-level equations of Sec. 2.22. 


3.4 Time-Dependent Photoconductivity 


The decay of photoconductivity is governed in the 
general case by nonlinear differential equations which 
are rather intractable analytically.* Solutions? of the 
nonlinear equations are obtainable in closed form, 
however, for cases of nonrecombinative trapping and 
for sufficiently small concentration of centers or large 
concentrations of mobile excess carriers such that the 
steady-state lifetimes are substantially equal. The 
latter solution has the restricted general application of 
the lifetime function of Eq. (51), since it is the inte- 
grated form corresponding to this function. 

With the neglect of direct recombination, the 
limiting large-signal equations are linear and give an 
exponential decay with lifetime equal to the steady- 
state large-signal lifetime. During this decay, the 
concentrations of carriers in traps remain constant. 
The lifetime for centers of a single type is Tx 
and the concentration in the centers is Af = (vini— Vip1) 
(CartCp1) or AP= (vip2—vene)/(Cn2tCp2). If single- 
level centers of the acceptor and donor types are present 
together, then these values of Af and Af clearly still 
apply; and the lifetime is the harmonic mean of the 
lifetimes Tno+7 po for each type of center. For two-level 
centers, on the other hand, Eqs. (32) give 


\ 
T T pd; 


Ah=C aC no (Caf = ot "av pit ( "pil a 


»)—h 
and 


AP=C piC p2M/ (Cnr n2et Cn pi tC piC p2)— po, 


with large-signal lifetime equal to 
(14+C ni CaitCpe Caz) (Cri tC pe). 


® The equation given in the abstract of the paper of Sah and 
Shockley (reference 17) rewritten in the present notation yields 
A/(M—A—p)=a, and (M—A—p)/p=a2, from which the 
ionized fractions for the two-level case here given follow as 
solutions of simultaneous linear equations 

% Certain analytical approximations have been considered by 
W.-H. Isay, Ann. Physik 13, 327 (1953). A treatment which 
includes numerically computed solutions has been given by K. C. 
Nomura and J. S. Blakemore, Phys. Rev. 112, 1607 (1958). 
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In the linear small-signal case, the photoconductive 
decay is given by a sum of exponential modes with 
(real and positive) decay constants whose number 
exceeds by one the number of types of centers present. 
This decay will here be considered for centers of a 
single type."4-® The solution for centers of the ac- 
ceptor type is readily found to be given by 


Am=Ap=)>, Aje~"', AR=D ryjAje~”*', 


— 
j=1 j=l 


in which A; are constants determined by the initial 
conditions; the r,,; are trapping ratios for the respective 


decay modes determined by 


“Tiel tT or Vopinj=9Y, 


(54) 


Vini— epi t (—Vini— Vgni— Ygpi t Ys) ¥nj=O, 


with the decay constants v; the roots of the equation 
obtained by equating to zero the determinant of Eqs. 
(54). The A; are found in terms of the trapping ratios 
and the initial concentrations Am, Af,, and Af; by 
setting ¢ equal to zero in Eqs. (53) and solving. The 
trapping ratios are thus given by 


Tnj= (Vini— Vep1) (Veni t+ VgnitYgpi— 5) 
(vj— Pep) Vopl, 


and the decay constants by 


y;= iT ( —1)*p,+y 


j=\, 2, 
with 


6 i / ‘ 
Vp= (v2—4A,)!=[ ( Venit Voni—Vtpi— gp)" 


i 
+4rgnigp1 |’, 
= Vey it Vo ut Vepit Yop, 


and A, defined by Eq. (38). Equilibrium values of the 
effective release frequencies are, of course, employed. 
The corresponding time constants 7;=p;7! and r2= 727! 
are also equal, respectively, to v2/A, and »,/A,. Non- 
oscillatory decay is easily verified for this case: The 
second form for v, shows that the v; are real; and since 
vr<vz, the v; are positive. 

A subcase that provides some physical interpre- 
tations is that of 3%; sufficiently small so that capture 
frequencies are small compared with release frequencies. 
As Eqs. (38) and (57) show, the condition v,2>4A, 

4H. Y. Fan, Phys. Rev. 92, 1424 (1953); 93, 1434 (1954) 

3° E. S. Rittner, reference 8. This reference includes some 
nonlinear cases. 

© E. I. Adirovich and G. M. Guro, Doklady Akad. Nauk 
S.S.S.R. 108, 417 (1956) [translation: Soviet Phys. Doklady 1, 
306 (1956) ]. 

37D). J. Sandiford, Phys. Rev. 105, 524 (1957). 

38D. H. Clarke, J. Electronics and Control 3, 375 (1957). 

%® W. Shockley, reference 17. 

 G. K. Wertheim, Phys. Rev. 109, 1086 (1958). 
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then holds, and expansion of the radical gives 


1 


Ti" Fe TgniT gpl (r,n171 Top) 


(58) 


KtTr2~ v;/Ai~To. 


Thus, for this subcase, r2 is the steady-state lifetime®*-** 
to of Eq. (40). It is large compared with 7, the time 
constant for the adjustment of Af” to a fixed fraction 
of Ap substantially equal to the equilibrium trapping 
ratio, r,. This interpretation of 7; follows readily from 
n2~ (Veni— Vepr)/ (Vani tYgp1)~Pn- If the initial trapping 
ratio is r,, then the trapping mode does not occur in 
An, Afi, or Ap; it does not occur either for ‘critical 
recombination” with which Af” remains identically zero 
as result of equal capture frequencies vin; and yp: OF, 
for this subcase, equal capture rates for An and Ap. 
For small 9t,, the capture rates are in all cases sub- 
stantially in the ratio v¢n1/v¢p1. In linear cases, they also 
decay in the lifetime mode after this mode predomi- 
nates. The release rates behave similarly, their ratio 
being equal to Ygni/%gp1, OF tO (Mo/ Po) (Venr/¥ep1) in 
accordance with Eq. (30). 

The condition for neglect of the capture frequencies 
may be severe: For the minority-carrier trapping range, 
the condition vinit+ vip1KgnitYgpi for the approximate 
form of v, (which subsumes 91,*<mo+ po for neglect of 
ViniVep: in A, and, generally, v,2>>4A,; as well) is the 
same as that for steady-state lifetimes equal to 79; it 
requires 9,* small compared with minority-carrier 
concentration #9 or po. 

The release frequencies may be neglected under the 
condition N*>>no+ po. The solution is then simply” 
An/An,=exp(—?/rin) and Ap/Api=exp(—t/rtp1). For 
N,* large, Eqs. (36) show that rin: and tp: are, re- 
spectively, the steady-state lifetimes*®** +, and >. 
The condition »,2>>4A, is accordingly }(tn/tp+Tp/Tn) 
+ }>>1, namely that one of 7, or 7, be small compared 
with the other. If +, or 7, is the smaller, then sub- 
stantially all of An or Af, respectively, is transformed 
comparatively rapidly into positive or negative Af, 
after which a slower recombinative decay of Afi and 
the concentration of the other mobile carriers takes 
place as these carriers are captured. 

The condition »,2>>4A, implies with 7; 
essentially a characteristic time for trapping and re 
essentially a lifetime. This interpretation does not 
apply if v,* and 4A; are comparable so that 7; and 72 
do not differ by much. For small 9; and the recom- 
bination or majority-carrier trapping range, for 
example, 71~72 may hold. The case of v,2~4A, for Ny 
large, for which 174, 72, Tent, Ttpt, Tr; 


712, 


and rp, are all 
substantially equal, is a case of recombination with but 
slight trapping. 


The general trapping time and lifetime, obtained 


“1 This result easily follows directly from the differential 


equations. Or, note that the quantity in brackets in Eqs. (57) is 
(Vini—Vepi)*. 
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from Eq. (56) and related equations, are*’ 


1 + ; 
Ti=), ToniT gpl [ (Ny Pot Wrynt 


+ (Ki*/not+1)ryp1 | 
= Ten Tepr/L (1+ po/Mi*) rent 
+ (1+ 19/Ki*) rep | 
Kre=v./Ar= (Si* + not po) [mor onrt por ent 
+n? (Toni tT o91) Ni* | 
= (Ni*+- 0+ po) 1 (Na*+ po) rent 
+ (Ki*+-no) repr ]. 


Comparison with Eqs. (36) and (40) shows that this 
lifetime 72 is larger than the steady-state lifetimes Tn, 
Tp, and ro; all are equal in the limit of 9, small. For 
M, large in intrinsic material, rz equals 279. Further- 
more, these lifetimes all decrease monotonically to zero 
as Ny increases indefinitely. 

The decrease of 72 with increasing 9, may, however, 
proceed essentially in two ranges, with approximate 
constancy of v2 in an intermediate range.” From the 
first form for r2 of Eqs. (59), this intermediate range 
occurs provided there are capture concentrations 3t,* 
that are small compared with m +o and also large 
compared with (¥gnitYyp1)/ (Ygni/MotYypi/ po), that is, 
if the strong inequality 


Toni tT Topi << < (mq pi \Tonit (Po/No)Tgp1 (60) 


holds. It can hold for sufficiently strongly extrinsic 
material if the majority-carrier release time is not too 
small. For small 91, r2 varies inversely with Q,, as 
Eqs. (40) for ro For large 9; such that 
Ni*>>no+ po, T2 varies similarly, equalling the value 
(not gnit PoTopi)/(Mot+ po) of approximate constancy 
divided by 91,*/ (9+ po). With the second or third form 
for N,* of Eqs. (35), this r2 reduces to tTiny+ Tip1- Since 
r, for large N,* is the harmonic mean of T¢n1 and Tep1, 
7, is the smaller of these capture times and 72 the 
larger, as previously discussed for this case. It can be 
shown that, for the minority-carrier trapping range, 
the inequalities that 91,* must satisfy for approximate 
constancy of r2 generally imply the condition v,2>>4A, 
on which the calculation is based. A similar situation 
has been shown to obtain with the inequality for the 
case of negligible capture frequencies. But since this 
case involves a condition for neglect of the capture 
frequencies which is usually severe for the minority- 
carrier trapping range, it is the present case which would 
usually apply in practice in this range. 

The decay times associated with a small-amplitude 


show. 


pulse of added carriers above a steady generation level 
Ag are readily evaluated. The equations for dén/dt and 
dép/dt linear in the concentration increments én and 
5p resulting from the pulse may be obtained from Eqs. 
(23) and (24). Written with capture and release fre- 


quencies that are concentration-dependent, they are 


® The approach to constancy with increasing concentration of 
centers is discussed in reference 40. 
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formally the same as the linear small-signal ones for 
dAn/dt and dAp/di. For the release frequencies, the 
definitions of Eqs. (24) apply; for the capture frequen- 
cies, #9 and fo in these definitions are replaced by # 
and p. The condition v,2>>4A, of this section generalized 
in this way is the condition for a lifetime 7: for én and 
5p which is equal to the generalized ratio v,/A; and 
which is large compared with the corresponding time 
constant for trapping. The lifetime 7, depends on the 
steady-state values of An, Afi, and Ap; it reduces to 
r2 of Eqs. (59) for the linear small-signal case and to 
Tnot+T po for Ag large. 


3.5 Transport of Injected Carriers 


Steady-state transport as well as drift of an injected 
pulse will be considered in this section on the basis of 
general differential equations of Sec. 2 specialized to 
the linear small-signal case for centers of a single type 
and no applied magnetic field. After this readily effected 
specialization, Af for centers of the acceptor type may 
be eliminated between the continuity equation in 
Am=Ap and the mass-action equation for dAf/9dt. 
With the introduction of 91,* and A; from Eqs. (35) 
and (38), the following third-order equation results: 


PAp/d?— Do div grad(dAp/ dt)+vo- grad (dAp/ dt) 
+7,0Ap/dt—vpDy div gradAp+ v,vo: gradAp 


+A,Ap= OAg/ Ot+ (vs— Pipi) Ag. (61) 


Here, Do=kT pnpp(not po)/ooand Vo=epunutp(Mo— po)l/oe 
are the equilibrium ambipolar diffusivity and velocity ; 
v, is defined in Eqs. (57) and vp and », by 


vp=[1+2* (no+ po) |(Ygni top); 


¥e3E Yoni T Vopi tT (Ygni— Y, pi) IU" (nl = ). (62) 


The frequency v, will be referred to as the “‘straggle 
constant.” It is readily shown that the linear differential 
equations which An and Af satisfy are entirely similar 
to Eq. (61) except for suitable modifications of the 
right-hand member; all the concentrations satisfy the 
same equation if there is no volume generation. For 
An it suffices to replace »;p; where it occurs explicitly 
by vin, while for Af only the term 
(Vini—Vtpi)Ag occurs, dAg/ dt being absent. It can also 
be shown that recombination of lifetime 7; in other 
centers in extrinsic material can be taken into account 
by adding rs to the coefficient v, of dAn/dt and 
OAp/dt and (v,—vipi)/7s OF (¥,—Veni)/73 for n- or 
p-type material to the coefficient A; of An and Ap. 


generation 


3.51 Steady-State Transport; Reverse Drift 


A simple case which yields qualitative information 
of interest is that of injection into a filament in the 
steady state with applied field. For this case, 


vpDi@ Ap/ dx? — v,vd Ap/dx— A,Ap=0 (63) 





CURRENT 


is to be solved for, say, Ap zero for distance x along the 
filament negatively or positively infinite and con- 
tinuous at the origin at which there is carrier injection 
with zero injected total-current density. Equation (63) 
is easily shown to be equivalent to Eqs. (15) and (16) 
specialized for no volume generation and acceptor 
centers only; vp and vy, are v,—vep1 times Do'/Do and 
vo'/vo, respectively, and +, from Eqs. (36) is 
(Vs—Vtp1)/ A. 

The solutions in the semi-infinite regions separated 
by the origin are exp(r7:x) and exp(r2x) where 7; and r2 
are given by 


Tr) a 
( )= Aen vpDo+L(¥»20/vpDo)?+441/vpDo }* | 


I> 
V»V0/VpDo 
~ ( ), (64) 
— Aj/v,20 


as obtained from Eq. (63). The case of recombination 
without appreciable trapping® presents no unfamiliar 
features; the approximation given will accordingly be 
considered, which is that for A; small, as may result 
from one of the capture coefficients small. The mag- 
nitude of r; is thus large compared with that of ro. 
With the condition »>0, which may be assumed 
without loss of generality, exp(rix) gives the familiar 
sharply varying field-opposing solution to the left of 
the origin and exp(rex) gives the corresponding gradu- 
ally varying field-aiding solution to the right, provided 
v» is positive; thus r; and rz are, respectively, positive 
and negative. But negative v, can occur, for which an 
anomalous behavior obtains, the field-opposing and 
field-aiding solutions then being, respectively, the 
gradually and sharply varying exponentials exp(rox) 
and exp(rx). For this case, in the limit of no diffusion, 
added carrier concentration appears only in the direc- 
tion opposite to that of the ambipolar drift velocity, 
that is, opposite to the direction of drift normally 
determined by conductivity type. 

This “reverse drift” associated with trapping may 
be understood in terms of properties of the current 
density AI of added carriers. From Eq. (12), added 
carriers drift in the direction of the total current 
density, or the contribution to AI from drift has the 
sign of I, if mAp—poAn or Ap/An— po/no is positive, 
that is, if injection results in proportionately more 
holes than electrons than is the case at thermal equi- 
librium. This behavior is, of course, that which nor- 
mally occurs in n-type material; with no trapping, 
Ap/An equals unity and added carriers drift with or 
opposite to I according to whether the semiconductor 
is n-type or p-type, with no drift in intrinsic material. 
Thus, the normal behavior requires the conditions that 
Ap/An— po/no be positive in n-type material and nega- 
tive in p-type. It is easily shown by writing these condi- 
tions by means of Eqs. (36) for the steady-state value 
(1—r,)" of Ap/An that both are tantamount in the 
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steady state to the single condition, v,>0. This con- 
dition clearly always holds for the majority-carrier 
trapping range, while reverse drift results for sufficient 
minority-carrier trapping in not too strongly extrinsic 
material. From Eqs. (62), v,>0 gives 


po—Nno> (Yoni Vopi)9U1*, (Ygni+ Yop) (65) 


for p-type material, and a similar inequality for n-type 
obtainable by changing the sign of each side. Equating 
the two sides gives the condition for no drift which, 
for no trapping, holds for intrinsic material. For 
electron trapping without recombination, the right- 
hand side reduces to N,*; for this case, since 2,* equals 
NoVini/Vgni from Eqs. (35), reverse drift obtains if 
No/ po in p-type material exceeds Tin1/(Teni+T gn), the 
fraction of the time electrons are free. A similar result 
holds for hole trapping in n-type material. 


3.52 Drift of an Injected Pulse 


The differential equation for drift with negligible 
diffusion and no volume generation in one Cartesian 
dimension with trapping by centers of a single type is 


PAP/OP+ PF AP/Axdt+ v,Ap/ at 


+ vr v0Ap/dx+A,Ap=0, (66) 


from Eq. (61). To solve Eq. (66) for a pulse of carriers 
injected into a doubly infinite filament, for which a 
suitable technique is that of the bilateral or two-sided 
Laplace transform with respect to the distance variable, 
the equation is put into a particular dimensionless form: 
Independent variables 


X=x/L, Ust/r, (67) 


are introduced, and with distance and time units given 


by 


L=wr, r=(\r|)-, 
y=, (v.— ve)— Ay] 
=4n?2(vini- Vipi)*(po— Mo) -— 


‘LE ent Vip) (po— no)/(Vimi— Vipi)I*— 1], 


(68) 


subject to the restrictions #0 and mo¥ po, the reduced 
equation 


PAp/dU2+ PAp/AX9U+fdAp/U 
+4(o+x)dAp/AX+3(C—eF1)AP=0, 


results, where « and ¢ are the parameters 


(69) 


k= (2v,—v,)7=[Voni tpi 
+ (no+ Po) (Vini— Vipi)/ (no— po) Jr, 
c= V.T= (Vent VonitVipitYgpi)T> 0. 


(70) 


Coefficient unity for the second term of Eq. (69) 
results from the definition of L. The double sign in the 
last term of the equation results from the necessity of 
defining a real (and positive) 7, the upper and lower 
signs applying, respectively, for positive and negative v*. 








650 W. VAN 


Solutions for the initial delta pulse at the origin of 
Y carrier pairs injected per unit area of cross section 


are, as may be verified without difficulty, 


AP=Ap/(P/L)= {exp kX —43(¢+x)l 


| a0 — X) 


Cxw-xy yt ecxw-yY 
ail 
LX u-x))}, 
[x(U—X)}} 
AN=Af/(P/L)=} 


> 


(71) 
E—n){expLcX —3(¢+x)U]} 
“7 (LX(U-X) yILX(U—X)], 


where £ and 7 are the parameters 


-> 


&=(v,—2p1)T, 1 (72) 


For AV=An(P/L), — in AP is replaced by yn. The 
modified Bessel functions J) and /; apply for the upper 
sign in Eq. (69), that is, for v real, while the Bessel 
functions J» and J; apply for vy imaginary. The term in 
AP and AN with the delta function 6(U—X)=vor 
‘6(vi—x) represents a contribution that drifts at 
velocity v%. The continuous distributions are confined 
to the interval O<x<ov, IL X(U—X) ]=I1[x(v0t—2) | 
being the step function that is, respectively, zero and 
unity for positive values of its 
argument.” * 

An illustrative case of minoriiy-carrier trapping in 
strongly extrinsic material, for which v is real and the 
interpretation comparatively straightforward, will be 
presented first. For strongly extrinsic material, since 
the parameter £ or » for minority carriers is substan- 
tially equal to «x, the minority-carrier, concentration 
does not include the term with the Bessel function /». 
If, also, the trapping is nonrecombinative, then 
C=(vyt+,)r and x hold with v?=4y,7,, 
where »; and vy are Veni OF Yep ANA Ygn1 OF Yyp1, Tespec- 
tively, and refer to the minority carrier. Figure 1 shows 
distributions of mobile minority carriers for ¢=5/4 
and x= —3/4, as for release time equal to 4+ times the 
trapping time. The continuous distribution is shown 
for different times after injection at the origin of the 
neutral delta pulse. This distribution is led by a delta 
pulse which drifts at the ambipolar velocity 2. This 
remnant of the initial pulse is composed of untrapped 
carriers; it is attenuated comparatively rapidly by the 


negative and 


=(Yg—Vy)T 


“Fan (reference 34 and private communication) has given a 
solution of this drift problem which applies for negligible majority 
carrier capture frequency. Clarke (reierence 38) has, in effect, 
pointed out this restriction, to which solutions in references 34 
and 35 for the decay of photoconductivity are also subject. 

“A. K. Jonscher, Proc. Phys. Soc. (London) B70, 223 (1957) 
has given solutions for drift of minority carriers with recombi 
nation and nonrecombinative trapping at variance with solutions 
given here. See reference 2, footnote on pp. 526, 527. 
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Fic. 1. Continuous concentration distributions at different 
times of mobile minority carriers from an injected neutral delta 
pulse for drift with trapping. A strongly extrinsic semiconductor 
and ¢=5/4, «= —3/4 are assumed, as for nonrecombinative trap- 
ping with release time, 7,, equal to 4 times the trapping time, 7+. 


exponential factor [exp(—U) for the particular values 
of the parameters |] as the area under the distribution 
of actual concentration increases asymptotically, as 
can be shown,’ to 2@, the initial pulse strength multi- 
plied by the fraction of the time the carriers are free. 
The abrupt front of the distribution for the shorter 
times results from most carriers having been trapped 
only slightly—at but not much more. A 
relative maximum within the drift range appears com- 
paratively soon, and the abrupt front then progressively 
disappears as a result of multiple trapping. Further- 
more, there is a reduction of apparent mobility: The 
maximum drifts, as will be shown, at a velocity which 
decreases asymptotically to }v, the fraction of v» equal 
to the fraction of the time the carriers are free. It 
appears from the figure that this limiting velocity is 
approached comparatively slowly. By suitable approxi- 
mation involving large l 
distribution also becomes increasingly Gaussian in 
shape, particularly about its maximum, spreading as 
if the carriers were subject only to drift and diffusion 
with diffusivity (for nonrecombinative trapping) given 
by vol /453= ve?» 4/ (vit v9)°. 

Some of these results depend on certain general 
properties of the parameters. From the first forms for 
x and ¢ of Eqs. (70) and the definitions of + and v* of 
Eqs. (68), 


least once, 


, it is readily shown that* the 


€= (®+1+4A4)7°)!> (P41)! (73) 


follows. The inequality sign is associated with recom- 
bination, A; being zero for nonrecombinative trapping. 
The parameter ¢ 


is real and never negative. For p 


imaginary, so that the lower sign applies, a similar 


45 Use is made of the approximations 


I(z)~Ii(s)~ (2x2) exp(z) for !z! large 
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calculation gives 


1+(v2—4A))r>1, ”<0; (74) 
the condition y,2—4A4,>0 implies real decay constants 
and holds from Eqs. (57). For v real, « is not restricted. 
For example, for nonrecombinative trapping in strongly 
extrinsic material « is 3[(vy/v.)'— (v:/v,)*] and can be 
zero or have any positive or negative value. Thus, ¢> 1 
holds for v real and ¢>0 holds for v imaginary. Also, 
for nonrecombinative trapping, the parameters do not 
depend on the capture coefficient and ¢= (x?+1)! 
equals & or » according to whether electrons or holes 
are trapped. 

The maxima for sufficiently large U of the con- 
tinuous distributions of mobile and trapped carriers 
for cases of real vy occur substantially together. They are 
found to be given by*® X/U=x/vel=3[1+k/ («°+1)*], 
from Eqs. (71). It is easily seen that for nonrecombina- 
tive traps real vy implies minority-carrier trapping with 
positive v, and («?+1)? equal to ¢. From Eqs. (35), 
(62), and (70), X/U for the maximum and large U 
ac ordingly reduces to v,/(vy+v,), which is 


[ Teni— MoT gn1/ (po— Mo) 1/ (Ten tT oni) 
for electron trapping or 


[rep1— poTgpi/(no— po) ]/ (Tepi +791) 

for hole trapping. Hence this X/U, the factor by which 
the apparent mobility is smaller than the magnitude 
of the ambipolar pseudomobility,’ is in general less 
than 7:/(t:+7,), the fraction of the time minority 
carriers are free; but this X/U is substantially equal 
to the free-time fraction*® under the condition 
No— po| >N*, obtained with the use of Eqs. (35). 
As |to— po, approaches 2:* in the nonrecombinative 
case, X/U approaches zero. Recombination reduces 
the distance for a maximum at given time, and thus 
reduces the apparent mobility, since for nonrecom- 
binative traps with recombination of lifetime 73 in 
other centers the distribution of the mobile carriers 
subject to trapping is simply that for no recombination 
multiplied by the decay factor exp(—<x/vo7T3). This 
factor applies because the carriers which arrive at x 
at whatever time have drifted in the conduction band 
for time x/1. 

The decay constant for the straggle effect, or the 
limiting decay time at fixed x for the tail of the distri- 
bution after the maximum has drifted past, is readily 
evaluated. With the condition X<U for the tail of the 
distribution, this decay constant is clearly the co- 
efficient of ¢ in the exponent of Eqs. (71). It is thus 
3(¢+-x)/r=v,, and v, has accordingly been named the 

“6 Fan (reference 34) has shown from his solution that for 


relatively small trap concentration X/U for the maximum ap 
proaches the free-time fraction. 


TRANSPORT 


WITH TRAPPING 





0.306 


ON OR AP 





° 
o 


DIMENSIONLESS CONCENTRATION, 
°o 
) 


° 
°o 
uw 


u=t/7 =10 











\ 
DIMENSIONLESS DISTANCE, X =X /V)T 


Fic. 2. Continuous concentration distributions at different 
times of mobile minority carriers from an injected neutral delta 
pulse for drift with trapping in the reverse-drift range. Equi- 
librium majority-carrier concentration is taken as 5m; and non- 
recombinative trapping is assumed with Jl;*>>|mo—po|, whence 
0.17,>>7 =2.47r; and ¢{=2.4, x= —2.6 hold, with 0.1 the coefficient 
of the term in Jo. 


“straggle constant.” It is easily seen from Eqs. (35) 
and (62) that »v, for strongly extrinsic material is sub- 
stantially vgnitvgp: Plus either yeni, for mo>po, Or Vepi, 
for pono. 

Imaginary v obtains with x>1 over the majority- 
carrier trapping range, and it obtains with x<—1 over 
a range which includes the reverse-drift range, as can 
be shown? from Eqs. (62) and (68). With recombina- 
iion in the centers, the reverse-drift range applies for 
the finite range, «-<xk<—1. nonrecombinative 
trapping, x<—1 (with imaginary v) gives the reverse- 
drift range. This case is illustrated in Fig. 2, which 
shows the continuous distribution of mobile minority 


For 


carriers at differing times for majority-carrier concen- 
tration mp or po equal to 5”; and Mi*>|no— pol, 
namely 7,>>24r;; the delta pulse of untrapped mobile 
carriers 


that leads the distribution is rapidly at- 
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tenuated by 2.5U). As the figure 
shows, the distribution crowds towards the injection 
point as its maximum excursions both above and below 
the axis increase time: carrier 
depletion, the distribution being negative over part 
of the drift range after a certain time.’ The distribution 
approaches a pulse at the injection point of strength 
equal, for nonrecombinative trapping, to the initial 


the factor exp\ 


with There is local 


strength times the free-time fraction. It does not 


exhibit essentially unidirectional drift: The drift of 
added carriers, initially in the direction of the ambi- 
polar velocity, is largely in the opposite direction after 
some trapping has taken place. Numerical estimate of 
the effect of diffusion indicates that negative added- 
carrier concentrations can occur over appreciable 
distances under conditions which can be realized in 
practice.*® 

For a pulse injected in more strongly extrinsic 
material under the condition of large 9t:* or 7, which 
gives reverse drift, smaller concentration changes 
occur more slowly with U and are appreciable over a 
fraction of the drift 


smaller range.“ For strongly 


extrinsic material, the exponential factor limits the 
solution to small X, since « and ¢ are large in magnitude. 
Approximating the Bessel functions for small values of 
their argument then gives, for p-type material, 
AN=[(nj/2po) exp(n:U'/2po) |] A—2/vor ens) 
-exp(—2/toTint). (75) 

This approximate solution bears out the statements 
made: Because of $(2;/ po) Tgn1>>7 = 3 (po/mi—Ni/ Po) Tent, 
an increase in fo for given r requires larger Tyn1 and, in 
particular, decreases Tin, as well as n;/2po. A curve 
from Eq. (75) of AN versus 2x/voTen1 is qualitatively 
similar in shape to the curves of Fig. 2: AV decreases 
to a negative relative minimum at x/?o7¢n1= 2 and then 
asymptotically approaches zero. 

The current density AJ of added carriers provides 
further interpretations. From Eqs. (12) and (71), this 


W. Kaiser (private communication) has suggested that 
negative added-carrier concentrations which were observed with 
localized optical injection in silicon under applied field may be 
accounted for through these results. A theoretical discussion of 
carrier depletion is included in reference 3 

8 For po=5n, and electron and hole mobilities of 1500 and 
570 cm? volt sec™, as for silicon at 300°K, L=vor is 0.12 cm for 
t= 2.47 1,:= 10-5 sec and an applied field of 10 volt cm™. The 
diffusion distance (Dot)* for 107 is 0.06 cm, which is appreciably 
smaller than the approximate distance 2L=0.24 cm over which 
negative added-carrier concentrations occur 

See Fig. 3 of reference 2, which shows a more nearly intrinsic 
reverse-drift case 
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is given by 
Al =e npypoo 1 (P/ L) (mAP— poAN) 
= er)(P/L){expLkX —3(¢+x)U }} 


6(U-—X 


tah x | 
y_ay : =? 
2 [x(U—x)}!) 


pT LX(U-X)}) 


-I[X(U-—X)] (76) 


for the present case of one-dimensional drift with no 
applied magnetic field. That the Bessel functions of 
order zero do not occur follows from the easily verified 
relationship moé— pon= (no— po)x. These functions are 
accordingly associated with carriers that neutralize 
the charge of trapped carriers or with the trapped 
carriers themselves, while order one are 
associated with the drift of, in effect, carrier pairs. The 
direction of drift of a mobile-carrier distribution con- 
sidered in its entirety depends on the sign of the net AJ, 
or A/ integrated over the drift range. For nonrecom- 
binative trapping and large U, 
drift range of the concentration of mobile carriers that 
are subject to trapping equals @ times the free-time 
fraction. The corresponding value of the integral of AJ 
with respect to X for electron trapping is therefore 

(@/L), the initial AJ, times®? v,/(vini+tvgni). Thus, 
as may be expected, the limiting value of the integral 
for large U ha- the sign of vw or the opposite sign 
according to whether », is positive or negative. This 
result supports the conclusion that, for the reverse- 
drift case, the distribution from an injected pulse 
ultimately crowds towards the origin, where AJ=0 


holds. 


those. of 


the. integral over the 
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Magnetic After-Effect in Iron due to Motion of Dislocations* 
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The magnetic after-effect in iron at high temperatures due to motion of dislocations is investigated. The 
specimens, consisting of a few large crystals, are examined, some after a careful annealing and some after a 
small plastic deformation. The intensity of the after-effect is measured as the horizontal displacement 
(viscosity field) between two magnetization curves: one taken immediately after demagnetization, and the 
other taken a long time later. 

On annealed Armco iron the magnetic viscosity begins to appear above 320°C, reaching 0.3 amp-turn/m 
at about 450°C. On the other hand, in cold worked specimens the viscosity field is appreciably larger and 
is already observable below 200°C. Similar results are obtained on high-purity electrolytic iron. Comparison 
with the relaxation of elastic modulus, occurring in the same temperature range, seems to confirm that the 
observed magnetic viscosity is due to dislocation motion. 

An interpretation of the phenomenon, on the basis of the Vicena theory concerning the dependence of the 


coercive force on the dislocation density, is given. 


INTRODUCTION 


HE influence of time on some magnetic properties 

has been known since 1889,'? but the physical 
basis of most of these effects has been clearly under- 
stood only recently. Apart from the after-effect due to 
thermal fluctuations’ the magnetic viscosity is gen- 
erally due to diffusion of solute atoms or lattice defects 
(diffusion viscosity). A comprehensive theory of the 
diffusion viscosity due to solute atoms has been given 
by Néel.*-’? Experimentally, a great deal of work has 
been done on the viscosity due to interstitial C or N 
in iron by Snoek® and recently by others.’ On the 
contrary very little attention has been given to the 
other possible sources of magnetic viscosity. 

Since the observations of Weiss and Freudenreich" 
on time changes of permeability of an FeCo alloy, the 
only magnetic viscosities at high temperatures reported 
until now, are those of Fahlenbrach”:" on iron and on 
* This research has been supported in part by the Air Force 
Office of Scientific Research of the Air Research and Development 
Command, United States Air Force through its European Office. 

t Istituto Nazionale di Fisica Nucleare, Sezione di Torino; 
Torino, Italia. 

17. A. Ewing, Proc. Roy. Soc. (London) 46, 269 (1889). 

2R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
New York, 1950). 

3L. Néel, J. phys. radium 11, 49 (1950). 

*R. Street and J. C. Wolley, Proc. Phys. Soc. (London) 62, 


.. Néel, J. phys. radium 12, 339 (1951). 
.. Néel, J. phys. radium 13, 250 (1952). 
.. Néel, J. Appl. Phys. 30, 3S (1959). 
. L. Snoek, New Developments in Ferromagnetic Materials 
(Elsevier Publishing Company, Inc., Amsterdam, 1947). 
*P. Brissoneau, Compt. rend. 244, 868 (1957) and J. Phys. 
Chem. and Solids 7, 22 (1958). 
0G. Biorci, A. Ferro, and G. Montalenti, Atti accad. nazl. 
Lincei. Mem. Classe sci. fis. mat. e nat. Sez. VIII 24, 542 (1958). 
See also Air Research and Development Command Technical 
Report No. 1331, 19 (unpublished). Instability of the Block 
Walls due to interstitial atoms in a ferromagnetic lattice. 
4 P, Weiss and J. de Freudenreich, Arch. Sci. Phys. Mat. 42, 
5 (1916) and 42, 449 (1916). 
2 H. Fahlenbrach, Ann. Phys. (6) 2, 355 (1948). 
18H. Fahlenbrach and G. Sommerkorn, Tech. Mitt. Krupp 15, 
161 (1957). 


some iron alloys. The magnetic after-effect due to 
grain boundary relaxation has been considered by us 
in previous papers.'*15 

The purpose of the present work is to study the 
magnetic viscosity due to dislocation motion. This 
source of after-effect has not been examined before, at 
least as far as we know. For this type of research pure 
iron has been chosen as the most suitable material. 
Nickel, although have a larger magnetostriction, has 
a too low Curie point. On the other hand magnetic 
alloys cannot be used for this type of investigation 
because the effects due to diffusion and reordering of 
solute atoms may entirely mask the effect of dis- 
locations. 


EXPERIMENTAL RESULTS 


The specimens were long strips containing only two 
or three very large crystals and hence for our purposes 
can be considered as single crystals. The crystals have 
been grown by the standard technique of a critical cold 
working. After a preliminary cold rolling of about 80% 
they have been carefully annealed in dry hydrogen at 
about 750°C (650°C for the electrolytic iron), then 
they have been deformed again by rolling of 3% and 
kept at 870° for 100 hours. After this treatment crystals 
several centimeters long were obtained. 

The technique for measuring the magnetic viscosity 
is the same as that described in previous papers.'*:!5 
At the temperature of measurement, the specimen is 
demagnetized by 50 cps current, in a few seconds. Then 
a 30 cps field H of the order of some amp-turn/m is 
applied by feeding a primary coil made of 1100 turns 
wound on a quartz tube 500 mm long, with inside 
diameter 80 mm. The secondary coil of 4000 turns is 


4G. Biorci, A. Ferro, and G. Montalenti, Congrés International 
sur la Physique de l Etat Solide et ses applications a Velectronique 
et aux Telecommunications, Brussels, June 1958 (Academic Press, 
London, 1960). 

15 G. Biorci, A. Ferro, and G. Montalenti, Air Research and 
Development Command Technical Report No. 1131, March, 
1958 (unpublished). 
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wound on a steatite spool. The dimensions of the spool 
are as follows: rectangular cross section 16X35 mm’, 
length 150 mm. The voltage induced in the secondary 
coil is rectified and recorded. 

From the curves of induced voltage vs time it is easy 
to deduce the magnetization curves Jo(H) and J,,(H) 
corresponding to /‘=0 (immediately after demag- 
netization), and to t=. (taken 30 minutes after 
demagnetization, since thereafter the induced voltage 
remains practically constant). 

According to Néel®® the maximum value of the 
horizontal distance between J» and J,, is defined as the 
viscosity field, and it is taken as the measure of the 
intensity of the after-effect since it can be directly 
related to the cause of the viscosity. The viscosity field 
is nothing but the additional field to be applied in order 
to move the walls when they have become fixed in 
certain positions by diffusion of some type of defects. 
Hence the viscosity field is the physically most sig- 
nificant quantity for measuring a magnetic after-effect. 
Actually, the definition of Néel®* refers to the curves 
J,(H) and J,(H) taken under static conditions, but, 
as shown previously,'® the dynamic procedure gives 
essentially the same results. 

The specimens were tested under different conditions ; 
annealed, plastically bent with a strain of 0.16% and 
cold rolled to 1 and 2%. In the case of the deformed 
specimens, before starting the measurements, we par- 
tially recovered the cold work by keeping the specimens 
time about 20°C above the maximum 
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Fic. 1. Relative change of susceptibility (in percent) vs mag 
netic field, at various temperatures, of an Armco iron specimen. 
Broken lines: annealed; solid lines: cold rolled 2°. xo taken 10 
sec after demagnetization. x. 30 min later. Frequencies of the 
measuring field 30 cps. 





> 
3 


ARMCO IRON 
Large crystals 
Pb 


cold rolled 2% 
! 


2 
@ 


i plastically bent 016% 
oo 
{ Bes | 
a oe” 
4 f= 
200 300 400 500 “¢ 


Temperature 








2 
a 


| 
annealed 


Viscosity field H, 











FG. 2. Viscosity field vs temperature of an Armco iron specimen 
Broken line: annealed; solid line: cold rolled 2°7:; dotted line 
plastically bent 0.167). Frequency_of the measuring field: 30 cps, 
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Fic. 3. Susceptibility measured 10 sec after demagnetization 
(xo) and 30 min after demagnetization (x..), of an Armco iron 
specimen. Broken lines: annealed; solid lines: cold rolled 2%; 
dotted line: plastically bent 0.16%. Frequency of the measuring 
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Fic. 4. Viscosity field vs temperature of an electrolytic Orkla 
iron specimen. Broken line: annealed; solid line: cold rolled 2%. 
Frequency of the measuring field: 30 cps. 


temperature of operation. This temperature is slightly 
lower than the temperature of complete recrystalli- 
zation. In this way the specimen becomes stabilized 
and effects of equal intensity can be observed many 
times at all temperatures below the maximum one. 
Moreover after having taken the measurements on a 
plastically deformed material, we annealed again the 
specimen. The curves of the viscosity field, in all cases, 
assumed again the original values of the annealed 
condition within the experimental errors. 

The results obtained on Armco iron are given in 
Figs. 1, 2, and 3, and those obtained on the high-purity 
electrolytic iron in Figs. 4, 5, and 6. The measurements 
have been repeated several times and the data shown in 
the figures are average values. The internal friction and 
the elastic modulus of the same specimens were also 
measured at frequencies close to 1 cps. as a function 
of temperature (Fig. 7). 

The results of the magnetic measurements can be 
summarized as follows. The viscosity field, in annealed 
single crystals of Armco iron, becomes appreciable at 
about 320°C and increases rapidly with temperature, 
reaching the value of about 0.3 amp-turn/m at 450°C 
(Fig. 2). Similar results are obtained on the electrolytic 
iron. In this case however an additional viscosity peak 
at 220°C is observed (Fig. 4). This peak has been found 
also on other samples of electrolytic iron produced in 
our laboratory."*!® 





MAGNETIC 


We have not yet been able to understand the origin 
of this peak: however if we subtract this peak from the 
curves of the viscosity field, we again get a curve, which 
increases with temperature and with the amount of 
cold working, in agreement with the measurements on 
the Armco specimens. In specimens plastically bent 
by 0.16% the effect of cold work on the value of the 
viscosity field is appreciable only in some specimens 
(Fig. 2), probably because the deformation is small. 


INTERPRETATION OF THE RESULTS 


It can easily be shown that the dislocations present 
in a ferromagnetic crystal exert an influence on the 
motion of the Bloch walls: in fact the magnetoelastic 
energy of the crystal changes when the walls move in 
the dislocations stress field. 

These interactions have been investigated by Vicena'® 
in his theory of the coercive force. In the simple case of 
a single edge dislocation parallel to a 180° Bloch wall, 
he has shown that the interaction energy is constant 
when the dislocation line is outside the wall thickness, 
but across the wall there is an energy step AW, pro- 





ORKLA IRON 
(electrolytic) 
Large crystals 


e.i% 
“ha 


——E ——— 
+ | 

‘gh anneaiea 
‘ ! 





= 
> 
is 
ra) 
a 
o 
oO 
w 
3 
Ww 


fe30cps 
H=5 A/m 








100 = 2003S 300 400 500 °C 


Temperature 











Fic. 5. Susceptibility measured 10 sec after demagnetization 
(xo) and 30 min after demagnetization (x.), of an electroylytic 
Orkla iron specimen. Broken lines: annealed; solid lines: cold 
worked 2%. Frequency of the measuring field: 30 cps. Magnetic 
field 5 amp-turn/m. 
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Fic. 6. Relative change of susceptibility (in percent) vs mag- 
netic field, at various temperatures, of an Orkla iron specimen. 
Broken lines: annealed; solid lines: cold rolled 2%). x9 taken 10 
sec. after demagnetization. x. 30 min later. Frequencies of the 
measuring field 30 cps. 


16 F. Vicena, Czechoslov. J. Phys. 5, 4 (1955). 


AFTER-EFFECT IN Fe 
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Fic. 7. Relative decrease of shear elastic modulus G with 
temperature for a specimen of electrolytic iron cold worked 0.5% 
(corresponding to the curve nm. 4 of the internal friction). The 
relaxation to be considered is the difference from the linear 
decrease. Internal friction versus temperature: 1 Annealed Armco 
iron, large crystals. 2 Annealed electrolytic iron, large crystals 
(Orkla Met.). 3 Same as 2 but cold worked 0.5%. 4 Same as 3 
after partial recovery at 430°C. dotted line: curve obtained from 
Ké (see reference 21). 
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Fic. 8. Interaction energy W, of a dislocation D with a Bloch 
wall B as a function of the distance x between the dislocation line 
and the middle plane of the wall. 


portional to AGbd, \ being the magnetostriction con- 
stant, G the shear modulus, 6 the Burgers vector and 
d the wall thickness (Fig. 8). AW, refers to one centi- 
meter of wall, measured in the direction of the dis- 
location line. In other words the dislocations contained 
inside the Bloch walls undergo a pressure which tends 
to push them outside. 

Therefore, if we demagnetize the specimen at a 
sufficiently high temperature, the dislocations which 
are inside the Bloch walls tend to move into the bodies 
of the domains. Hence, when we apply an external field, 
after having allowed the dislocations to displace them- 
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TABLE I. Values of H., and A;. 


Her 


(theor.) 


Hy 
amp-turn/m 
disl./em? amp-turn/m Ar/r=0,1 Ar/r=1 
Fe annealed 108 0.08 0.8 
Fe 10° 0.25 2.5 
Fe cold worked 2% 10" y a 2 


Specimen 





1.6 
5 


50 


selves by diffusion, the walls move into regions with a 
density of dislocation slightly higher than before. This 
additional hindrance to their motion is a viscosity field. 
A quantitative computation of the value of the viscosity 
field due to dislocations is obviously rather difficult. 
However an order of magnitude 
estimated. 


can be roughly 

The theory of Vicena,'® by proper use of simplifying 
assumptions, leads to the following expression for the 
coercive force: 


H.,= (AW,/2J,L) (InL/d)*(r)}, (1) 


where L is the linear size of the domains, J, the satu- 
ration magnetization, and r the dislocation density in 
disl./cm?. 

This formula has been experimentally verified by 
Vicena’® and later by Malek’: the agreement with the 
experimental values turned out to be quite satisfactory. 

By analogy with the results of Brissonneau,'* on the 
hysteresis loops of iron loaded with carbon, we can 
assume that the viscosity field H; is of the order of the 
variation of the coercive force [given by Eq. (1) ] as 
the dislocation density increase by a small amount Ar. 
According to this assumption, putting r+Ar in place 
of r in Eq. (1) and developing in power series, we obtain 


H = (Ar/2r)H +. (2) 


The value of H,,, in the case of iron, can be deduced 
from Eq. (1) by taking AW,=0.35 X 10~ erg/cm (from 
Vicena'*); L=10-* cm; d=10-° cm; J,=1710 e.m.u. 
and for r the values given by Cottrell'® on annealed 
and cold worked metals: i.e., respectively: about 10° 
dis|/cm? for the annealed specimen and 10" for the 
cold worked specimen. 

As far as Ar/r is concerned only a rough estimate is 
possible. The maximum value of Ar/r is obviously 1. 
This corresponds to displacing all the dislocations 
contained inside the walls into adjacent regions of 
equal thickness. However, within the time interval of 
the experiment the dislocations do not move as far as 
wall thickness (1000 A) their movement 
opposed by many hindrances (anchoring centers, 
interaction among dislocations and so on). Therefore 
at a temperature of about 400°C one can reasonably 
believe that Ar/r is certainly much less than 1. 


a since is 


17 Z. Malek, Z. angew. Phys. 9, 279 (1957). 

18 P. Brissonneau, J. Appl. Phys. 29, 249 (1958). 

# A. H. Cottrell, Theory of dislocations (Oxford University 
Press, New York, 1958), pp. 102, 154. 
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Taking the values of 0.1 and 1 for Ar/r, one arrives 
at the values of H, given in Table I. Another method 
for obtaining a rough estimate of the order of magnitude 
of the effect is given by a simple reasoning about the 
relaxation of the magnetostrictive stresses in the wall. 
It is known” that the magnetostrictive strain energy 
per unit surface of a 180° wall in iron of the order of: 
(9 4)X1007 (C11 — C12) d Zz (3) 


where Ajoo is the magnetostriction and ¢y, Cy 
elastic constants of the single crystal. 


are the 


If a certain fraction of dislocations is present within 
the wall and if it moves toward the outside, the mag- 
netostrictive strain energy of the wall relaxes accord- 
ingly. At a given temperature the strain relaxation due 
to dislocation movement may be measured by the 
relaxation of elastic moduli AG/G observed in an 
internal friction measurement. 

In fact, after the magnetostrictive stresses have 
relaxed in the region occupied by the wali, the wall 
itself will be in a position of minimum energy and a 
definite value of the field must be applied to pull it 
out of this position. This maximum value of the field 
is nothing else than the viscosity field. 

Hence from Eq. (3) and taking into account the 
relaxation of the elastic moduli AG/G, the maximum 
value of the viscosity field will be of the order of: 


Hemax= (1/2J ,) (9/4) (€11— 12) A007» AG/G. (4) 


In fact this maximum value of the field will be rea- 
sonably reached for wall displacements of the order of 
d/2. In the case of iron this corresponds to a magneti- 
zation of about ten gauss as an order of magnitude. 
Above this value the viscosity field should remain 
rather constant for the reasons already given in the 
case of interstitial carbon in iron.?:® 

By introducing in Eq. (4) the values of the magneto- 
striction of iron (2010~-*) and a relaxation of elastic 
moduli of the order of 2%, as observed in a single 
crystal of iron at about 400°C (see Fig. 7), we obtain 


H tmax=0.8 amp-turn/m, 


which is of the right order of magnitude as the experi- 
mental values. 


COMPARISON WITH THE EXPERIMENTAL RESULTS 


A careful examination of the curves given in Figs. 1 
to 7 leads to the conclusion that the observed viscosity 
fields are due to dislocation movement according to the 
interpretation given in the preceding section. Firstly, 
the viscosity field in single crystals increases with the 
amount of cold work, and is of the same order as those 
tentatively computed above (Figs. 2 and 4). Secondly, 
the relaxation decreases with increasing field strengths 


(Figs. 1 and 6): this shows that the viscosity is due to 


2” C. Kittel, Revs. Modern Phys. 21, 


541 (1949 
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a diffusion of defects contained within the domain 
walls,®"’ as we have assumed in our interpretation of 
the effects. 

Further proofs of the correctness of our interpretation 
are given by a comparison of the magnetic results with 
the internal friction curves. Our data on internal 
friction (Fig. 7) agree with those reported by others,?!:” 
and correspond to other evidences of the dislocation 
movement. The shape of the curves of the viscosity 
field vs temperature appears to be analogous to that 
of internal friction. After a slight cold work the viscosity 
field increases, as the internal friction does, and be- 
comes already appreciable at a low temperature 
(~ 200°C). 

Unfortunately the relaxation spectrum of the mag- 
netic after-effect is very broad and hence it is impossible 
to determine the actual diffusion constants on which 
the after effect depends. However, at least in the case 
of annealed Armco iron (Fig. 2), we can obtain some 
rough information by comparing the temperature 
above which the magnetic viscosity increases rapidly 
with the temperature at which the internal friction 
increases rapidly too. From the internal friction 
measurements taken at two frequencies (Fig. 7}, in 
agreement with other authors,”!? we obtain that in 
the region around 450°C the activation energy of the 
effect is about 80000 cal/g atom, assuming that the 
relaxation times follow the simple law 


T=To exp(Q. RT). 


By using this value for Q and taking into account that 
the magnetic viscosity measurements have a relaxation 
time of the order of 3 min while the internal friction is 
measured dynamically at a frequency of the order of 
1 cps, we obtain that the knee above which the internal 
friction increases corresponds to the knee in the mag- 
netic viscosity curve as a function of temperature. 


aT. S. Ké, Metals Technol. T. P. 2370, 448 June (1948). 
T. S. Ké, Trans. Am. Inst. Mining, Met. Petrol. Engrs. 188, 
(1950). 


AFTER-EFFECT IN Fe 


As far as the results on electrolytic iron are con- 
cerned, the higher values of viscosity field observed 
could be attributed to the higher mobility of disloca- 
tions in a very pure metal. 

The decrease of the initial permeability at the tem- 
perature at which the viscosity field due to dislocations 
is observed, is a direct consequence of the presence of 
the viscosity effect itself (Figs. 3 and 5). In fact, the 
effect is identical to that observed in the case of inter- 
stitial solutions and already explained by Snoek.** 
However, since in this case the relaxation spectrum is 
broad, the decrease in permeability observed is gen- 
erally more intense than that actually measurable in a 
relaxation experiment at a given temperature, because 
the time interval of measurement can never be very 
long. 

However it can be seen that the dislocations, together 
with the grain boundaries and the atoms in solutions 
may be one of the causes of the anomalies in the initial 
permeability observed in the high-temperature range. 


CONCLUSION 


In the present paper we have made a first attempt 
to find a magnetic after-effect due to dislocation move- 
ment and to correlate this effect with the results of 
internal friction measurements. 

The density of dislocations in single crystals of iron 
has been varied by cold working. A magnetic after- 
effect, increasing with the amount of cold work, has 
been observed. The temperatures at which the effect is 
observed are consistent with the measurements of 
internal friction. 

A semiquantitative interpretation of the effects has 
been given: the observed magnetic after-effect can be 
explained as a relaxation of the magnetostrictive 
stresses due to the interaction among domain walls 
and dislocations. 


*3G. W. Rathenau, Seminar on the Magnetic Properties of Metals 
and Alloys (American Society for Metals, Cleveland, 1959), p. 168. 
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The delocalization effect recently proposed by Anderson as the principal contribution to the antiferro 
magnetic coupling of magnetic ions is analyzed by methods used in an earlier paper to derive the Heisenberg 
exchange operator formalism for both ferromagnetic and antiferromagnetic coupling. It is shown that 
Anderson’s effect can be included, together with the superexchange correlation effect treated previously, 
as contributions to the Heisenberg exchange integral for ions of arbitrary spin. In the case of the antiferro 
magnetic oxides MnO, FeO, CoO, and NiO these two effects are found to be of comparable size, although 
the correlation effect is larger and determines the qualitative behavior of the Néel temperatures, which 
increase with decreasing spin through this sequence of transition metal ions. Agreement with the experi 
mental Néel temperatures is significantly improved by including both effects. 


INTRODUCTION 


N an earlier paper,' it was shown that the Heisenberg 

exchange operator formalism should be a valid de- 
scription of the interaction of two paramagnetic ions in 
a crystal, either ferromagnetic or ferri- or antiferro- 
magnetic, under assumptions considerably less restric- 
tive than in previous derivations. In addition to the 
ordinary exchange integral, which contributes to ferro- 
magnetic coupling, it was shown that a pure correlation 
effect, requiring the interaction of singly-occupied orbi- 
tals on the coupled magnetic ions with another doubly- 
occupied orbital, contributes to antiferromagnetic coup- 
ling. These were taken to be the dominant contributions 
to the two types of magnetic coupling. This antiferro- 
magnetic effect should be especially large when a dia- 
magnetic ion intervenes between the two coupled para- 
magnetic ions, as in the structure of the oxides MnO, 
FeO, CoO, and NiO. It was shown for these oxides that 
the behavior of the antiferromagnetic transition tem- 
peratures (Néel temperatures), which increase sharply 
with decreasing spin, could be accounted for by this 
effect. 

An effect of a different nature has been proposed as 
the principal contribution to antiferromagnetic coupling 
in a recent paper by Anderson.” The effect emphasized 
by Anderson can be described within the context of the 
Hartree-Fock approximation, unlike the correlation 
effect mentioned above, which arises from the inter- 
action of configurations that differ by two occupied 
orbitals. Anderson’s effect amounts to the partial drift 
of an electron from one paramagnetic ion to another 
when, because the spins are oppositely oriented, a simi- 
lar vacant orbital is available. This delocalization effect 
clearly can occur only for the antiferromagnetic state 
of ions, and hence contributes to antiferromagnetic 
coupling. A somewhat more abstract description of this 
effect is that two orbitals of opposite spin in the un- 
restricted Hartree-Fock approximation are not required 
to have orthogonal spatial factors. The spatial factors 
of orbitals of the same spin can always be taken to be 


'R. K. Nesbet, Ann. Phys. 4, 87 (1958). 
2 P. W. Anderson, Phys. Rev. 115, 2 (1959 


orthogonal, since any determinantal many-particle wave 
function with nonorthogonal occupied orbitals is equal 
to one with orthonormal multiplied by a 
numerical factor. Hence a constraint is removed when 
two orbitals are given opposite spin, and the antiferro- 
magnetic state of two coupled ions is stabilized by this 
effect. 

It was assumed in the previous derivation of the 
Heisenberg formalism! that the effect proposed by 
Anderson can be neglected whenever the Heisenberg 
formalism is valid. This assumption has been found to 
be invalid. The present paper is concerned with an 
analysis of this effect, which is shown to be describable 
within the Heisenberg formalism, and to contribute a 
quantity of the same order of magnitude as the correla- 
tion effect considered earlier to the “exchange integral” 
in the case of the antiferromagnetic oxides MnO, etc. 
Although the correlation effect is the larger term, and 
alone shows an increase with decreasing spin, agreement 
with the experimental Néel temperatures is significantly 
improved by including the effect of 
Anderson. 


orbitals, 


delocalization 


ANALYSIS OF ANDERSON’S DELOCALIZATION 
EFFECT 


Because of the well-known difficulties in many-parti- 
cle calculations when sets of orbitals are used which 
are not orthonormal, it is convenient to analyze the 
delocalization effect by the method of superposition of 
configurations, using only one orthonormal set of orbi- 
tals for all states. 

If it is assumed that the orthonormal set of spatial 
orbitals are obtained from a Hartree-Fock calculation 
on the ferromagnetically coupled system of two para- 
magnetic ions, then the Hartree-Fock equations and 
self-consistent orbitals for the corresponding antiferro- 
magnetically coupled system would be somewhat differ- 
ent, because of the absence of exchange integrals be- 
tween orbitals of opposite spin. If the same spatial 
orbitals are used in the two cases, configuration inter- 
action effects occur which compensate for the constraint 


on the orbitals that this introduces in the antiferro- 
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magnetic case. As shown in an earlier paper,’ these 
effects are described by the superposition of determi- 
nantal wave functions that differ by only one orbital. 

Only the symmetrical case of identical paramagnetic 
ions will be considered. In the ferromagnetic state all 
singly-occupied orbitals have parallel spin, which will 
be taken to be positive. The Hartree-Fock equations 
for positive spin orbitals can be solved exactly, and 
spatial factors of orbitals of negative spin chosen to be 
identical with those of positive spin that correspond to 
doubly-occupied orbitals. This last restriction introduces 
configuration interaction effects which in general can be 
expected to be small, and represent the exchange polari- 
zation of the diamagnetic system by the unbalanced spin 
of the singly-occupied orbitals. 

The singly-occupied orbitals can be taken to be eigen- 
functions of an effective one-particle spatial operator 
Kr, which contains negative exchange potential con- 
tributions from each singly-occupied orbital. In the case 
of two identical ions in a symmetrical environment these 
eigenfunctions will have definite parity, and will be 
distributed either symmetrically or antisymmetrically 
about the two ions. If only two ions are concerned, there 
would be two eigenfunctions a, (even) and a, (odd) for 
each independent singly-occupied orbital @ localized on 
one ion. If the mirror-image of a on the other ion is a’, 
and a and a’ are taken to be orthonormal, they are re- 
lated to a, and a, by a unitary transformation. The 
localized orbitals are equivalent orbitals in the sense of 
Lennard-Jones‘ and will have identical energies. If the 
eigenfunctions a, and a, have energies eg and €,, re- 
spectively, then 


(a.5C ra’) =} (€g— Ex). (1) 


Similarly there will be a matrix element of 3 propor- 
tional to the width of the appropriate ferromagnetic 
state energy band between any two corresponding or- 
bitals (Wannier functions) localized on different ions 
in a crystal. Clearly Hr can be diagonalized over the set 
of orbitals localized on any single ion, so only matrix 
elements between different ions have to be considered. 

If orbital a and others localized on the same ion are 
occupied with positive spin, and orbital ¢’ and others on 
a second ion are occupied with negative spin, matrix 
elements of the form of Eq. (1) plus some additional 
exchange integrals lead to the delocalization effect of 
Anderson. These matrix elements describe the tendency 
of an occupied orbital a’ to mix with unoccupied orbital] 
a of the same spin, and vice versa. 

The precise matrix elements involved are those be- 
tween the Slater determinant ®o, in which orbitals on 
the two different ions are occupied with opposite spin, 
and another Slater determinant ®z in which orbital a’B 
has been replaced by a8, so that orbital a is doubly 
occupied. Exactly the same effect occurs between ® 

3R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 


‘J. E. Lennard-Jones, Proc. Roy. Soc. (London) A198, 14 
(1949). 
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and the Slater determinant ®,-, in which orbital a’ is 
doubly occupied. 

The matrix element between ®p and ®¢g can be ex- 
pressed in terms of an effective one-electron operator 
Ho, the Hartree-Fock operator for &o. This differs from 
Hp in that when 3p is applied to orbitals of positive 
spin, only exchange potential terms from the occupied 
orbitals of positive spin occur; when applied to orbitals 
of negative spin, only exchange potential terms from 
occupied orbitals of negative spin occur. The matrix 
element to be evaluated is* 


(yp, Ho) = (aB8,5Coa’B) 
= (a, ra’) +>; Laa;|\a’a; |, (2) 


where the index 7 runs over all singly-occupied orbitals 
of positive spin in &p. The bracket symbol [a,a;| a,a7] is 
Mulliken notation for the electrostatic interaction be- 
tween charge distribution a,a; and charge distribution 
a,a,. Since all orbitals are orthonormal, the exchange 
integrals in Eq. (2) may in general be expected to be 
very small, and by Eq. (1), (®z,H®o) is approximately 
proportional] to the difference of energies of the odd and 
even two-center orbitals, or to the energy band width 
in the ferromagnetic state of a crystal. 

The remainder of the analysis of the delocalization 
effect follows exactly the derivation of the Heisenberg 
exchange formula given previously.! Matrix elements 
Hx of the many-electron Hamiltonian between the 
projected determinants (eigenfunctions of total spin) 
obtained from ®p and ® z are calculated, as are the 
energy mean values Herz and Hoo of the projected 
determinants. 

If there are n=2S singly-occupied orbitals on each 
ion with spin S (which remains a good quantum number 
for all of the projected states of total spin S’ of the 
coupled ions), then the dominant terms in Hge— Hoo 
are independent of spin, and for given S’, 


n(n+1)—S’(S’+-1)73 
H xo = aoa 


n° 


(Pr,H,). (3) 


Hence by second-order perturbation theory 


Hx 
AE(S’) = ——— 
Hre— Hw 
S’(S’+1) (@g,H®)* 
= const +————- ———-.._ (4) 
n* Her— Hoo 
For identical ions, the matrix elements (@z¢,H®9) and 
(@z',H») are both equal to (a,3Coa’), which is the same 
for both spins. Since Hgg and H <x: are also equal, this 
doubles the energy effect. When all singly-occupied 
orbitals a, are taken into account, the “exchange inte- 
gral’ becomes 


1 
(C—D-E}, (5) 
48° 
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where the terms C and D are the ordinary exchange 
and correlation superexchange terms, respectively, con- 
sidered before,' and the term 


) ry 
7 2£\ 2g JL 02% )* 
=>" (6) 


k Hrer—Hn 


is due to the delocalization effect of Anderson.? Since 
®) is assumed to represent the ground state of the 
system, the denominator in Eq. (6) must be positive 
for consistency, and the coupling effect is always 
antiferromagnetic. 


NEEL TEMPERATURES OF THE ANTIFERRO- 
MAGNETIC OXIDES 


In the oxides MnO, ---, NiO each two paramagnetic 
ions that are antiferromagnetically coupled are sepa- 
rated by an O= ion, with the three ions lying in a straight 
line.* The magnetic ions are sufficiently far apart, sepa- 
rated by a large negative ion, that it should be a reason- 
able approximation to neglect all matrix elements which 
involve products of orbitals aa’, or of their derivatives, 
where a and a’ are localized orbitals on different para- 
magnetic ions. 

Under this approximation, the matrix element of 
Eq. (2) reduces to a sum of terms which arise from the 
exchange potential contributions of the doubly-occupied 
orbitals of the system. This is exactly the form of the 
matrix element that occurs in the numerator of the 
expression for the correlation term D of Eq. (5), derived 
previously. Hence exactly the same general remarks 
apply, and by an appropriate choice of basis, to pick 
out a single intervening orbital 6 for which the super- 
exchange effect is greatest, the contribution E of Eq. (6) 
becomes 


2[ ba, | ba,” ? 
~ & Bes—Be 


The total D+-E is then proportional to 1/AE+2/AE’ 
where AE, the denominator in the correlation term D, 
is estimated by Eq. (34) of reference 1,° and an approxi- 


5C. G. Shull, W 
§3, 333 (1951). 

* Note added in proof —The denominator AE for the correlation 
effect, calculated in the previous paper,’ contains a large term 
represe nting the change in electrostatic energy. This term is very 
sensitive to the details of the electronic charge distribution when 
it arises from transfer of charge between contiguous ions, and is 
subject to a large correction arising from the change in Madelung 
energy. Neglecting both of these effects, the electrostatic term for 
MnO was calculated to be 42.2 ev. On the point charge model, 
the Madelung correction is approximately 24 ev. However, the 
point charge model greatly overestimates the polarity of the charge 
distribution, as is known from the dipole moments of polar mole- 
cules. In the transition from the p, orbital on O™ to the d, orbital 
on Mn**, to the extent that the corresponding orthogonalized 
orbitals interpenetrate, the charge transfer is just the opposite to 
that indicated by the point charge model. For example, if as much 
as half of the c harge associated with the O~?, orbital is in the same 
region of the MnO bonds as are the corresponding lobes of the d, 
orbitals, the net effect of the transition considered is to transfer 
half of an electronic charge from O™ to each of its two Mn** 


A. Strauser, and E. O. Wollan, Phys. Rev. 


NESBET 


mate value of AE’ can be calculated from the formula 


AF’= (energy of X*— energy of X**+) 
+(energy of X*++* 
+ (Coulomb energy difference between point 
and +2, —2, 


— energy of X++) 


charge arrays +3, —2, +1 
+2 at the observed lattice spacing). (8) 


The required difference in energies of ions are taken for 
configurations (3d)" from spectroscopic data on the free 
paramagnetic ions.’ Since [ba|ba’] is not known only 
the ratios between the four exchange J can 
be calculated. 

Results are given in Table I. When compared with 
the calculation using 1/AE alone,' the present results 
are considerably closer to agreement with experiment. 
It should be noted that the most striking feature of the 
Néel temperatures, the rapid increase with decreasing 
spin, is entirely dependent on the correlation term 
1/AE, since 2/AE’ is approximately the 
four ions. 

The integral [ba|ba’| can be approximated by the 
electrostatic interaction between two parallel electric 
dipoles separated by the ionic diameter of Om. Since 
this varies only as the inverse cube of distance, and 
since in a crystal the ionic diameter of O= is roughly 
independent of its environment, it is reasonable to treat 
[ba| ba’ ] as independent of the paramagnetic ion, as has 
been done here. The value of [a| ba’ | required to fit 
the transition temperature of MnO is approximately 
0.1 ev. 


integrals 


same for all 


DISCUSSION 

The case of the antiferromagnetic oxides considered 
here is especially simple, because the complete separa- 
tion of the coupled ions by an intervening diamagnetic 
ion can be expected to have the effect of making the 
numerators of the terms D and E£ identical. 

A much more complicated situation might be expected 
in the corresponding flourides MnFs, etc., since the F— 
ions are not located directly on the lines between coupled 
paramagnetic ions. The fact that two coupled ions are 
to a certain extent in direct contact with each other will 
increase the ordinary exchange term C, and will intro- 
duce more structure into the numerator of the delocali- 


zation term /. The denominator of the correlation term 
neighbors. This gives a change in electrostatic energy, including 
the Madelung energy, of only 39 ev, less than the value used in 
calculating AE. In view of this, the net effect of the change in 
electrostatic energy for a transition involving neighboring ions 
should probably be considered as an empirical quantity. The 
agreement with the Néel temperatures found here would be de- 
stroyed by any large change of this quantity (10 ev or more). This 
suggests that the values of AF used here are reasonable estimates 
despite the fact that they depend on the cancellation of various 
large electrostatic effects depending on the electronic charge dis- 
tribution. These effects are very small in the case of AE’, since the 
transition involves only non-neighboring ions, and the Madelung 
term vanishes by symmetry. 

7C. E. Moore, Atomic Energy Levels, National Bureau of Stand- 
ards Circular No. 457 (U. S. Departme nt of Commerce, W ashing- 
ton, D. C., 1952), Vol. IT. 
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2/AE’ 


0.1198 ey 
0.1768 
0.1546 
0.1492 


Crystal 


MnO 
FeO 
CoO 
NiO 





0.1287 ev 
0.2020 
0.3096 
0.5917 





SUPEREXCHANGE 


EFFECT 


kTy/4S°J* Ty: calc. 

; (116)°K 
0.3788 . 188 
0.4642 254 
0.7409 476 


observed? 


-116°K 


* From results for the antiferromagnetic simple cubic lattice by P. W. Kasteleijn and J. Van Kranendonk, Physica 22, 367 (1956). 


M, Foéx, Compt. rend. acad. sci. (Paris) 227, 193 (1948). 


D will include the large energy difference E(F*+)— E(F-) 
and in addition will be increased because the orbital } 
which interacts most strongly with orbitals on both 
paramagnetic ions must probably be thought of as a 
hybrid constructed from 2s as well as 2p orbitals of F-. 
Hence the term D should be very small for the fluorides. 
This can account qualitatively for the relatively low 
transition temperatures of the fluorides.* A more de- 
tailed analysis would have to take into account the 
distance dependence of the ordinary exchange integrals 
and the special exchange integrals occurring in Eq. (2), 
as well as the width of the d-orbital energy band, which 
enters through Eq. (1). 

In a recent paper,’ Keffer and Oguchi have considered 
a contribution to the antiferromagnetic ‘exchange inte- 
gral’’ which differes qualitatively from both of the effects 
considered here [terms D and E of Eq. (5) ]. The effect 
considered by Keffer and Oguchi arises from the ex- 
change polarization of a diamagnetic ion intervening 
between two paramagnetic ions. Their formalism is 
based on nonorthogonal orbitals. 

The general method of the present paper can be used 
to analyze this effect in terms of orthonormal self-con- 
sistent orbitals. If the orbitals are chosen to be eigen- 
functions of the Hartree-Fock effective Hamiltonian for 
orbitals of negative spin, in the Slater determinant in 
which all singly occupied orbitals have positive spin, it 
follows immediately from Brillouin’s theorem’ that this 
determinant has no configuration interaction matrix 
elements with determinants of the configurations con- 
sidered by Keffer and Oguchi. However, since the effec- 
tive Hamiltonian for the Slater determinant that corre- 
sponds to antiferromagnetic coupling differs from that 
for ferromagnetic coupling, there will be matrix elements 
for states of lower spin, and the antiferromagnetic state 
will be stabilized relative to the ferromagnetic state. 

The energy is given by a formula similar to Eq. (4). 
The numerator in this formula, in the case considered 
by Keffer and Oguchi, will contain only the exchange 
integrals which represent the difference between the 
effective Hamiltonians for the ferromagnetic and anti- 
ferromangetic states. These integrals involve charge 
distributions which are products of orthogonal orbitals 
localized on different ions, in particular on the two 
paramagnetic ions. The denominator in the energy 

8 J. W. Stout and H. E. Adams, J. Am. Chem. Soc. 64, 1535 
(1942); J. W. Stout and E. Catalano, Phys. Rev. 92, 1575 (1953). 

°F. Keffer and T. Oguchi, Phys. Rev. 115, 1428 (1959). 


formula in this case is more difficult to estimate than 
those previously considered, since it requires an estimate 
of the first ionization potential of O= in the environment 
of an oxide crystal. The estimate used in the present 
work! for the double ionization energy was obtained 
originally from data for O= in such crystals. The energy 
is measured relative to neutral oxygen, which should be 
much less sensitive to environment than are negative 
ions. Data on the free O~ ion is not immediately applica- 
ble here because of the large effect to be expected from 
the environment for a negative ion. If all effects are 
included it might be estimated that the energy denomi- 
nator is roughly half or one-quarter of the quantity AE 
considered here, and proportional to it. The numerator 
consists only of integrals of the kind that have been 
considered to be negligible in the argument of the pres- 
ent paper. However, the denominator may be sufficiently 
small that there would be an appreciable contribution 
from this effect. It combines with the term D of Eq. (5) 
to give the observed increase of Ty through the sequence 
of oxides. It might be expected that the effect considered 
by Keffer and Oguchi would be of more importance in 
the case of the flourides, because the integrals in the 
numerator would be larger. 

It is found in molecular calculations that integrals of 
the kind neglected here, in going from Eq. (6) to the 
approximation given by Eq. (7), are decreased by very 
large factors by transforming from nonorthogonal to 
orthorgonal localized orbitals. A detailed discussion of 
this point has been given by McWeeny,' who gives 
several numerical examples. McWeeny finds this factor 
of diminution to be ten or twenty. Since even for non- 
orthogonal orbitals these integrals decrease exponen- 
tially with distance, the integrals involving the overlap 
product aa’ of orthogonal orbitals localized on two non- 
contiguous paramagnetic ions can consistently be neg- 
lected, as is done here. This includes the kinetic energy 
integrals, which can be expressed as integrals of the 
products of derivatives of such orbitals. 

In view of recent work by Coles, Orton, and Owen" 
on Mn impurities in MgO, which indicates that the 
nearest-neighbor and next-nearest-neighbor interactions 
between paramagnetic ions are of comparable magni- 
tude, it is important to point out that the Néel tem- 
peratures of the oxides should depend only on the 

1 R. McWeeny, Proc. Roy. Soc. (London) A227, 288 (1955). 


4B. A. Coles, J. W. Orton, and J. Owen, Phys. Rev. Letters 4, 
116 (1960), 





662 © 


that is considered 
here. This follows from a theorem proved by Anderson” 
in connection with the Weiss molecular field model. This 
theorem states that the Néel temperature is a direct 
measure of the amount of energy due to the magnetic 
alignment in the long range ordered structure stable at 
low temperatures. Since in the oxides considered here 
this ordered structure is such that the nearest-neighbor 
interactions cancel each other out, only the next-neigh- 
bor interaction should contribute to the Néel tempera- 
ture. According 


next-nearest-neighbor interaction 


to Anderson’s calculation, the large 


ratio between 0, the Curie-Weiss constant, and Ty can 
be attributed to the relatively strong nearest-neighbor 
interactions, which become important when the long 
range order breaks down, at temperatures above Ty. 
Recently, various contributions to the exchange inte- 
gral in MnO have been estimated by Kondo,” through 
fairly detailed calculations based on expansion in powers 


of the overlap integrals between nonorthogonal nearest 
neighbor atomic orbitals. He finds that the largest effect 
is due to exchange polarization of the oxygen ion, not 
by replacing oxygen orbitals by the unoccupied d orbi- 
tals on. Mn, as in the case of Keffer and Oguchi,’ but 
by unoccupied orbitals localized at the oxygen ion. Such 
orbitals would necessarily have quite large energies, 
greater than the ionization potential of oxygen, since 
they are considerably more localized than the orbitals 
of the spectroscopic series of oxygen. When Brillouin’s 
theorem is taken into account, the numerators in the 
perturbation formula reduce to two-center exchange 
integrals, involving two different orthogonal orbitals on 
oxygen. These should be of the order of magnitude of the 
numerator of the correlation term D of Eq. (5), while 
the denominator is necessarily very much larger. Hence 
this effect might be estimated to be quite small com- 
pared with D and E of Eq. (5), and perhaps smaller 
even for the oxides than the prin ipal effect considered 
by Keffer and Oguchi. Kondo’s result may in part be 
attributed to the general difficulty of estimating small 
effects by approximate methods, when they appear in 
the formalism as differences of larger quantities of 
opposite sign. The use of Brillouin’s theorem in the 
present work allows the small effects under considera- 
tion to be estimated directly, since they are represented 
as corrections to a quantity that is necessarily zero in 
the Hartree-Fock approximation. 

Of course, it is not possible to compare results of the 
various approaches considered here term by term, since 
wave functions expressed in terms of nonorthogonal 
orbitals may in fact contain large components of what 
would be described as different configurations when 
using orthogonal orbitals. As is shown by the comments 
2, P, W. Anderson, Phys. Rev. 79, 705 (1950). 

3 J. Kondo, Progr. Theoret, Phys. (Kyoto) 22, 41 (1959). 
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here, there is some advantage to the consistent use of 
orthogonal orbitals for purposes of cataloging qualita- 
tively different effects in configuration interaction. 

The inherent limitations on the quantitative accuracy 
of the approximations made in this paper should be 
emphasized. The purpose of this work is to develop a 
semiempirical theory of the Heisenberg exchange opera- 
tor, not to make accurate quantitative calculations. The 
principal requirement is that of internal consistency. 
The example of the antiferromagnetic oxides allows a 
consistency test of the theoretical approach that in- 
volves a minimum of empirical data. According to the 
theoretical results, the ratios of Néel temperatures of the 
oxides should depend primarily on the energy differences 
estimated here by the simplest possible approximation. 
The numerical agreement with these ratios is probably 
better than might have been anticipated. However, the 
basic argument in this work is that intraatomic energies 
are large compared with interatomic energies in mole- 
cules and crystals, and hence that significant distortions 
of the atomic orbitals except in their outer regions are 
costly in energy, and unlikely to occur. From this point 
of view, the ionization potentials of neutral atoms or 
positive ions cannot be greatly affected by their environ- 
ment, except for the gross change of potential energy 
taken into account by the model of point charges. Of 
course this kind of approximation can only be used 
when the structure of a molecule or crystal is such that 
Hartree-Fock orbitals can be localized at a single atom 
(i.e., ionic molecules or crystals). Otherwise the appro- 
priate model would have to be based on molecular units 
large enough for single orbitals to be localized in them. 
This point is discussed in the previous paper' in con- 
nection with the problem of applicability of the present 
ideas to metals. Given a valid ionic model, in the above 
sense, the changes in structure of a iocalized orbital in 
a crystal from the corresponding free atom orbital 
should be small enough to justify the approximations 
used here and to estimate the energy denominators 
within a few electron volts. 

In situations such as that of the flourides, where 
several effects of comparable magnitude probably have 
to be considered, the present approach could be used in 
connection with quantitative estimates of the numera- 
tors occurring in the perturbation formula, and with 
more detailed estimates of the denominators. For this 
purpose, to sort out the various different contributions 
to the effective exchange integral, it would be desirable 
to have data from reliable ab initio 
systems of two or three atoms. 


calculations on 
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The cross sections for charge transfer and for ionization in collisions between protons and hydrogen atoms 


have been determined over the energy range from 400 to 40 000 ev. 


The experiment used modulated crossed- 


beam techniques. Experimental results are compared with several theoretical predictions. 


I. INTRODUCTION 


N an earlier paper,' experimental values of the cross 

section for production of slow protons in collisions 
between fast protons and slow hydrogen atoms were 
presented for the energy range from 100 to 14 000 ev. 
At that time it was not possible to distinguish experi- 
mentally between the two processes producing the 
slow protons—namely, charge transfer, 


p+H— H+9, 


and ionization, 
p+H — 2pt+e. 


However, from theoretical considerations it was known 
that over the energy range of the experiment, the cross 
section for the former process must be greatly in excess 
of that for the latter process, so that to within the ex- 
perimental error it was justified to identify the cross 
section for slow-proton production with that for charge 
transfer. 

Since those earlier measurements were made, a num- 
ber of improvements in experimental technique have 
allowed experimental distinction between the charge- 
transfer and ionization processes in collisions between 
protons and hydrogen atoms, and improvements in 
signal-to-noise ratio have permitted the extension of 
the energy range of the experiments up to 40000 ev. 
This paper summarizes these later measurements. 


II. APPARATUS 


The basic experimental method used in the present 
experiments was the same as that used previously’ 
and is shown in Fig. 1. An arbitrarily highly dissociated 
beam of hydrogen was produced by thermal dissociation 
in a furnace located in the first of three differentially 
pumped vacuum chambers. The neutral beam emerged 
from an aperture in the furnace and passed through a 
collimating slit in the wall separating the first and 
second chambers and then through another slit in the 
wall between the second and third chambers. The beam 
was chopped at a frequency of 100 cps by a rotating, 
toothed wheel in the second chamber, so that it was a 


* This research was supported by the Advanced Research 
Projects Agency through the U. S. Office of Naval Research 

t Present address: Department of Physics, University College, 
London, England. 

1W. L. Fite, R. T 
112, 1161 (1958). 


’. Brackmann, and W. R. Snow, Phys. Rev. 


beam chamber, 
After entering 
the beam passed between two de- 
where an electric field swept out any 
charged particles that accompanied it, and then passed 
through an aperture in the mass-spectrometer repeller 
plate into the interaction region. 

A dc proton beam crossed the modulated atom beam 
in the interaction region, care being taken that all of 
the ions passed through the neutral beam. The slow 
ions formed in the collisions of the fast ions with the 
slow atoms were detected by either of two ion detec- 
tors. The first was a simple magnetic-sector mass 
spectrometer, and the second consisted of two plates 
located above and below the interaction region and 
parallel to the plane of the two beams. Using either 
detector, those signals associated with the interaction 
of the two beams were separable from those produced 
by the interaction of the ion beam with the residual 
gas in the vacuum chamber, because the former oc- 
curred at the modulation frequency and in a specified 
phase, while the latter were dc signals plus noise. 

The voltage signals at both ion detectors resulted 
from the passage of the ion currents through 10'°-ohm 
resistors; at each detector a plate-follower preamplifier 


modulated that entered the third 
wherein the experiment was carried out. 
the third chamber, 
flector plates, 
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transformed the impedance down to a low value so 
that the voltage signals could be taken out of the 
vacuum chamber without from distributed ca- 
pacity. The signals from either preamplifier passed 
through a tuned amplifier and then to a phase-sensitive 
detector, whose reference signal was taken from a light 
and photocell that monitored the chopper wheel. An 
oscilloscope was used to observe the rectified output of 
the phase-sensitive detector and to monitor the phasing 
of the reference signal. The output of the phase-sensi- 
tive detector was integrated and displayed by one pen 
of a two-pen recorder. The other pen gave a simul- 


loss 


taneous display of the fast-ion current. 

The ion source used in the present experiments was 
a hot-cathode are source similar to the duoplasmatron 
of Von Ardenne,? except that the magnetic field was 
provided by permanent magnets rather than by an 
electromagnet, and the power dissipated by the arc 
was kept down to 50 w or less so that forced-air cooling 
was adequate. For the production of protons, the gas 
normally used in the source was water vapor. 

To separate protons from the other ions produced by 
the source, magnetic analysis was used. The analyzed 
proton beam entered the experimental chamber and 
passed axially through six cylinders, between the fourth 
and fifth of which the neutral beam crossed the proton 
beam. The gap between the first and second cylinders 
was sometimes used as an electrostatic “trimming lens”’ 
for final focusing of the beam. The third cylinder con- 
tained a rectangular aperture which collimated the ion 
beam, and the fourth cylinder contained a similar, 
although larger, aperture. By maintaining the third 
cylinder somewhat positive with respect to the fourth, 
secondary electrons formed by ion impact at the edges 
of the aperture in the third cylinder were restrained 
from entering the region of intersection of the two 
beams. The fifth cylinder also contained an aperture, 
the height of which was less than that of the neutral 
beam, and the sixth cylinder was the fast-ion collector. 
The currents to both the fifth and sixth cylinders 
were read, and satisfactory alignment and focusing 
were defined as occurring when the fifth-cylinder current 
was very small compared with the sixth-cylinder cur- 
rent, i.e., of the order of 1%. Under these conditions, 
it was ensured that the ion current read at the sixth 
cylinder represented to the required accuracy those 
protons which had traversed the neutral beam. 

The ion collector (sixth cylinder) was biased positive 
with respect to the fifth cylinder in order to suppress 
secondary electrons, and because of its being positive, 
it was necessary to enclose the sixth cylinder in a 
shield to prevent stray electron currents from reaching 
the outside of the cylinder and giving erroneous ion- 
current readings. Such stray electron currents arose 
from the ionization gauge and from ionization of the 
2M. von Ardenne, Tabellen der Elektronenphysik, Ionenphysik, 
und Ubermikroskopie (Deutscher Verlag der Wissenschaften, 
Berlin, 1956), Vol. I, p. 544. 
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residual gas by heavy ions whose trajectories after 
magnetic analysis took them into the vacuum chamber. 

For simplicity of representation, the schematic dia- 
gram of Fig. 1 omits four features of the experiment. 
The first is a filament, located inside the ion collector, 
which was used as a source of electrons. With the elec- 
tron beam from this filament running from right to 
left in the diagram, electron-impact ionization could be 
used to mass-spectrometrically monitor the neutral 
beam and determine its degree of dissociation at any 
time. 

The second and third omissions from this schematic 
are magnetic fields provided by Helmholtz coils. The 
“horizontal” field was parallel to the neutral beam, 
and the “‘vertical” field was perpendicular to the plane 
formed by the intersection of the two beams. These 
two fields were used in conjunction with the nondis- 
criminating parallel-plate detector of slow particles, as 
will be discussed later. 

The fourth omission from Fig. 1 is a guard ring around 
the collector plate of the parallel-plate detector. It was 
necessary to maintain this ring at the same potential 
as the collector plate in order to suppress microphonic 
noise associated with vibration of the collector plate. 
It is pertinent to note that while guard rings and 
plates are customarily used in studies of collisions of 
ions with chemically stable gases to define the path 
length of the ions through the gas, in crossed-beam 
experiments this is unnecessary, since the interaction 
region is determined from the geometry of the two 
beams. If the area of the collecting plate is large com- 
pared with the geometrical projection of the interaction 
volume upon it, efficiency is 
obtainable. 


complete collection 


III. MEASUREMENT PROCEDURE 


The two detectors used in these experiments were, 
as noted above, a mass spectrometer and a parallel- 
plate detector. The only advantage of the former 
detector is that in measuring the cross section for the 
production of slow ions in collisions of protons with a 
mixture of atoms and molecules, one can distinguish 
between the processes giving rise to slow protons and 
to slow molecular ions. In the present experiments, 
where the neutral beam was highly dissociated (295%), 
this advantage was more than offset by the fact that 
the mass spectrometer cannot discriminate between 
ions formed by charge transfer and those formed by 
ionization on ion impact. Consequently, it was used 
primarily as a check on measurements made using the 
parallel-plate detector. 

When using the mass spectrometer, the procedure 
was to set the potentials of the fourth and fifth cylinders 
and of the two parallel plates above and below the in- 
teraction region, at 180 v with respect to ground. The 
potentials of the repeller and the first cylindrical lens 
leading to the mass spectrometer were set at a slightly 
different value, as determined from the mass-spectrom- 
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eter focusing requirements. The mass-spectrometer 
magnet and collector were operated at ground potential, 
so that the slow ions were accelerated to an energy of 
180 ev for passage through the mass-spectrometer 
magnet. By varying the fast-ion energy and measuring 
the slow-ion currents, relative 
readily determined. 

The use of the parallel-plate detector is a modifica- 
tion of the “condenser method” of measuring charge- 
transfer and ionization cross sections which has been 
employed previously** in studying the interaction be- 
tween ions and chemicaily stable gases. In experiments 
where the purity of the neutral species is sufficiently 
high, the fact that this detector will collect slow par- 
ticles of either charge sign with 100% efficiency far 
outweighs the disadvantage of not being able to dis- 
criminate the masses of the ions. In principle, the 
collection of positive particles yields the sum of the 
cross sections for ionization and charge transfer, whereas 
the collection of negative particles (electrons) yields 
only the cross section for the ionization process. 

When the parallel-plate detector was used in the 
present experiments, the fourth and fifth cylinders, the 
mass-spectrometer repeller and first lens, and the lower 
of the two parallel plates were all set at ground po- 
tential. For collection of positive ions, the upper plate, 
which was the actual collector, was biased negatively 
at a potential of considerably larger magnitude than 
that at which saturation occurred in a plot of signal 
versus potential on this plate. 

For the collection of negative particles, the polarity 
of the collector potential was reversed and the vertical 
magnetic field was employed. This field, being perpen- 
dicular to the parallel plates, confined electrons which 
might otherwise have escaped collection by the weak 
electrostatic field because of high initial energy and un- 
favorable initial direction of motion. The vertical field 
also presented a magnetic barrier against secondary 
electrons produced by ion impact at the third, fourth, 
and fifth cylinders which were sufficiently energetic to 
escape the electrostatic suppression provided. Satura- 
tion curves of electron signal as a function of vertical 
magnetic field were taken, and a field strength of the 
order of 30 oersteds was found adequate. 

When collecting positively charged particles, it was 
customary to use a horizontal magnetic field of about 
the same magnitude. Since this field, like the vertical 
field, was perpendicular to the ion beam’s direction, it 
too served as a magnetic barrier to secondary electrons 
formed at the ion beam collimation apertures. In addi- 
tion, the horizontal field, being parallel to the detector, 
would act as a suppressor of secondary electrons 
formed at the detector by impact of the slow ions being 
collected. However, it was straightforward to demon- 
strate that the number of secondaries formed by these 


cross sections were 


3 J. P. Keene, Phil. Mag. 40, 369 (1949). 
4 J. B. Hasted and J. B. H. Stedeford, Proc. Roy. Soc. (London) 
A227, 466 (1955). 
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slow ions was quite negligible. This was indicated by 
the absence of change in the positive-ion signal when 
the vertical field replaced the horizontal field. With 
the vertical magnetic field in use and with the electro- 
static field set to collect positive ions, any secondary 
electrons would have increased the signal. The use of 
the horizontal field was therefore optional. 

In collecting negative particles it was essential to 
demonstrate (1) that the particles were electrons rather 
than negative ions and (2) that the particles arose from 
ion-impact ionization rather than from secondary emis- 
sion caused by ions reaching the parallel plate which 
was nol being used as the current detector, i.e., the 
lower plate. The first point was demonstrated by means 
of the mass spectrometer, which showed no measurable 
negative-ion signals. To demonstrate the second point, 
the incident proton energy was reduced to a few 
hundred volts, where the +H charge-transfer cross 
section becomes large but the ionization cross section 
becomes negligibly small. Under these circumstances, 
electrons collected at the upper parallel plate could 
arise only from secondary emission at the lower plate 
by ions formed through charge transfer and accelerated 
in the weak electrostatic collector field between the 
parallel plates. The signals from such secondary elec- 
trons could not be discerned above the noise level. 

In measuring relative cross sections with either the 
mass spectrometer or the parallel-plate detector, signals 
per unit ion current were compared at different ion 
energies. 

In arriving at absolute cross section values, the basic 
measurement was that which determined the ratio 
Q:/Q2 of the slow ion production cross section of the 
hydrogen atom to that of the hydrogen molecule. It 
was made by running a fixed mass flow of gas in the 
beam and comparing the slow-ion signals when the gas 
was purely molecular and when it was arbitrarily 
highly dissociated. The arguments pertinent to this 
measurement were presented in reference 1. Measure- 
ments of Q:/Q2 were made using both detectors. 

To separate the cross section for slow-ion production 
into its separate charge-transfer and ionization com- 
ponents, it is necessary to rely upon the parallel-plate 
detector. Since for the hydrogen atom this total cross 
section, Qi, is simply the sum of the ionization cross 
section, Q,°, and the charge-transfer cross section, 
Q,*, by first noting the slow-ion signal and then the 
electron signal, using the same atom and ion beams, 
the ratio Q,°/Q; is immediately obtained. Subtracting 
this ratio from unity gives the ratio (,7/Q:. For the 
atom, therefore, both the ionization and charge-transfer 
cross sections are readily measurable in terms of Q,, 
which in turn is expressible in terms of Q2, the cross 
section for slow-ion production in +H, collisions. 

The cross seciion Q2 was obtained using measure- 
ments made by Stier and Barnett® of the electron 


5P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956). 
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capture cross section, ¢:9, for protons in He, which have 
recently been confirmed by Curran, Donahue, and 
Kasner.® From the list of possible processes involved in 
collisions between protons and hydrogen molecules,’ it 
can be shown that if two processes, p+H2— H+2p+e 
and p+H:2— H-+ 2p are neglected, then o:0+Q2"= (2, 
where Q»° is the cross section for production of electrons 
when protons strike hydrogen molecules. The neglect 
of the two processes in question appears justified in 
view of their both having energy defects of the order 
of 30 ev, so that the near-adiabatic theory of heavy- 
particle collisions** would lead one to expect that the 
cross sections for these processes would be negligibly 
small up to ion energies of the order of 200 kev, con- 
siderably beyond the energy range of the present ex- 
periments. By using the approximation that Q2=c10 
+(Q,2*, reversal of the collection field in the parallel- 
plate detector with fixed neutral atom and ion beams 
gave signals from which the cross-section ratios Q2°/Q» 
and o10/Q2 were immediately obtained. The latter ratio 
was used to determine Q2 from the published values 
of oi. 

The measurements of the various cross-section ratios 
indicated above were repeated at a number of proton 
energies, with the most extensive data being taken at 
2, 10, and 30 kev. 


IV. RESULTS AND DISCUSSION 


In our experiments, which covered the energy range 
from 400 to 40 000 ev, it was of interest first to examine 
rather cursorily the cross section (2° for electron pro- 
duction in +H, collisions. Values of this cross section 
previously reported by Keene,’ Fogel’ ef al.,!° Gilbody 
and Hasted,"! and Afrosimov, Il’in, and Fedorenko,’ 
show considerable disagreement in this energy range. 
In the present experiment, from the determinations of 
the ratio Q2*/o., the most probable values of Q2° fall 
between the values of Keene and the two Russian 
results, with the statistical uncertainties being sufficient 
to include either set. We regard this as indicative of 
there being no substantial systematic errors in our 
measurements of electron-production cross sections in 
terms of charge-transfer cross sections. 

The principal results of this experiment are the cross 
sections for charge transfer and ionization of the free 
hydrogen atom in collisions with protons. Figure 2 
shows the charge-transfer cross section as compared 

®*R. Curran, T. M. Donahue, and W. H. Kasner, Phys. Rev. 
114, 490 (1959). 

7V. V. Afrosimov, R. N. Il’in, and N. V. Fedorenko, Zhur. 
Eksp. i Teoret. Fiz. 34, 1398 (1958) [translation: Soviet Phys.- 
JETP 7, 968 (1958) ]. 

8H. S. W. Massey, Reports on Progress in Physics (The Physical 
Society, London, 1949), Vol. 12, p. 248. 

*H. B. Gilbody and J. B. Hasted, Proc. Roy. Soc. (London) 
A238, 334 (1956). 

Ya. M. Fogel’, L. I. Krupnik, and B. G. Safronov, Zhur. 
Eksp. i Teoret. Fiz. 28, 589 (1955) [translation: Soviet Phys.- 
JETP 1, 415 (1955). 

1H. B. Gilbody and J. B. Hasted, Proc. Roy. Soc. (London) 
A240, 382 (1957). 
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1G. 2. Cross section for charge transfer in collisions 
between protons and hydrogen atoms 

with several theoretical predictions. The present meas- 

urements, like those reported in reference 1, show 

close agreement at energies of less than 10 kev with the 

values calculated by Dalgarno and Yadav" using the 

perturbed-stationary-states approximation method." 

Figure 2 also shows a number of high-energy calcula- 
tions which have been reported. In 1930 Brinkman and 
Kramers" calculated the cross section for charge trans- 
fer into only the ground state, using a Born approxi- 
mation in which the interaction potential was simplified 
to comprise only the interaction between the atomic 
electron and the incident proton. Since the experi- 
mental values are for charge transfer into all states, 
rather than just the ground state, it is necessary to 
modify the Brinkman and Kramers ground-state calcu- 
lation for comparison with experiment. The modifica- 
tion made here was to multiply the ground-state capture 
cross section curve by the ratio of total to ground- 
state capture cross sections calculated by Jackson and 
Schiff,!® and it is this modified curve which is ascribed 
to Brinkman and Kramers in Fig. 2. 

As noted above, the only interaction term retained 
in the calculation of Brinkman and Kramers was that 
for the interaction between the incident proton and the 
atomic electron. They omitted the other term which 
would have been present in a formalistically correct 
Born approximation calculation, namely, the term de- 
scribing the interaction between the two protons. This 
omission is reasonable on the physical basis that in a 
purely electronic transition such as charge transfer, 
the interaction between the two nuclei could not exert 
appreciable influence on the cross section, particularly 
at high energies. 

The principal pragmatic objection to the omission 
of this proton-proton term arose from the custom of 


comparing calculated cross sections of alomic hydrogen 


2 A. Dalgarno and H. N. Yadav, Proc. 
A66, 173 (1953). 

13D). R. Bates, H. S. W. Massey, and A. L. Stewart, Proc. Roy. 
Soc. (London) A216, 437 (1953). 

4H. C. Brinkman and H. A. Kramers, Proc. 
dam 33, 973 (1930). 

16J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 
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with experimental cross sections for molecular hydrogen 
by using the rule that one hydrogen molecule equals 
two hydrogen atoms. It was found that the Brinkman 
and Kramers cross section for p+H charge transfer was 
considerably larger than one-half the cross section for 
pa He charge transfer. The introduction of the proton- 
proton interaction term in the Born approximation 
effected a reduction of the cross section to values more 
nearly in agreement with the molecular data. The 
curve ascribed to Jackson and Schiff'® is the total cross 
section as calculated using the first Born approximation 
with the interaction potential being included in the 
proton-proton term. Bates and Dalgarno,'® using the 
same approximation as Jackson and Schiff, evaluated 
the cross section for charge transfer into each state up 
to and including n=4. The curve attributed to Bates 
and Dalgarno in Fig. 2 is the sum of the cross sections 
for the states which have been calculated by those 
authors. 

However, in spite of the proton-proton interaction 
term’s leading to better agreement between p+H Born 
theory and p+ Hp: experiment, the physical argument in 
favor of this term’s being of little importance is not 
easily put aside and has led to recent theoretical ad- 
vances in two directions. The first was an examination 
by Tuan and Gerjuoy” of the validity of treating the 
hydrogen molecule as equivalent to two free hydrogen 
atoms for comparison of charge-transfer theory and 
experiment, a procedure to which they find serious 
theoretical objections. The second theoretical advance 
resulted from the recognition that the interaction used 
in the Born approximation is but one of many equally 
justifiable interactions which can be used to make a 
first-order estimate of the cross section. In particular, 
Bates'® and Bassel and Gerjuoy,’ by quite different 
arguments, have been led to essentially the same inter- 
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Fic. 3. Cross section for ionization of the hydrogen atom on 
proton impact, comparing the theoretical prediction of Bates and 
Griffing and the cross section for charge transfer. 
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Fic. 4. Comparison of ionization cross sections of the hydrogen 
atom on proton and electron impact (the electron-impact data are 
taken from reference 19). 


action, in which the average potential distorting the 
incoming proton wave is subtracted from the proton- 
proton and proton-electron interactions. 

While Bates derives the term largely on physical 
grounds within the framework of the Born approxima- 
tien, Bassel and Gerjuoy formulate the charge-transfer 
problem in the distorted-wave approximation, rigor- 
ously derive the scattering amplitudes, and then spe- 
cialize their solutions to the case of plane waves giving 
a Born-like approximation. They find that at moderate 
energies the effect of the proton-proton interaction 
term is partially offset by another term, and at the 
higher energies (several hundred kev) these two terms 
exactly cancel, so as to yield the Brinkman and 
Kramers result. From Fig. 2 it seems likely that at 
energies higher than were available in the present meas- 
urements, the calculations of Brinkman and Kramers 
do become correct, as would be expected from Bassel 
and Gerjuoy’s calculations. However, there is still con- 
siderable discrepancy between the Bassel and Gerjuoy 
values and the experimental values in the energy range 
of these measurements, and it is clear that further 
theoretical work at moderate energies and experimental 
work at high energies remain to be done before charge 
transfer between protons and hydrogen atoms is fully 
understood. 

It is also worth while to note that up to 40 kev, the 
hydrogen atom cross section for charge transfer with 
protons appears quite comparable to that of the hydro- 
gen molecule. Comparing theoretical +H charge- 
transfer cross sections with one-half the experimental 
p+Hze charge-transfer cross sections in this energy 
range is not a valid procedure. 

Figure 3 shows the experimental cross section for 
ionization or electron production (the two being com- 
pletely identical for +H collisions) and compares the 
values calculated by Bates and Griffing” using the first 


*D. R. Bates and G. Griffing, Proc. Phys. Soc. (London) 
A66, 961 (1953). 
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Born approximation. This figure also shows, for com- 
parison, the +H charge-transfer cross section. 

It is of some interest to compare the experimental 
cross sections for ionization of the hydrogen atom with 
Born approximation calculations for both electron and 
proton impact. Figure 4 shows this comparison plotted 
on a relative velocity scale. The values for the electron- 
impact ionization of atomic hydrogen are taken from 
the paper by Fite and Brackmann.”' The first point of 
interest is that for the two processes the relative dis- 
crepancies between experiment and the Born approxi- 
mation calculations are similar, irrespective of the 
ionizing particle. Second, it is to be noted that the 
maximum of the theoretical electron-impact ionization 


7W. i. 112, 1141 


(1958) 


Fite and R. T. Brackmann, Phys. Rev 


PHYSICAL REVIEW VOLUME 


HUMMER 


» AND BRACKMANN 

curve appears at a higher velocity than that of the 
proton-impact ionization curve, and the experimental 
evidence seems to confirm this velocity shift. Similar 
velocity shifts have been observed in the comparison 
of the cross sections for ion- and electron-impact 
ionization in other gases.” 
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The cross sections for charge transfer and electron production in collisions between hydrogen atoms and 
hydrogen negative ions (H~) have been measured over the energy range 100 to 40 000 ev using modulated 
atomic-beam techniques in a crossed-beam experiment. Agreement of the experimental results with the 
perturbed-stationary-states calculation for charge transfer of Dalgarno and McDowell is quite satisfactory. 


I. INTRODUCTION 


N the preceding paper,’ the rather good agreement 
of experiment with the predictions of the method 
of perturbed stationary states for low-energy charge 
transfer in collisions between protons and atomic hydro- 
gen? was noted. It is natural to question whether this 
good agreement is indicative of the merit of the method 
of perturbed stationary states, or whether the agreement 
is fortuitously good for this one process. Clearly, an 
experimental investigation of some other collision proc- 
ess to which the method of perturbed stationary states 
has been applied would be desirable. 
This approximation method has been applied to two 
elastic scattering of hydrogen atoms 
by hydrogen atoms,’ and charge transfer between nega- 


other processes 
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tive hydrogen ions (H~) and atomic hydrogen.‘ Since 
the examination of the latter process could be carried 
out with the apparatus described in the preceding paper, 
it was deemed desirable to carry out the measurement 
of the H-+-H charge-transfer cross section simultane- 
ously with the measurements of the cross sections for 
collisions between protons and hydrogen atoms. 

During the course of these measurements on the cross 
sections for collisions between H~ and H, McDowell 
communicated to us a calculation of the cross section 
for electron detachment in such collisions, which has 
since been published.® The experimental testing of this 
calculation constituted a second reason for carrying out 
the measurements which are the subject of the present 
paper. 

Il. EXPERIMENTAL APPROACH 


The apparatus which was used in the measurements 
of the cross sections for charge transfer and for free- 
electron production in collisions between hydrogen nega- 
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tive ions and atomic hydrogen was the same as that 
described in the preceding paper. The experimental 
method, however, was slightly different, since in colli- 
sions of H~ and H it was necessary to distinguish be- 
tween the resulting electrons and negative ions. 

For the study of charge transfer alone, one method 
employed the mass spectrometer, which, when tuned to 
detect H~, automatically rejected electrons produced 
in the collisions. To study both charge transfer and 
electron production, the parallel-plate detector was used 
in conjunction with the horizontal and vertical magnetic 
fields described in the preceding paper. When the verti- 
cal field was used, the negative charge signal arose both 
from electrons and from slow negative ions produced by 
charge transfer. When the horizontal field was used, the 
electrons were prevented from reaching the collecting 
plate, whereas the heavier negative ions responded to 
the electrostatic field only and were collected. Thus, 
under the latter circumstances the signal was repre- 
sentative only of the charge-transfer process. 

The source of negative atomic-hydrogen ions was the 
hot-cathode arc source discussed in the previous paper. 
This source provided resolved currents of H~ of the 
order of 1a at kev energies, with suitably small current 
fluctuations when water vapor was the gas in the arc. 
From stopping potential curves it was found that the 
total energy spread of the H~ beam was about 20 ev 
and that adequate ion beams could be extracted from 
this source down to a mean energy of 30 ev. 

To determine absolute cross sections, the procedure 
was to reverse the ion-source potential and the analyzing 
magnetic field, and to compare the signals per unit 
current arising from both proton and H~ impact upon 
the same neutral atom beam for the same ion energy. 
Indeed, a major advantage of the ion source used in 
these experiments was that the proton and H~ currents 
produced were comparable in magnitude, so that this 
comparison was quite straightforward to make. The 
absolute cross sections for the +H charge transfer 
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Fic. 1. Cross section for charge transfer between hydrogen 
negative ions and hydrogen atoms, comparing a number of experi- 
mental points and the perturbed-stationary-states calculation of 
Dalgarno and McDowell (reference 4). 


ELECTRON 


PRODUCTION IN H- H 069 


EXPERIMENTAL 


exio*cm’ 


Mc DOWELL AND PEACH 
THEORETICAL 


4 


ENERGY (KEV) 


1G. 2. Cross section for electron production in H~+H collisions, 
comparing the experimental values with the calculations of Mc- 
Dowell and Peach (reference 5) for the process H-+H — H+H-+e. 


presented in the previous paper were taken as the 
standards for the present experiment. 


III. RESULTS AND DISCUSSION 


The measured cross section for the charge-transfer 
process H-+H — H+H7 is shown in Fig. 1. In this 
figure the square root of the cross section is plotted as a 
function of the logarithm of the ion energy. This system 
of coordinates was chosen because the calculations of 
Dalgarno and McDowell! indicate that the cross-section 
curve in these coordinates should be a straight line. 
Although the theoretical results are slightly above the 
experimental values, we feel that Fig. 1 satisfactorily 
confirms the validity of the method of perturbed sta- 
tionary states for the H-+H charge transfer for ion 
energies of less than about 1 kev. Deviations at higher 
ion energies are as expected qualitatively from the 
Dalgarno and McDowell calculations and represent the 
inherent deficiencies of the scattering approximation at 
high energies. A similar deviation occurs at high energies 
in the case of charge transfer between protons and 
hydrogen atoms.! 

It is interesting to note that the behavior of the cross 
sections for charge transfer in p+-H and H-+H olli- 
sions is quite different. While the +H cross section 
varies rather slowly, going from about 3010-'* to 
10 10~'* cm? over the energy range 100 to 10 000 ev, 
the H~-+H cross section drops from 60 10~'® to less 
than 1X10-'® cm? over the same energy range. The 
method of perturbed stationary states as applied by 
Dalgarno and his collaborators accurately predicts the 
markedly different energy dependences. 

In regard to the production of electrons in collisions 
of H~ and H, the only available theoretical work is the 
recently published Born approximation calculation of 
McDowell and Peach,* who considered only the single 
process H-+H—H-+H-+e. This calculation is com- 
pared in Fig. 2 with our experimental results for electron 
production by all processes, including those in which 
one or both product atoms are ionized. The experi- 
mental values between 500 ev and 4 kev were obtained 
by comparison of the cross section for electron produc- 
tion with that for H-+H charge transfer, using for the 
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latter cross-section values taken from Fig. 1. Above 4 
kev, the charge-transfer cross section becomes too small 
for this method to be reliable. At the higher energies the 
relative cross section for electron production was deter- 
mined by comparing electron signals per unit ion current 
as a function of ion energy. This high-energy relative 
cross section was then normalized at 10 kev to the value 
obtained by comparing the H~+H electron-production 
cross section with the +H charge-transfer cross sec- 
tion, the absolute value for the latter being taken from 
the preceding paper. At energies of less than 500 ev, 
the results obtained by comparing the cross sections for 
electron production and charge transfer in H~-+-H colli- 
sions were not sufficiently reproducible to warrant their 
being shown in Fig. 2. However, from these lower-energy 
data, it appears that the cross section for electron pro- 
duction does not decrease for ion energies down to 50 ev 
and probably continues to increase. The experimental 
uncertainties shown in Fig. 2 do not include uncer- 
tainties in the charge-transfer cross sections which were 
used as standards in this measurement. 

The degree to which the experimental values should 
be expected to agree with the results of McDowell and 
Peach is not entirely clear. In their calculations, only 
the process H~+H — H+H-+e was considered, whereas 
in our experiments, processes which would result in 
ionization of the end products of the collisions also con- 
tributed to the electron-production signal. Certainly the 
condition that the experimental values should exceed 
the cross section for only the simple electron-detach- 
ment process is satisfied. 
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It would be expected that processes leading to ioniza- 
tion of the final collision products would be operative 
only at the higher ion energies in this experiment, and 
that such processes cannot be invoked to explain the 
deviations of the two curves in Fig. 2 as the energy is 
reduced below 5 kev. It also seems unlikely that ‘the 
associative detachment process, H~+H — H»s+e, can 
contribute appreciably to the electron-production proc- 
esses at energies as high as the lower energies of these 
measurements. ® 

It is interesting to note that McDowell and Peach 
calculate the energy distribution of the electrons pro- 
duced in the simple detachment process and find that 
where their approximation is valid, less than 10% of 
the ejected electrons should have energies exceeding 
13.6 ev. In measuring the cross section for total slow 
negative particle production, it was found that curves 
field 


about 20 oersteds for all ion energies. 


of signal versus vertical magneti: saturated at 
Considering the 
experimental geometry, this implies that a negligible 
fraction of the electrons had energies in excess of about 
20 ev. 
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The need for a quantum-mechanical formalism for systems with 
dissipation which is applicable to the radiation field of a cavity 
is discussed. Two methods that have been used in this connection 
are described. The first, which starts with the classical Newtonian 
equation of motion for a damped oscillator and applies the con- 
ventiona! formal quantization techniques, leads to an exact 
solution; but subsequent discussion shows that this method is 
invalid, the results being unacceptable from a quantum-mechan- 
ical viewpoint. The second method, which considers the inter 
action of two systems, the lossless oscillator and the loss mecha- 
nism, is adopted in the present article. No special model is used 
for the loss mechanism, but this mechanism is assumed to have 
a large number of densely-spaced energy states. 

The approximations with respect to the loss mechanism that 
underlie the concept of dissipation are discussed. These approxi- 
mations are then applied to the analysis, and a differential 
equation for a coordinate operator of the harmonic oscillator is 


INTRODUCTION 


M° quantum-mechanical analyses deal with 
microscopic phenomena, and since dissipation 


isa macroscopic concept, there has been little interest, 


obtained which has the formal appearance of the Newtonian 
equation of motion for a driven damped harmonic oscillator, the 
driving term being an operator referring to the loss mechanism. 
The presence of the driving term is responsible for the difference 
between the present theory and that of the first method mentioned 
above. A solution of the differential equation for the coordinate 
operator is given explicitly. An examination of the physical sig- 
nificance of the solution shows that the driving term is responsible 
not only for the thermal fluctuations which are due to the loss 
mechanism, but also for the proper commutation relationship of 
the conjugate coordinates of the oscillator and for its zero-point 
fluctuations. 

A generalization of the solution to provide for a classical driving 
force and coupled atomic systems is given. The results are then 
restated in a form that refers to the loss mechanism only through 
the two parameters by which it is usually described 
sipation constant and the temperature. 


the dis 


during the historical development of quantum mechan- 
ics, in a formalism for systems with dissipation. There 
is, however, a type of problem, which has acquired 


considerable interest in recent years, in which dissipa- 
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tion does enter significantly: the quantum-mechanical 
analysis of the radiation field in a microwave cavity. A 
quantum-mechanical treatment of the field is essential 
in the analysis of phenomena related to spontaneous 
emission of microscopic systems (such as molecules) 
which are coupled to the field; furthermore, any 
treatment of the field, whether classical or quantum 
mechanical, must consider cavity losses, in general, 
since they are by no means negligible. 

As is well known, the quantum mechanics of the 
radiation field of a mode in a lossless cavity is the same 
as the quantum mechanics of a harmonic oscillator. If 
we consider a single mode of the cavity, with frequency 
2x, and if we express the electric and magnetic fields 


w 


as 
E= —4rcP(t)u(r), 


H=Q()¥ Xu(r), (1) 


where u(r) is a normalized function describing the 
spatial dependence of the cavity field, then Q and P 
are canonically conjugate coordinates satisfying the 
commutation relationship [Q,P]=ih; and the Hamil- 
tonian for the radiation field is 


H=2re?P?+ (w/8rc’)C", ( 


the harmonic oscillator Hamiltonian (except for the 
trivial matter of the constants) .! 

There has been some discussion of dissipation in 
quantum mechanics in general, and with reference to 
the harmonic oscillator in particular. The introduction 
of dissipation into quantum mechanics has followed, 
broadly speaking, two different methods: One method*~® 
consists of starting with the classical Newtonian equa- 
tions of motion for a system with dissipation (the dis- 
sipation being due to a velocity-dependent force), 
finding a Lagrangian which leads to these equations of 
motion, and then proceeding to quantization by con- 
ventional formal methods. The other method consists 
of considering the dissipation as being due to the 
coupling of two systems,’~*—the undamped harmonic 
oscillator, and the system which produces the damp- 
ing—and then aitacking the problem by an approxi- 
mation method. 

The first method has the attractiveness of a clean-cut 
formalism leading, in the case of the harmonic oscil- 
lator, to exact solutions, which were obtained by Kerner® 
and by Stevens.® An exact solution is possible in this 
instance because the classical equation of motion of the 
damped harmonic oscillator may be solved exactly, and 


2) 


1 For the mechanical oscillator of mass m, replaces 4rc? by m™. 
No distinction will be made between mechanical and radiation 
oscillators; the Hamiltonian of Eq. (2) will be used throughout. 
The language will refer either to the oscillator or the field, as 
convenient. 

2 E. Kanai, Progr. Theoret. Phys. (Kyoto) 3, 440 (1948). 

>W. E. Brittin, Phys. Rev. 77, 396 (1950). 

4V. W. Myers, Am. J. Phys. 27, 507 (1959). 

5 E. H. Kerner, Can. J. Phys. 36, 371 (1958). 

6 W. K. H. Stevens, Proc. Phys. Soc. (London) 72, 1027 (1958). 

7H. B. Callen and T. A. Welton, Phys. Rev. 83, 34 (1951). 

8 J. Weber, Phys. Rev. 90, 977 (1953). 

9]. R. Senitzky, Phys. Rev. 115, 227 (1959). 
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formal quantization merely has the effect of converting 
the classical variables into operators, leaving the equa- 
tion intact. The solution, therefore, remains formally 
the same, but must now be interpreted as an expression 
in operators. It will be shown in the present article 
that this method is unrealistic, and cannot describe a 
true physical system with quantum-mechanical proper- 
ties. 

The method we shall use is the second, in which we 
consider a lossless harmonic oscillator coupled to a loss 
mechanism. Callen and Welton’ considered the proper- 
ties of loss mechanisms from a quantum-mechanical 
viewpoint, but were not interested in a detailed analysis 
of the properties of the conservative system which is 
coupled to the loss mechanism. Weber® used the results 
of Callen and Welton to calculate the energy of a 
damped harmonic oscillator. A quantum-mechanical 
formalism for the field in a lossy cavity, which per- 
mitted a demonstration of its quantum-mechanical 
consistency as well as provided for the inclusion of 
driving mechanism and coupled atomic system, was 
developed in reference 9. However, this development 
utilized a special model for the loss mechanism, and the 
formalism made explicit reference to this special model. 

It seems that the subject of dissipation in quantum 
mechanics, with reference to the harmonic oscillator, 
is of sufficient fundamental interest to justify the 
development of a general formalism which contains 
only the experimentally observable parameters of the 
loss mechanism. It is the purpose of the present article 
to develop such a formalism without recourse to special 
models, and, incidentally, to show that the method of 
formally quantizing the classical equations of motion 
for a damped system is invalid. For the sake of com- 
pleteness and intelligibility, a few of the ideas expressed 
in reference 9, where the question of loss was incidental 
to other matters, will be restated with somewhat dif- 
ferent emphasis. The concept of dissipation is examined 
in Part I. The problem is formulated in Part II, where 
explicit expressions are derived which constitute the 
solution of the problem. In Part III the physical 
meaning of the solution is investigated and contrasted 
with results of the formal quantization of the classical 
equations. In Part IV an extension of the above solution 
to provide for a driving force and coupled atomic 
systems is given. Finally, in Part V the results are 
restated so as to refer only to the loss constant and 
temperature of the loss mechanism. 


I 

Before proceeding with any calculations, it will be 
profitable to discuss the meaning involved in the usual 
concept of dissipation. When dealing with dissipation 
in an electrical system specified by a value for the 
resistance, or dissipation in a mechanical system speci- 
fied by a value of the coefficient of friction, we are 
really concerned with the interaction of two types of 
systems: One is a rather simple system—in the present 
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the harmonic oscillator—which we want to 
describe completely, and the other is an extremely com- 
plicated system—the loss mechanism—which we want 
to describe very incompletely, as in thermodynamics, 
for instance. We are interested in the loss mechanism 
only to the extent that it affects the behavior of the 
oscillator, and even in this respect the interest is limited. 
We must concern ourselves only with the lowest order 
interactions which produce loss, since description of 
higher order interactions requires a more detailed 
knowledge of the loss mechanisms than that provided 
by a single dissipation constant. Underlying the con- 
ventional concept of dissipation is the understanding 
that the loss mechanism is affected only slightly by its 
interaction with the oscillator; the oscillator, on the 
other hand, may undergo large changes due to the loss 
mechanism. Thus, the loss mechanism may be treated 
by a perturbation-theory approach, but the oscillator 
may not. 

The analysis in Part II will tend to confirm the pre- 
ceding statements. This analysis may therefore be 
viewed in two ways: as a derivation of a quantum- 
mechanical formalism involving dissipation that is 
based on the above ideas, or as a demonstration of the 
necessary approximation with which we must regard 
the loss mechanism in order to obtain relationships 
consistent with the conventional description of dis- 
sipation.” From either point of view, however, it is 
important to note that if we find that effects of a given 
order are necessary to obtain results which amount to 
dissipation, we must consider all effects of that, or 
lower, order if we are to have a consistent formalism. 
Thus, we will see that when considering loss, we are 
also forced to consider an additional phenomenon, which 
is of great importance from a quantum-mechanical 
viewpoint, namely fluctuations. 

One can also see the .necessity of considering fluc- 
tuations on physical grounds. The dissipation which 
the oscillator experiences may be regarded as due to a 
reaction of the loss-mechanism on the oscillator, the 
former having been excited by the oscillator in the first 
place; but if the loss mechanism can react on the oscil- 
lator, it can also act on the oscillator because of its own 
fluctuations, and there is no @ priori reason why this 
effect may be ignored in a real physical system. In 
other words, a coupling mechanism works in either 
direction. In classical mechanics one might conceptually 
create a situation in which there are no fluctuations by 
considering the absolute temperature to be zero, thus 


case, 


divorcing dissipation from fluctuations ; but in quantum 
mechanics there are still the zero-point fluctuations, 


% The mathematical development will lead from the approxi- 
mations, which we assume to be inherent in the concept of dis- 
sipation, to the usual description of dissipation; that is, it will 
be proven that the approximations are sufficient to obtain con- 
ventional dissipation. There will be no mathematical proof that 
the approximations are necessary, but it will be easy to see that 


these are the simplest and most reasonable approximations 


leading to the required result. 
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which cannot be eliminated. Therefore, dissipation and 
fluctuations must be considered together. Only then 
can a_ consistent 
developed. 


quantum-mechanical theory be 


II 


We consider a harmonic oscillator Cc yupled to a loss 
mechanism, the combined Hamiltonian being 


H=Hy.+HitaPT, (3) 


where Ho. is the Hamiltonian of Eq. (2), H; is the 
Hamiltonian of the loss mechanism (which we will not 
specify explicitly), [ is the coordinate of the loss 
mechanism through which the coupling to the oscillator 
takes place, and a is the coupling constant. It does not 
matter whether the oscillator is coupled to the loss 
mechanism through the Q or P coordinate (or both), 
since the two are essentially symmetrical. In the present 
case, P is chosen because in a cavity the loss mechanism 
is usually coupled to the electric field. The only essential 
assumption we make about the loss mechanism is that 
it has a large number of closely-spaced energy states. 
We make another assumption which is not essential, 
but is convenient and holds for most loss mechanisms: 
The diagonal matrix elements of I, when the 
mechanism is free, are zero. This assumption, in clas- 
sical language, corresponds to the requirement that 
there be no force exerted on the harmonic oscillator by 
the loss mechanism which is independent of the time 
and of the state of the oscillator, or that the loss 
mechanism in a cavity have no permanent polarization. 

The quantum-mechanical formalism to be used is 
that of the Heisenberg picture, in which the operators 
contain the time dependence and the wave functions 
are constant, corresponding to the initial states of the 
systems. The initial operators are defined as the oper- 
ators at ‘=0 of the uncoupled systems. (That is, the 
interaction is turned on at /=0.) We consider the initial 
state of the oscillator in general terms. It may be an 
energy state or a superposition of energy states. If it 
is a classical-type state," then (P?(0)) will not differ 
by much from (P(0))*, and likewise for Q(0). Whenever 
the results obtained require the use of the initial oscil- 
lator state, they will be given in terms of the expectation 
values of the initial operators. In considering the loss 
mechanism, however, we want to be more explicit. 
Obviously, we are not interested in an arbitrary initial 
state of the loss mechanism, but rather in a thermal 
type of state which may be described by a temperature. 
This description is most conveniently given by means 
of a diagonal density matrix. In the energy representa- 
tion of the uncoupled loss mechanism, we take this 
matrix to be 


loss 


= o— E 
Pam= OnmAe 


where 
Arts} ° je Bilt? 


"JT. R. Senitzky, Phys. Rev. 95, 904 (1954). 
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The expectation value of any matrix O referring to the 
loss mechanism is given by 


(O)= Trace Op= > n Onnpnn- (6) 


It should be noted that all our operators operate on 
the state vectors of both the loss mechanism and the 
oscillator. The representation in the loss-mechanism 
space is, as specified above, the energy representation 
of the uncoupled mechanism. The representation in the 
oscillator space need not be specified for our purposes. 

We proceed now to calculate the time dependence of 
the operators P and Q. From Egs. (2) and (3), we 
obtain as the equations of motion 

P=— (w’/4r0°)Q, (7) 
Q=4rce?P+af¥l, (8) 
which may be expressed in integral form as® 


t 


Wa 
P(t)=P(t)——— f dt; P(t) sinw(t—4), 


4rc? 0 


(9) 


t 
= ()+af dt, T(t) cosw(t—t,), (10) 
0 


where P(t) and Q(t) are expressions for the opera- 
tors of the loss-free oscillator and include the initial 
operators: 


P (t)= P(O) coswt— (w/4mc?)Q(0) sinwt, 
QO (t)=Q(0) coswt+ (42rc?/w) P(0) sinwt. 


(11) 
(12) 


In order to be able to solve Eqs. (9) and (10) explicitly, 
we need an expression for '(¢). From Eq. (3), we have 


P()= (ih) - (PY), A()), (13) 
and 
a ' 
Hy t) = nant dt,{ Hy(t,) T(t) |P(41). 
Wo 


(14) 


Substituting from Eq. (14) into Eq. (13), we obtain 
P(t) = (ih) (Pd), 0.0) ] 


a ‘ 
+f dt, (T(t), (t:),H (41) JP (4) 1. (15) 
“v9 


An integral form of this equation, as can easily be 
verified by differentiation, is 


a t t1 
r(d=T »o+— f ats f dt, expl(i/h)H, (t—t)) ] 
h? Jo 0 


(P(t), [1 (4), Ai(te) |P(t2)] 
Xexp[— (i/4)H(t—h)], (16) 


where [(t) is the operator of the uncoupled loss 
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mechanism having matrix elements 


r,,()= T,; Oe*it= f e's*, 


wij=(E:—E))/h. 


(17) 

with 

Substituting from Eg. (16) into Eq. (9) ,we obtain 
Wa 


P(t)=P(t)— 


— 
47° C~ 


wa? t t) t2 
ee f ats f ats f di; sinw(t—t,) 
4nc*h? 0 0 0 


Xexpl (i/h)H, (ts—t2) | 
MX [I (te) CF (ts), (ts) JP (ts) J 
x exp[— (i/t)H, (th—ts)]. 


t 
f dt; T(t;) sinw(t—t,) 


(18) 


Let us discuss the physical meaning of the last two 
terms on the right side of Eq. (18). The T™ term 
obviously gives the effect on the oscillator of the fluc- 
tuations of the (unperturbed) loss mechanism, which 
were previously discussed. Although the expectation 
value of this term vanishes, the expectation value of 
its square does not; and, as will be shown subsequently, 
it accounts for the effect of both the thermal and 
quantum-mechanical fluctuations. The last term con- 
tains the reaction of the loss mechanism to the field 
and is responsible for the loss; but the last term contains 
much more than that: It contains all the details of the 
interaction between the oscillator and loss mechanism 
except the first order effect of the loss-mechanism 
fluctuations. In accordance with our previous discussion, 
this exact treatment is not what we want in order to 
describe dissipation; we therefore perform an approxi- 
mation or. this term which amounts to replacing 


exp[_ (¢/h)Hi (t:—te) ) [T (4), [1 (ts, Hilts) JP (ts) J 
Xexpl— (i/h)H, (ty—te)] (19) 
by 
((P (te), 1 (ts), A (ts) J) P (ts). (20) 


We carry out the approximation in two steps. Since, 
as previously mentioned, there is an assumption under- 
lying the concept of dissipation that the loss mechanism 
is disturbed only slightly, we can approximate I’ by 
rr and H; by H, under the integral sign in Eqs. (16) 
and (18)." This approximation, incidentally, makes 


2 One might, at first glance, think that it is inconsistent to 
regard the last term in Eq. (16) as a small perturbation of I while 
not regarding the last term of Eq. (18) as a small perturbation 
of P; and, indeed, if the magnitude of @ were the only relevant 
consideration, there would be an inconsistency. However, there 
is another important consideration, namely, the density of states 
of the loss mechanism, as may be seen from the following quali- 
tative argument: The contribution to the double commutator in 
Eqs. (16) and (18) comes mainly from the off-diagonal matrix 
elements of I’. The effect of the field on these off-diagonal elements 
is determined, approximately, by the off-diagonal elements of 
It (4:),[1 (4),Ai(te) J. The effect of the loss mechanism on the 
field, however, is determined by the diagonal elements of this 
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Eq. (18) linear in P, which is necessary in order to 
obtain linear dissipation, or a dissipation constant. 
Furthermore, we ignore loss-mechanism quantum- 
mechanical effects of higher order than the second; or, 
to put it another way, we ignore the quantum-mechan- 
ical properties of the loss mechanism in terms of higher 
order than the second. This means that we can bring 
P through the commutator bracket and exponential 
operator out to the extreme right (or left), and replace 
the remaining commutator by its expectation value 
times the unit operator." The exponential operators 
then cancel, and we have (19) changed into (20). 
Loosely speaking, what we have done in the second step 
of the approximation is to retain only the classical 
content (as far as the loss mechanism is concerned) of 
the last term in Eq. (18); we might say that the second 
term on the right side gives us all the quantum- 
mechanical effects we need to describe dissipation, and 
the last term gives us the classical loss. 

We proceed now in a straightforward manner. From 
Eq. (17) we obtain 


(r (4), [1 (te), J] 


=2> T's, "hw (ti—t2), 


COSW 
which, with Eqs. (4) and (6) yields 


(re (t;),[T 0 (to),H,© Ip 


=2A>, ge Ei/k1 r'., hiw g(ly— le). 


COS® 


With the approximation specified by Eqs. (19) and 


(20), Eq. (18) becomes 


wa . 
P(t)=P™ (t)——— f dt, T® (ty) sinw(t—1,) +L, 


4c’ 
t 2 | t2 
r h 20) .f ats f ats f dls 


xX P(ts) sinw(/—i,) cosw g(lo—ts). 


where 


wa’?A :' 
— —> eFi kT 
° 


Qmc*h i,k 


(24) 


commutator, since these diagonal elements are very roughly 
proportional to the density of states p (for ¢; sufficiently close to é2), 
while the off-diagonal elements do not increase significantly with 
the density of states. Thus, the last term in Eq. (16) is propor- 
tional to @ in the off-diagonal elements (and these are the ones 
which are important in the double commutator), while the last 
term in Eq. (18) is proportional to ap. This is essentially the 
reason that a loss mechanism responsible for the usual type of 
dissipation must have a large density of states. One can also see 
from ordinary time-dependent perturbation theory that a large 
density of states corresponds, for a given energy transfer, to a 
small transition probability per stale or to a slight change in the 
occupation numbers of the energy states. See also Reference 9, 
where the argument is made much simpler and more quantitative 
by the consideration of a special model for the loss mechanism. 
8 The replacement of the operator by its expectation value is 
justified by the fact that all our final results (but not necessarily 
the intermediate steps) will be expectation values with respect 
to the loss mechanism; and since the term affected involves only 
second and higher order interactions, only the higher order quan 
tum-mechanical effects are neglected in the final result. 


SENITZKY 


The ¢; and ¢, integrations may be carried out immedi- 
ately, yielding 


wa?A é 
L=-— 2 dl, P(t,;)F(t—1t,), 
2rc*h Y y 


F(r) =D eB | By |? 
t k 


where 


cos} (w k—W)T sin} (w kT @)T 


ety 


Wik TW 


coss (wiz+w) ’ 
_- ~ 2%) 


Because the energy levels of the loss mechanism are 
closely spaced, the summation may be replaced by an 
integration: 


x  f p(E ae. f p( FE, )dEx, 
i,k 0 ( 


where p(£) is the density of states in energy space. 
Setting 
E=}(E:+ Ex), 


(28) 


we have 


f ab. f dk; ~ f hd! f dE 
0 0 0 bhi’ 


+f hd! f dE = haat fae. (29) 
= bhw’ 


Thus, 


F(r)= fae’ | dE p(E+3 hw’) p(E—thw’) 


Xexpl — (kT)—'(E+3hw’) IT? (E+ thw’, E— thw’) 
cos} (w’—w)r sin} (w’+w)r 
p 4 a 


w’ +w 


a yi ° 1 ; 
COS3 (Ww -w)T SING (Ww —wW)T 


(30) 


where [(£;,E,) is a function obtained by averaging 
[ ,,|* for all states i and & lying in small intervals about 
FE; and E,, respectively. Consider now the integration 
with respect to E in Eq. (30). We have 


x 


f dE p(E+4hw’)p(E—thw’) 
Liw" 


<P? (E+ dha’, E—}hw'’)e~2!*? 
- ’ - 


=exp(—fiw'/2kT) Bw’), (31) 
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where 

-f dE, p( E+ he’) p(E)T?(E+hew’, E)e~®!*", 
(32) 

and likewise 


- 
f dE p(E+4hw')p(E— thw’) 
2: XP? (E+4hw’, E—Shw')e~2/*T 
=exp(hw’/2kT)B(—w’). (33) 
In the w’ integration, the contribution to F(r) comes 


mainly from the two neighborhoods about w’=-+w. 
We therefore obtain 


Pon f hdw'[ 1—exp(— hw’ /kT) | 


COS} (w’+w)r sin} (w’—w)r 
<B(w’!}—— ; 


, 
@ —W 


~}arh(1—exp(—hw/kT) |B(w) coswr, (34) 
where we have assumed that B(w’) is a slowly varying 
function in the neighborhood of w, and that #>77 
(For r=/—t,, the last assumption can hold only if 
t>w™!.) Going back to Eq. (25), we have 


t 
L=-8f dl, P (ty) cosw(t—t,), 
0 


8= (wa?/4c?) A B(w)[1—exp(—hw/kT) }. 


where 


Equation (24) may therefore be written as 


wa . 
P(t)=P®(t)— f dt, T(t,) sinw(t—t,) 
4c? 0 


(37) 


t 
-sf dt; P(t,) cosw(t—t;). 


This is an integral equation for P(t) of the Volterra 
type, and can be expressed in more familiar form as 4 
differential equation: 


P+6P+eP=— (wa/4rc)T (2), (38) 


where we have made use of the differential equation 
for the uncoupled harmonic oscillator, 
PO+eP=0. (39) 


Equation (38) is the well-known differential equation 
for a driven damped harmonic oscillator. Assuming that 
(B/w)<K1, (40) 


and ignoring the slight frequency shift introduced by 
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the damping, 
9 1 
Wdamped >= wf 1 —(5 2w)? }, 
we can write, as the approximate solution of Eq 


t 


Wa 
{Bt Po -—f dt, Po (ti)e 48(t 1) 
4c? 


Xsinw(t—t,). 


P=e 
(42) 


In an entirely analogous manner, we obtain 
t 
Q=e14Q0 taf dt, T (ty)e“¥8-™ cosw(t—ty). (43) 
{ 


Speaking in terms of operators, the first term of both 
solutions gives the damped initial oscillation, and the 
second term gives the driven oscillation. It is to be 
noted that Eqs. (42 )and (43) explicitly exhibit P and 
QV as operators with respect to both the oscillator and 
the loss mechanism." 


Ill 


We will now examine in detail the physical signi- 
ficance of Eqs. (38), (42), and (43). If we take expec- 
tation values of both sides of the equations, the driving 
term vanishes, since, as mentioned earlier, 


(T)=0 (44) 


due to the fact that [ is an off-diagonal matrix. The 
expectation value of P, therefore, satisfies the classical 
equation for a damped harmonic oscillator, with 8 as 
the dissipation constant. In the case of a mechanical 
oscillator, 8 is the coefficient of friction (per unit mass), 
and in the case of the electromagnetic field in a cavity, 


B=w/“Q”, (45) 


where “Q” is the quality factor of the cavity. Thus, we 
have the conventional picture of dissipation for the 
expectation values of the coordinates. [The expression 
for 8 in Eq. (36) is equivalent to the result derived by 
Callen and Welton.’ | 

Let us now look at the commutation properties of Q 
and P. We will restrict our interest in [Q,P] to the 
oscillator alone by taking the expectation value of the 
commutator with respect to the loss mechanism; that 
is, we will average the commutator over both the 
quantum-mechanical and thermodynamic ensembles of 
the loss mechanism. We denote this by the subscript 
“osc”? to the commutator bracket. Since, of course, 


[PWT “)J=LO OT “)J=0, 
[0 (2),P (t) ]=ih, 
we have, from Eqs. (42) and (43), 
[O(t),P(t) Jose= ihe-®'+S, (47) 
44 When we take expectation values, we can do so with respect 


to either system only or with respect to both. Unless specified 
otherwise, the term ‘expectation value” will imply the iatter. 


(46) 
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where 


se— = fi fds exp[ — 81+ 38 (ti +42) ] 


X (LP (41), (te) ]) cosw(t— ty) sinw(t— te). 


From Eq. (17) one easily obtains 
(LP (¢;),P (te) ]) 


=2iA > Fi 


j,k 


. sinw jx (t;— 2), 


so that 


wa" | mT =X x 
=— 4| ats | ats | dE; p\ E){ dk, p\ F,) 
2rc? 0 0 ( 0 


x Fil kTT'2(F ppt be xpl— Bi+ $B (ti +42) | 


X cosw(t—t,) sinw(t— te) sinw jz (ti—te). (50) 


This integral is evaluated in Appendix A with the result 
that 


S=th(1—e—**) (51) 


We therefore have, from Eq. (47), 


[O(t),P(t) lose= th. (52) 


We now see part of the significance of the driving 
term [the I! term] in Eq. (38). If it were absent, then 
S would be zero, and our commutation relationship 
would be 

[O(t), P(t) = ihe*, (53) 
which means that the Heisenberg uncertainty principle 
could not apply, and a correct quantum-mechanical 
formalism would be impossible. This is, in fact, the 
case in the work of Stevens® and of Kerner.5 They 
start with the classical equation of motion [Eq. (38) 
without the ' term ] for the operator P, and therefore 
have no choice but to obtain the commutation rela- 
tionship (53). Thus, we see very clearly that while the 
classical equations of motion follow from the quantum- 
mechanical ones by taking expectation values of the 
operators, we cannot, in the case of systems with dis- 
sipation, derive quantum-mechanical operator equa- 
tions from the classical ones. Incidentally, it should be 
noted that the operator properties of P and Q in both 
the oscillator and loss-mechanism spaces are needed in 
order to obtain the correct commutation relationship. 

Further insight into this matter is gained by con- 
sidering fluctuations of P and Q, a significant aspect of 
which is their (formal) determination of the spon- 
taneous emission of microscopic systems coupled to the 
cavity field. The fluctuation of an observable corre- 
sponding to an operator O is given by (O*)—(O)’. In 
the case of the harmonic oscillator, the fluctuation of 
the coordinates can therefore be obtained from the ex- 
pectation value of the energy. We calculate the latter, 
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since the energy has an additional significance of its 
own. From Eq. (2), 
(H ose) = 2mc?{ P*)+ (2 (54) 


Equation (42) and (43) can be used to evaluate 
and (Q*). Thus 


(Pp?) 


(P?)=e-8(P 


(55) 
where 


ate? 
— J anf dt» exp[ —/ 3t+ (ty) +ts 
~ 322¢! 


({P© (4), 0 ” (to)} sinw(i— ly } sinw(t— te), 
and where the symmetrized 


+ BA) is used for convenience. 


product 
Since 


({4A,B} =AB 


({P (t,),P (t2)})=24 ¥ eH F/*? | Py |? 


k 


X COSW ik ( So lo), 


—f anf ataf dE, p(E) f dE, p(Ex) 


Xe Fk exp[ —Bt+48(t+t2) |P*(E;,Ex) 


ward 


Xsinw(t—?t) sinw(t— te) coswiz(ty— te). (57) 


The expression for // is evaluated in Appendix B. The 


result, averaged over a cycle of the oscillator frequency, 


1S 


_ ho 1+bexp(—htw/kT) 


Bec? 1—exp(— hw kT ) 


(1—e-**), 


(58) 
so that 


2mc*{ P*) = 2rc?{ P?)eF# 

1+exp(—lw/kT) 
+4hw(1—e-8*)— —, (59) 
1—exp(—hw/kT) 
The evaluation of (Q”) is carried out in exactly the same 
manner, and the term in (w’/8mc*)(O”) due to [™ turns 
out to be equal to the last term in Eq. (59). (This 
equality means that the magnetic energy is equal to 
the electric energy when averaged over a cycle, a result 
to be expected in view of our approximation 8/w<1.) 
We therefore have 


(0) is Bt 


(csc) = (Hoec 
+ hw{4+[Lexp(hw/kT)—1}"}(1—e-8*). (60) 


It will be instructive to separate the last expression 
into several parts and discuss them individually. The 
energy obtained contains both energy due to the signal 
which may have been present originally in the cavity 
(and which is determined by the initial state of the 
radiation field) and fluctuation energy. Any initial 
signal energy present is contained in (Ho..) and, as 
evident from Eq. (60), will be damped out like e 

exactly as it is classically. We thus have a further 
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illustration that our analysis leads to the conventional 
type of dissipation. However, (//ose“"’) contains two parts: 
the initial signal energy and a second part, }/w. ‘The 
latter is the zero-point energy, or, as it is commonly 
called, the vacuum fluctuation energy.’® Subtracting 
the signal energy from the total energy, we obtain 


(Hose) uctuation= 3 we 8+ 4 hw(1— e-8*) 

+ hwLlexp(hw/kT)—-1}"'(1-—e-*'), (61) 
where we have intentionally written the first two terms 
on the right side separately, although they add up to 
ph. 

It is important, for our purpose, to note where 
the several contributions to the fluctuation energy 
come from. Referring to the right side of Eq. (61), and 
retracing its derivation, we see that the first term 
comes from the initial field and the last two terms come 
from the loss-mechanism driving term. To put it 
another way, if the right-hand side of Eq. (38) were 
zero, the last terms in Eqs. (42) and (43) would be 
zero, and the only term we would have on the right 
side of Eq. (61) would be the first one. In that event, 
the vacuum fluctuation energy of the oscillator would be 
damped out completely, and, just as we saw from the 
commutation relationships, we would be left with a 
classical oscillator—an unfortunate situation indeed, 
if we want to calculate spontaneous emission of atomic 
systems in the cavity. The second term on the right side 
of Eq. (61), which comes from the loss mechanism, 
supplements the first term so as to maintain a constant 
value of 3/w for the vacuum fluctuation energy of the 
field. We can say’—and this is purely formal, of course— 
that as the initial vacuum fluctuations of the field are 
damped out, the fluctuations of the loss mechanism take 
over and drive the field. We note that, as in the case of 
the commutation relationships, we utilize the operator 
properties of P and Q in both the oscillator and loss- 
mechanism spaces to obtain the correct zero-point 
fluctuations. 

The last term in Eq. (61) is obviously due to the 
thermal fluctuations of the loss mechanism. Since our 
initial conditions amounted, effectively, to turning on 
the interaction between loss mechanism and field at 
time /=Q, the thermal energy in the field approaches, 
with the characteristic relaxation time 3~', the steady- 
state value 


hwlexp(hw/kT)—1}", (62) 


which is in accordance with Planck’s radiation law.'® 
We have now verified that our formalism both satis- 
fies quantum-mechanical requirements and leads to the 


167. R. Senitzky, Phys. Rev. 111, 3 (1958), Eq. (18). 

16 It is interesting to note that expression (62) immediately 
leads to a form of the Johnson-Nyquist noise formula. The band- 
width of the cavity is 8, and the power dissipation in the loss 
mechanism is 8 times the energy in the cavity. The (noise) power 
per unit bandwidth coming from the loss-mechanism fluctuations 
(in the steady state) is therefore equal to the energy in the cavity, 
which for hw<kT reduces to kT. 
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conventional description of dissipation. We have also 
seen that the driving (or fluctuation) term in Eqs. (38), 
(42), and (43) is essential from a quantum-mechanical 
viewpoint, and, incidentally, gives the effect of thermal 
fluctuations. It is clear that fluctuations may not be 
separated from dissipation in any quantum-mechanical 
analysis, and this is, in essence, the reason for the 
invalidity of the treatments which start from the clas- 
sical equation of an oscillator with “pure” dissipation.” 


IV 


It is not difficult to extend the formalism to provide 
for a driving force and for atomic systems coupled to 
the field. This extension is the central problem in 
reference 9, is discussed there in detail, and will merely 
be summarized here in the present context. Going back 
to the Hamiltonian of Eq. (3), we add whatever terms 
are needed. A prescribed, classical driving force is 
obtained by adding a term 


aoP f(t), (63) 


where /(¢) is a prescribed function of the time. An 

atomic system (molecule) coupled to the field is included 

by the addition of the terms 
OmPY¥m+ Hm, (64) 


where H,, is the Hamiltonian of the uncoupled system 
and Ym is the coordinate through which this system is 
coupled to the field. Equations (42) and (43) then 
become 


w és 
P=e—-ttPo -— { dt,[al" = (t1) +aof (41) 
4c? 0 


t+amym(t1) Je 1B(t—t1 sinw(t—,), 


ii 
Q=e- #100 +{ dt;Lal (t,)+-aof (t1) 


tam m(ty e738 cosw(t—t,). 


The integration of the f(¢,) term may be carried out 
explicitly. However, Ym(éi) is one of the unknown 
operators, just as P and Q are, and Eqs. (65) and (66) 
become integral forms of two of the equations of motion. 
The other equations of motion do not involve the loss 
mechanism explicitly.’ 


Vv 


So far we have used the coupling constant a, the 
matrix elements [',,, the density of states p(£), and the 
temperature T to specify the behavior of the loss 
mechanism. The use of these quantities has served to 


7K. W. H. Stevens and B. Josephson, Proc. Phys. Soc. 
(London) 74, 561 (1959), mention briefly, in an article based on 
the results of reference 6, that M. H. L. Pryce has objected to the 
omission of “some means whereby the oscillator can acquire 
energy from the fluctuations of the dissipative system.” 
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illuminate the processes involved in the interaction 
between the oscillator and the loss mechanism; but, 
just as we do not need a complete description of the 
behavior of the loss mechanism, we do not need the 
full set of parameters. Experimenta!ly, our knowledge 
of the loss mechanism usually consists of information 
about the loss constant 8 and the temperature. In 
principle, one should be able to construct a formalism 
requiring nothing more. We therefore reformulate the 
formalism so as to involve only 6 and T. 

The basic equation for the damped harmonic oscil- 
lator may be takento be Eq. (38). In this equation the 
only reference to the loss mechanism is through the loss 
constant 8 and the operator al (¢). There is reaily not 
very much we need know about the latter. We must 
know that it commutes with the operators of the 
undamped harmonic oscillator; we must know its 
expectation value; and, finally, we must know the 
expectation value of a product of two of these operators 
evaluated at different times, (PO (4) TP (t2)). 
These results are the only ones which we have used in 


that is, a’ 


our analysis and which are needed to calculate com- 
mutation relationships and expectation values of fields 
and energies. In accordance with our approximate 
scheme (which is inherent in the concept of dissipation), 
it is evident that, generally, no expectation values of 
higher order products than the second are necessary, 
because as soon as we obtain a quadratic expression in 
al’, we replace it by its expectation value with respect 
to the loss mechanism times the unit operator. 

Equation (44) gives us the expectation value of 
al’) (¢). For the expectation value of the product, we 
have, from Eqs. (4) and (17), 


(Tr 0 (t,)r@ (t2))=A +2 € Ej/k1 


i.k 
7.*% 


af dE ;p(F f 


0 


x 


dExp(Ex) 


Ke Fi kTT? (Ey Ey )etix(-®) (67) 
Using Eqs. (28) and (29), we obtain 


(ro (1) (te)) 


=A f hides! B(ws') exp(— hes’ /RT eo" (0 


+f hdw’ B(—w' )ei*’("-) | (68) 


Now, in all calculations in which ([ (t,)'™ (¢2)) is to 
be used, there is a subsequent integration over 4; and 
t.; and in these integrations there is a strong weighing 


factor in favor of w’~w, as can be seen from Eqs. (42) 
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and (43) and in the previous calculations involving 
(TP (4),.P(t2)]) and (1 (4), (te)}). We 
therefore write 


can 


(T' (4) PF (ts)) 


= 


t to 


du’ ete! (ti-t 


>hA B(w)| exp(—hw aT) { 


( 


+f day’ e~ io" (41 


Using the definition of 8 given by Eq. (36 


(69) 


, we have 
a?(T © (4;)P © (te)) 
4c7*hg 
=——— —— exp(—hw/kT) 
wl1—exp(—hw/kT) ] 


x L 


xf day’ e*’ (ti-t2 +f day’ e~ *#" (t-te 


0 


(70) 


Our purpose has now been accomplished. All the 
information we need about the operator al(/) has 
been specified in terms of 8 and T. If we like, we can 
make use of the relationship'® 


x 
f dw e**? =iP/r+76(7), 
0 


where @/r indicates the principal value when an inte- 
gration is made with respect to 7, to write the right side 
of Eq. (70) in (formally) closed form 


(71) 


We summarize our results. The operator equation for 
a damped harmonic oscillator in which the damping 
time is much larger than a period may be written as 


P(t)+-8P(t)+o°P (2) D(t), 

where D(t) is an operator referring to the loss mecha- 
nism. It commutes with the operators of the undamped 
oscillator and is defined by the following two properties 
(no others are needed) : 


(D(t))=0, (73) 

whB { (Vy 
(D(t;)D(te))=- rae 
4c? 


+278 (t1— to) 
ti—ls 


bot Cas (74) 


2 exp(hw/kT)—1 
8 being the dissipation constant and T the temperature 


18 See, for instance, W. Heitler, Tie Quantum Theory of Radia 
tion (Oxford University Press, New York, 1954), third edition 
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of the loss mechanism." The solution of Eq. (72) is 


1 t 
P(t) = Pee | dt,D(t;)e“*8*-™ sinw(t—t)), (75) 
WwW 


and the corresponding expression for Q is 


4c? 


O(t)=Qe-t+—-——_._ J dt, D(t,)e“ 28 (-) 

ail 

Xcosw(t—t), (76) 
where we have made approximations based on B/w<1. 
If the oscillator is driven by a ‘‘force” and is coupled to 
other systems in the manner indicated by Eqs. (63) 


and (64), we replace D(t) in Eqs (72), (75), and (76) by 


,, w e w* 
D(t)———aof (t)-—— zi OmYm(l). 
9 2 ‘m 


Arc’ 4c? 
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APPENDIX A 


We evaluate the expressions for for S in Eq. (50). 
Introducing a change of variables specified by 
=the, 


n=ti—le, (1A) 


we have 


t t t t 2t 2t—k 
f ats f dt, —> (f ae f ant f aef in) 
0 0 0 a t ~ (2-8) 
=1faefam 


Making use of Eqs. (28) and (29), we obtain 


Tarr”, A 
S= —— fa fan f nae’ Je p( E+ thw’) 


X p(E—thw’)T? (E+ }hw’, E—thw’) 


Xexpl— (E+ dit’) /kT eB 


X [sinw(2/— £)+sinwy] sinw’n. (3A) 


‘8 Tt is interesting to note that the first term in the curly bracket 
of Eq. (74) is antisymmetric in 4;—, while the second term is 
symmetric. Thus, only the first term contributes to the commu- 
tator of D(t,) and D(t2), while only the second term contributes 
to the symmetrized product. (D(t,)D(t.)) may be considered as a 
correlation function for the fluctuations of the loss mechanism. 
The quantum-mechanical fluctuations can be separated from the 
thermal fluctuations by setting 7=0 
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Because of the symmetric limits of integration with 


respect to y, the first term in the square bracket of 
Eq. (3A) drops out. Carrying out the £ integration, 


we have 
= facfinf hd’ B(w' eB t-®) 


Xsinw’n sinwn[|_exp(— hw’/kT)—1]. 


har, 


(4A) 


Noting that the main contribution to the integral 
comes from w’~w, and using the definition of 8 given 
by Eq. (36), we obtain 


8 (4 
=— fa ef ane B(t—4E)__ ee 


2t 
= lihBe of dé el! =ih(1—e-8*), (5A) 
APPENDIX B 


We now evaluate the expression for U in Eq. (57). 
We make the same change of variables as that in 
Appendix A, average over a cycle of the oscillator fre- 
quency (which eliminates an oscillatory term in /), and 
integrate over E. The result is 


= fefof hdoy’ B(a’)e—8\t-®) 
~ 128m2c4 


X[1+exp(—hw'/kT)] 
X [cos(w—w’)n+cos(w+w’)n]. (6A) 


that the main contribution 
w’~w, we have 


Noting, as in Appendix A, 
to the integral comes from « 


U=— —- 


hwB /1+exp(—hw/kT) 

- ( —— —) fae fine B(t—¥8) 
32m°c? \1—exp( Scie kT) 
x f dw'[sinwn sinw’n+coswn cosw’n]. (7A) 


The w’ integration over the square bracket in Eq. (7A) 
: | 
yields'® 


(P/n) sinwn+76(n) cos wn, (8A) 


and the subsequent straightforward integration over 7 


and & gives 


hw 1+exp( —hw/kT) 


Src? 1—exp(—/hw/kT) 


(1i—e-**), (9A) 
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ligan 


The alignment of He* atoms in the (n=2, metastable) 3S, state is described. Metastable atoms are pro 
duced by an rf discharge in a glass tube containing a few mm of pure helium, and the one micron pumping 
light (2*P—2 4S) is provided by a helium lamp. A resonance signal is obtained from radio frequency dis 
orientation by monitoring the transmitted pumping light. The double maximum line shape of this signal 
for strong rf magnetic fields is discussed. Included also is a discussion of the angular dependence of the 
signal when unpolarized light is used and an explanation of the inversion of the resonance signal for certain 
densities of the metastable helium atoms. 

The measured relaxation time of the oriented metastable atoms in the discharge is about 2.5X10~‘ 
second and the pumping time is about a millisecond. A method is proposed and initial measurements are 
given for the cross section for destruction of metastable helium atoms by collision with foreign gas atoms 
The application of optical pumping in helium to the measurement of weak magnetic fields is also discussed 


I. INTRODUCTION collisions in the discharge tube shown in Fig. 1. Many 


HE technique of optical pumping! has been applied 2% the atoms that are excited to higher energy levels or 

successfully to the alkali metals and mercury to 27¢ ionized decay back to the 3S; state. Since the radi- 
produce an orientation of the magnetic moments of tive decay to the 'So ground state is doubly forbidden, 
these atoms.? In these experiments polarized resonance toms live in this state until they are quenched by some 
radiation is passed through a vapor of the metal nonradiative eee shel te Gocuanen to latow, the 
contained in a vessel usually filled with an inert buffer “Si State Is sufficiently long-lived (~ 10~™ second) to be 
gas. However, there is difficulty in applying the tech- considered as the ground state of a new atom which is 
nique to other elements because of problems associated contained in a buffer gas of ground-state helium atoms. 
with the requisite light sources, vapor pressures, and 
relaxation times. 

We recently reported the successful application of 
optical pumping techniques to helium in the *S; meta- 
stable state. The associated phenomena are similar to 
those observed in the alkali and mercury experiments 
but there are several distinctive features. In order to 
provide a self-contained report, our description of these 
phenomena will include some calculations that parallel 
those already developed in investigations of the alkalies. 

















Il. ALIGNMENT OF HELIUM Fic. 1. Schematic diagram of the apparatus 


Figure 1 is a schematic illustrating the basic compo- 
nents necessary for the production and orientation of 
an ensemble of helium metastables as well as a means for 
detecting this orientation. The relevant energy levels 
of a helium atom in an external magnetic field are 


shown in Fig. 2. Helium atoms are excited by electron 


* This research was supported in part by the Faculty Research Fic. 2. Relevant ener- 
Fund of the Horace H. Rackham School of Graduate Studies of gy levels of a helium 
The University of Michigan and the U. S. Atomic Energy Com- 1tom in an_ external 
mission. F magnetic field (not to 
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Opt. Soc. Am. 47, 460 (1957); and A. Kastler, Report of Scientific 
Research (Jouve, Paris, 1958). 

3P. A. Franken and F. D. Colegrove, Phys. Rev. Letters 1, 

316 (1958). 
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OPTICAL PUMPING OF He 

Transitions are induced in these metastable atoms 
between the 24S, state and the 2%P states by the 
absorption of resonance radiation from the bright 
helium lamp. If there is sufficient mixing in the P states, 
a steady state will be reached in which there will be 
more atoms in those 4S; sublevels having the smallest 
absorption probabilities. The resulting unequal distri- 
bution of atoms in the three sublevels will be called 
an orientation of the helium atoms. This orientation 
will be referred to as an alignment if the m=+1 and 
1 sublevels are equally populated, and a polariza- 
tion if the ensemble of atoms has a net magnetic mo- 
ment. Unpolarized light is used most frequently and can 
only produce an alignment. 


i=— 


Taste 1. Relative emission and absorption probabilities 
between magnetic sublevels, m’, of the 2%P states and the sub- 
levels, m, of the 3S; state of helium. De, Di, and Dp refer to radi- 
ation emitted or absorbed in the transitions *P2—%S,, *P;—*S;, 
and *P)—4Sj, respectively. 


(a) Relative spontaneous emission probabilities 
Dz 


Do 
1 0 y 


m 
m 


—1 -—2 
0 ™y +1 
3 0 0 3 d 0 
3 6 -—1 0 —1 
(b) Relative absorption probabilities 
Unpolarized light directed along the z axis 
dD, 
m’ 10 —1 
m 
0 0 +1 0 
3 0 0 3 
0 6 —1 0 
Unpolarized light in the xy plane 
D, 


—-1 — m 10 —-1 


To detect the orientation of the helium atoms, an rf 
magnetic field is applied at right angles to the constant 
field. When the frequency of this rf field is near the 
resonant frequency representing the energy separation 
between sublevels, v=eH/2rmc=2.8 Mc/sec gauss, 
transitions occur which tend to equalize the populations 
of these sublevels. The number of atoms in the more 
strongly absorbing sublevels is thereby increased and 
more of the pumping light is absorbed. Therefore the 
intensity of light reaching the detector shown in Fig. 1 
decreases at the resonance condition. This resonance 
signal can be displayed on an oscilloscope as in Fig. 3 
by varying the frequency or magnetic field and observ- 
ing the associated change in light intensity. 

The effect of resonance radiation on the metastable 


IN METASTABLE STATE 
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Fic. 3. Resonance 
signal as displayed 
on an oscilloscope. 
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helium atoms can be analyzed in terms of the relative 
probabilities for absorption of radiation and the relative 
probabilities for spontaneous emission from the nine 
sublevels of the *P states to the *S, state. Table I gives 
these emission probabilities and absorption proba- 
bilities for light along the magnetic field and at right 
angles to the field. Resonance radiation emitted or 
absorbed by transitions between the 2*P, and 24S, 
states is called D» light, that between 2*P; and 24S, 
is D, light, and between 2 *Po to 2 4S; is Do light. 


A. Helium Resonance Radiation 


The width of the *P—*S, resonance lines emitted by 
most bright helium discharge tubes is of the order of 
one third of a wave number. Since the separation 
between the *P2 and *P, levels is only about 0.08 cm“, 
the D2 and D, spectral lines are completely unresolved. 
The *P» level is one wave number from the *P2 and *P, 
levels, and thus the Dy line is completely resolved. 
Figure 4 is a spectral profile of these lines for a helium 
Geissler tube obtained with a grating spectrometer 
having a resolution of about a quarter of a wave 
number. 

In discussing the effect of this resonance radiation 
upon helium atoms, it will be possible to consider Dy» 
light and D, light to be equal in intensity whenever 


*See E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), Chap. 3. 
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the total light absorption is small. Therefore an arbi- 
trary intensity ratio will be given as Dy: D): Dp=1:1:K. 
For a more dense ensemble of metastable helium atoms 
in which an appreciable fraction of the resonance 
radiation has been absorbed, the absorption Doppler 


width must be considered. For the one-micron line of 
helium at room temperature, this is about 1800 Mc/sec 
or 0.06 cm™'. Since the D,; and D, absorption lines are 
separated by only 0.08 cm~, it is still a fair approxi- 
mation to assume that D, light and D, light are always 
equally intense even though they are absorbed at 
different rates. 

For most then, the resonance radiation 
will be considered as composed of just two components, 
D; and Do. The relative probabilities for absorption of 
D; light will be the sum of the probabilities for D, 
light and D, light. 

From statistical weight considerations it might be 
expected that the intensities of these two lines would 
be in the ratio D;:Do=8:1. Spectrographs of bright 
helium discharges show, however, that the D3 line is 
normally only two to three times more intense than 
the Do line. 


purposes, 


B. Rate Equations Without Relaxation 

The alignment process for °S,; helium may be analyzed 
in a fashion similar to the treatment of alkali polar- 
ization by Dehmelt.® It will be convenient to develop 
the necessary equations in detail. 

For an ensemble of .V metastable helium atoms in the 
discharge tube of Fig. 1, let the number of atoms in 
ri, 0, 
and n_, respectively, where 


each of the substates m and —1 be my,, mo, 
ni+not+tn_. When 
resonant radiation from the helium lamp is incident 
upon this ensemble, the populations of the three levels 
will in general become unequal due to the different 
rates at which atoms make transitions between the 
*S; state and the *P states. An equilibrium distribution 
will then be reached in which as many atoms leave a 
particular level as return to it. The rate at which atoms 
leave and return to a level will depend upon the 
transition probabilities and relaxation effects. 

Two distinct situations arise in considering the 
equilibrium populations. At low pressures of the buffer 
gas (in this case ground-state helium) there is very 
little disorientation of the orbital angular momentum 
with respect to spin and a fixed direction during the 
comparatively short lifetime of the atom in the *P states. 
However at higher pressures (beginning in the range of 
several mm Hg pressure) the ? states may be considered 
completely mixed before decay to the 4S, state. 

For complete mixing, an atom which has been excited 
to one of the *P sublevels will be equally likely to decay 


°H. G. Dehmelt, Phys. Rev. 109, 381 (1958), 
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from any *P sublevel. It can therefore be seen from the 
transition probabilities that atoms will decay to the 
three *S, sublevels with equal probability regardless of 
the level from which they were originally excited. Let 
the relative absorption probabilities of the m=-+1, 0, 
and —1%S, sublevels be denoted by R,, Ro, and R_, 
respectively. For the moment relaxation phenomena 
will be neglected and the appropriate rate equations are: 


dn,/dt= —CR,n,+ (C/3) (Ryn,+Ronot+R_n 
dno/dt= —CRono + (C/3) (Ring t+Rom+R_n_), 


(la) 
(1b) 


dn_/dt= —CR_n_+ (C/3) (Ryn,+Rono+R_n (1c) 
where C is a constant characteristic of the light intensity 
such that CR,, CRo, and CR_ give the absolute absorp- 
tion rates for the +1, 0, and —1 sublevels. At equi- 
librium dn, /dt=dno/dt=dn_/di=0 and the populations 
of the three sublevels are in the ratio 


NsiNoin 1/R,:1/Ro:1/R 


For unpolarized light directed along the axis of the 
magnetic field the relative absorption probabilities can 
be obtained from Table I, and for a light component 
ratio D3: Do=1:K the equilibrium populations are 


Similarly, for unpolarized light in the wy plane, 


ns :No:n_= (10+2K): (11+): (104+2K). (4) 


It can be seen that m, and n_ are always equal for 
unpolarized light so that the populations can be 
conveniently described by an alignment parameter, 4, 
such that 


A= (n3—Mo)/(2na+N0), (5) 
where the notation m, means m, or n_. For the case of 
no relaxation effects, an expression for the alignment 
A=AA is readily obtained from Eq. (2 


A= (Ro—R.)/(2Ro+R,).- (6) 


A represents the maximum alignment that can be 
obtained for given absorption rates Ry and Ro. 


C. Relaxation Phenomena 


Relaxation effects can be introduced phenomeno- 
logically into the rate equations by assuming that each 
of the three sublevels have the same mean lifetime ra. 
Then the rate of decay due to relaxation is given by 
(dn, /dt) retax= —n+4/TR, etc. It is further assumed that 
the rate at which each of the three levels is populated, 
as new metastable atoms are formed, is the same and 


hence equal to V/3rr where V=n,+n_+n0. 
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Therefore the rate equations (1) become 


dn, i 
—CRin,+—(Rin,+Ronyt+R_n_) 
al 3 


dno ( 
—CRonyt+ 
dl 3 


(Ri ni+ Rony +R_n_) 


dn ( 
—=—CR_1_+ 
dt 3 


(Rin,+Rono+R_n_) 
N 1 
+( = ) ’ 
3 TR 


(CRo+1 TR)Ng= (CR_+1 ‘TR)N . (8) 


and at equilibrium 
(¢ Rs +1, TrR)Ni= 
so that 


N4:No: nN 
= (CR,+1/rr)!: (CRot1/rr)7: (CR_+1/re)1. 


In the case when unpolarized light is used, the equi- 
librium alignment A, is 


C(Ro— Rx) 
A;=— ° 
C(Ri+2Ro)+3/rr 


The ‘pumping time” may be defined as an average 
of the pumping times out of the levels nz and mo: 


rp=3/(CRi+2CR>). (9) 


Therefore 


A;=Arr/(rr+7Tp). (10) 


A general treatment for the case of no mixing or par- 
tial mixing in the P states is algebraically complex. For 
the simple case in which relaxation effects are neglected 
and the incident radiation is unpolarized and directed 
along the z axis, the equilibrium populations of the three 
levels are in the ratio n,:no:n_=9: (2+2K):9. 

Similarly, for unpolarized light in the xy plane, the 
equilibrium populations would be 2: mo:n_= (13+4K): 
(20+2K):(13+4K). Comparison with (3) and (4) 
shows that when K<1 the pumping is more efficient 
for this case of no mixing. 


D. Angular Dependence 


The resonance signal is obtained by monitoring the 
light passing through the ensemble of metastable 
helium atoms. In general, the atoms in the three 
magnetic sublevels absorb light at different rates which 
results in unequal populations. The signal is then the 
difference in the light absorbed under these equilibrium 
conditions and the light absorbed when an rf field forces 
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equal population of the levels. The absorption proba- 
bilities and thus the population differences will depend 
upon the character of the incident light and upon its 
direction relative to the magnetic field. 

For unpolarized light the dependence of the signal 
upon the direction of resonance radiation relative to 
the magnetic field may be readily found with the 
following three simplifying assumptions: 


1. The light is strictly parallel ; 

2. There is complete mixing in the P states; 

3. The rf is sufficiently strong to force equal population 
of the three magnetic sublevels. 


For some complexion of light (arbitrary ratio D2: D:: Do) 
and for some particular direction relative to the z axis, 
let the relative absorption probabilities of the three *S, 
levels be R,, Ro, and R_. In the case of unpolarized 
light R,=R_ and n,=n_. The light absorbed when the 
rf is not on will be proportional to the number of atoms 
in each !evel multiplied by the relative absorption 
probability for that level: AJ=C(2nzRi+mnoRo). The 
sublevel populations nz and mp can be found from Eq. 
(8) and the condition V=2n,+. Then 
2Rs(CRo+1/7r)+Ro(CR4+1/rr) 


=CN— 
2(CRot+1/rr) +(CR+1/ rR) 


When the rf is on and mixes the levels such that 
ns=no=N/3, the light absorbed will be AT=CN (2R4. 
+Ro)/3. The signal will be the difference between the 
light absorbed with rf and without: 


i. (Ri— Ro)? 
S=AI—AI=32CN . —, 
[2Ri+Ro+3/(Crr) ]—(Ri—Ro) 


Since the intensity of light is proportional to the 
square of its electric vector, parallel light of intensity 
I directed at an angle @ to the ¢ axis is equivalent to 
light along the z axis of intensity J cos*@ plus light in 
the xy plane of intensity J sin’@. While neither Ry, Ro 
nor their difference depend upon the total light in- 
tensity, these quantities do depend upon the relative 
light intensities of the components along the z axis and 
in the xy plane. Therefore the difference in relative 
absorption probabilities for the angle @ is ~ 


(Ri — Ro)e= (Ri—Ro) cos*6+ (Ri— Ro) zy sin’@. 


It can be seen from Table I that (Ri—Ro).= —2(Rx 
—Ro)zy. Thus (Ri—Ro)e= (Ri—Ro)-(cos’@—} sin*6). 
Since the total relative probability for a transition 
(2Ri+Ro) is independent of the angle 6, the angular 
dependence of the signal is given by 


. 9 
Se=3 


CN 
(Rs — Ro)2(cos*@—} sin’6) 


x —— 
[2Ri+Ro+3/(Cre) ]—(Ri—Ro)2(cos’@—} sin*6) 
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Under ordinary circumstances (Ri— Ro). is much less 
than (2Ri+Rot+3/Cre) and the angular dependence 
will be 

Sex (cos*@—4 sin’)? < (3 cos*@—1)?. 


We have verified the general features of this angular 
dependence experimentally. 


E. Apparatus 


The equipment necessary for the optical pumping of 
helium is relatively simple and is for the most part 
comprised of standard components as indicated in Fig. 
1. A few of the more important items will be discussed 
briefly together with an indication of the possible 
variati 1s. 

1. Lamps. Commercially available spectral lamps 
made by the Osram Company in Germany were used in 
the initial experiments. However, it was found that 
lamps with better noise characteristics could be made 
with two hollow, cylindrical, aluminum electrodes 
mounted on tungsten rods and enclosed in a glass tube 
with a narrow constriction between the electrodes (see 
Fig. 5). These were made in all sizes; but if the lamps 
were to be operated with a power input near 10 watts, 
it was found necessary to use electrodes larger than 
? inch in diameter to avoid sputtering. The lamp used 
in most of the experiments had electrodes 1} in. in 
diameter and 13 in. long. This lamp has been in use 
for a year with no sign of deterioration. The lamps were 
filled with helium at a pressure of from 2 to 5 mm Hg 
and excited at about 6 Mc/sec. 

2. Discharge Tubes. The discharge tube defines the 
region in which metastable helium atoms are created 
and pumped. A great variety of these tubes have been 
used successfully. Three models are shown in Fig. 6. 
They range in size from an effective pumping region 
less than 3 in. thick up to regions 2? in. thick. Good 
resonance signals have been obtained in these tubes at 
helium pressures of from 5X10 mm Hg up to 30 
mm Hg. The discharge was generally excited by high- 
voltage rf fields near 10 Mc/sec, although de excitation 
has also been successful. For rf excitation, electrodes 
were not necessary. Both the intensity of the discharge 
and the pressure affect the production of metastables, 
which in turn affects the signal as described in Sec. V. 

In the early phases of this investigation, considerable 
work was done in an effort to obtain extremely pure 
helium in the discharge tubes. It was discovered later, 
however, that the electrodes in a helium discharge tube 
are very efficient getters of impurities. Tubes without 
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1G. 6. Examples of discharge tubes 


electrodes can be cleaned up easily by flashing a getter 
in each sealed off tube. 

3. Detectors. A variety of detectors were found suit- 
able for monitoring the 10000 A helium resonance 
radiation. The one most frequently employed was a 
lead sulfide photosensitive conductor (Kodak Ektron 
Detector). When faster response times were needed a 
Texas Instruments n-p-n diffused silicon photo-duo- 
diode (Type 1N2175) or an S-1 response photo tube 
were used. 

4. Electronics. Standard components and circuitry 
were used throughout. The lamp and discharge tube 
were excited by a push-pull Hartley type oscillator. 
High voltage was taken off the tank coil for the weak 
discharge and a pickup coil provided a higher current 
for the lamp. The weak rf magnetic field used to 
disorient the metastable helium atoms was supplied by 
a General Radio 0.5-to 50-Mc/sec unit oscillator 
connected to a single loop of wire around the discharge 
tube. 

The output of the detector was amplified by a 
Tektronix type 122 low-level preamplifier and fed 
either directly to an oscilloscope or through a narrow- 
band amplifier to a recorder. Field sweep was provided 
by 24-in. Helmholtz coils with current supplied by a 
standard audio oscillator. Other windings on these coils 
provided a constant field for experiments at other than 
the earth’s field. 


III. PUMPING AND RELAXATION TIMES 
A. Pumping Time 


The intensity of the pumping light measured at the 
discharge tube with an S-1 response vacuum phototube 
is about 0.5 mw/cm*. For one-micron radiation (10 000 
cm~') this represents 2.5 10'° photons/cm? sec. How- 
ever, these photons are spread over a frequency range 
of about 10 000 Mc/sec (0.3 cm~') due to Doppler and 
pressure broadening, while each atom absorbs only 
photons within its natural line width of Av=1/27At 
1.5 Mc/sec where At is the lifetime of an atom of the 
2*P state. Therefore the effective number of photons 
per square cm per second at the discharge tube is 
N= 2.5 10 1.5/10 0004 10" photons cm* sec. 

The reciprocal of the pumping time will then be the 
“cross section,” ¢, for absorption of resonance radiation 
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by an atom multiplied by the intensity of the light. 
This cross section is of the order of 2rX? which, for 
one-micron radiation, is approximately 1.6 10~ cm’. 
Thus the pumping time is about rp=1/(o0N)=1.6 
X10 sec. 


B. Relaxation Time 


The lifetime of helium in the 2 °S; state has recently 
been measured as a function of pressure by Phelps and 
Molnar® who observed lifetimes as long as 20 milli- 
seconds after the discharge was turned off. However, 
the significant quantity for our experiment is the 
lifetime of the metastable helium atoms in a particular 
magnetic sublevel of the 2 4S; state while the discharge 
is on. The helium atoms aligned by optical pumping 
provide a convenient means for making such measure- 
ments. 

From Eqs. (5), (6), (7), and (8) an approximate 
expression may be obtained for the rate of change of 
the alignment when A<1: 


dA/dt=(A—A)/rp—A/tr, 


where rp is the pumping time, 72 is the relaxation time 
and A is the equilibrium alignment in the absence of 
relaxation effects. The equilibrium value, Ar; [Eq. 
(10) | will then be reached in a characteristic time 7: 


dA/dt=(Ar;—A)/r, 
where 


1/r=1/rpt+1/rr. (11) 


The characteristic time, 7, can be measured by 
applying an rf magnetic field at the resonant frequency 
to obtain a nonequilibrium value of A, and then 
abruptly turning off the rf field. In practice it was 
found easier to make a sudden change in frequency of 
the rf field by adding capacitance to the tank circuit 
of the rf oscillator by means of a mercury relay. The 
return to equilibrium when the frequency is suddenly 
shifted off resonance is observed by monitoring the 
intensity of the transmitted pumping light. The light 
absorbed by the metastable atoms is 


AI=C(2Rin4+ Ron). 


Equation (5) and the relation N=2n,+m give this 
absorption in terms of the alignment 


AI=CN[Ro+2(Rs—Ro)(A+1)/(A+3)]. 
Since A is in general a very small number, 


AI=CN[Rot+3 (Ra — Ro) (1+34)]. (12) 


It can be seen from (12) that dA//dt is proportional! to 
dA/dt and thus the light intensity will change with the 
same time constant as the alignment. 

Figure 7 is a reproduction of an oscilloscope trace 
used to measure 7. The rf magnetic field is initially at 
the resonance frequency and is suddenly shifted in 


"6A. V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953). 
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frequency by 200 kc/sec. The maximum values of + 
obtained were about 2X10~ sec. For a pumping time 
of 1.6 10-* sec, the relaxation time, zr, is found from 
Eq. (11) to be about 2.3 10™ sec. 


C. Signal Amplitude 


The preceding measurements may be checked by 
calculating the magnitude of the signal from the 
measured values of + and rp for comparison with the 
signal obtained experimentally. The maximum signal 
amplitude is compared with the total light absorbed 
rather than the total light reaching the detector. The 
light absorbed by the metastable helium atoms is 
easily determined by comparing the light reaching the 
detector when the discharge is on with the light at the 
detector when the discharge is off. 

The resonant radiation absorbed at equilibrium is 
found from Eq. (12) to be 


AI&CN (2Ra.+Rv)/3+4CN (Ra—Ro)Ar/9 (13) 


and the light absorbed when the alignment is zero (for 
instance, when the rf magnetic field is very strong) is 


AI=CN(2Rs3.4+Ro)/3 (14) 


The maximum signal is just the difference between 
(13) and (14). Therefore the ratio between the maxi- 
mum signal and the total amount of light absorbed is 


AI-—al 4 Ri—Ro 


17. 


Al 3 2Ri+Ro 

Equations (6), (10), and (11) give this ratio in terms 

of 7 and rp: 
AI—Al 


AI (2Rz+Ry)(Rz+2Ro) tr 


4(R,—Ro)? T 
(15) 


For unpolarized light directed along the z axis and 
an assumed component intensity ratio of D3:Do=2, 
the relative absorption probabilities are Rxz=11 and 
Ro=12. Therefore with the values r=210~ sec and 


Fic. 7. An oscillo- 
scope trace used in 
the measurement of 
the time constant, r. 
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rp=1.6X10 


3 sec, 


(Al—Al) /AI=1.4X10 (16) 


This ratio was determined experimentally using a 
discharge tube with a helium pressure of 5 mm Hg. 
When the detector output volt with the 
discharge off and 0.15 volt with the discharge on, the 
signal was 4X10-° volt output and the ratio of signal 
to light absorption is thus 


was 0.3 


(Al— Al) /AT=2.7X10-. 


This is in fair agreement with the predicted result (16). 


D. Impurity Effects 


It is possible to obtain an estimate of the cross section 
for quenching of metastables by impurities by letting 
known quantities of a foreign gas into the system and 
observing the change in the optical pumping signal. 
From Eqs. (11) and (15), it can be seen that the signal 
is proportional to the relaxation time, vr, as long as 
tp>>tr. Thus if the signal is reduced by one-half when 
impurities are added, the relaxation time due to colli- 
sions with this gas is equal to rz. Therefore the number 
of quenching collisions per metastable atom per second 
with impurities is 1/rreoVMN, where o is the cross 
section for quenching, 2 is the mean velocity of atoms 
in the gas, and M is the number of foreign gas atoms 
per cubic centimeter. It was found that the signal was 
reduced to one-half its original value when about 10 
mm Hg of any impurity was admitted. A partial pres- 
sure of 10-* mm Hg represents about 3.510" atoms 
cm*. At a temperature of 300°K the velocity of a 
helium atom is approximately 10° cm/sec. Combining 
these values with a re of 2.3%10~ sec gives a cross 
section ¢10—-'® cm?. 

The impurities admitted were argon, xenon, air, and 
He®. This latter gas acts as an impurity because of its 
nuclear magnetic moment. When a metastable He' 
atom in the m=+1 magnetic sublevel exchanges 
electrons and metastability with a ground state He‘ 
atom, angular momentum is conserved and the atom 
originally in the ground state is now in the sublevel 
m=-+1. However, when the exchange is with a He’ 
atom, the electronic magnetic moment precesses about 
the resultant of the electronic and nuclear magnetic 
moments and thus the “memory” of the z component 
of electronic spin with respect to the magnetic field can 
be rapidly lost. 

By measuring electron-ion densities, Biondi has 
calculated the cross section for destruction of meta- 
stable helium atoms by collision with argon atoms and 
obtained a value (9.3+0.8)10-"" cm?.?7 Due to the 
difficulty of measuring the impurity pressures accu- 
rately in our dynamic system our measurements were 
somewhat crude. However we believe our measurement 
is significant to within a factor of five, which suggests 


7M. A. Biondi, Phys. Rev. 83, 653 (1951). 
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that a real discrepancy exists and merits further 
investigation. 


IV. RESONANCE LINE SHAPE 


When the rf field is small, the predominant factor 
contributing to the breadth of the resonance line is the 
inhomogeneity of the earth’s magnetic field in the 
laboratory. The field gradients appear to be a few 
milligauss per centimeter in most of the accessible 
regions of Randall Laboratory. Therefore atoms in 
different parts of the discharge tube may be in fields 
that differ by as much as 5 milligauss. This represents 
a line width of 14 kc/sec. In order for line shape effects 
due to the rf magnetic field to be predominant, it is 
then necessary to have line widths somewhat larger. 

Other effects contributing to the line width will 
usually be negligible under conditions. The 
natural line width will depend upon the lifetime of an 
atom in a sublevel of the 4S, state. This lifetime will 
be determined by all the various collision processes in 
which the metastable atom is removed from the 4S, 


these 


state or in which the spin angular momentum is 
changed. The lifetime in one of the substates ordinarily 
appears to be between 10~* and 10-* sec. The line 
width, Av, for a lifetime +r is Av=1/mr and therefore 
the natural line width is between 3200 and 320 cps. 

In this section all line-broadening effects with the 
exception of the rf magnetic field will be neglected. The 
most striking feature of the rf broadening is that under 
some circumstances the center of the line is diminished 
by about 10%, so that a double maximum, or “split- 
ting,” occurs. This splitting of the resonance line arises 
for the same reasons as the similar line shape discussed 
by Brossel and Bitter*® in their work on the excited *P, 
state of mercury. However, the analysis here is some- 
what different since the +S; state of helium is considered 
as a ground state and the alignment of these metastable 
atoms is detected in a different manner. 

To find the line shape it is necessary to determine 
the dependence of the light absorption upon the 
population differences between the *S,; sublevels. These 
differences depend in turn upon the manner in which 
transitions are induced between the sublevels by the 
rf magnetic field. 

The problem is one of an atom in a time-dependent 
magnetic field which is the resultant of a constant field 
Hy and a very much smaller oscillating field H, at right 
angles to Ho. The effect of this oscillating field upon 
the atom is very nearly the same as that of a field 
rotating in a plane perpendicular to H».° For such a 
system Rabi’ and Majorana" have given expressions 
for the probability P(/,m,m’,t) that a system of total 
angular momentum J which is initially in a state 
described by m will at a time / later be in a state m’. 


8 J. Brossel and I. Bitter, Phys. Rev , 308 (1952). 
F. 5 


Block and A. Siegert, Phys. Rev 
“JT. I. Rabi, Phys. Rev. 51, 652 (1937 
il E, Majorana, Nuovo cimento 9, 43 


522 (1940 


1932). 
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These probabilities are polynomials of the form 
> CiLf(e,H;) sin?(~yH,t)}' near the resonant fre- 
quency, where f(w,H;) is a function of the strength and 
angular frequency w of the rf magnetic field H/;. 

When the field H, is strong enough to clearly observe 
the resonance line splitting the period of these poly- 
nomials is much shorter than rp and rr. Therefore an 
atom in a given magnetic sublevel will make many 
transitions to the other two sublevels during the period 
of time it spends “in” the given state. It is possible 
then to use the average probabilities, P(J,m,m’) qv, 
which can be interpreted as the average length of time 
an atom “in” the state m spends in the state m’. 


P(+1, 0),..= P(0, +1).y=P(—1, 0)., 
P(0, —1) w=«—2°= Py, 
P(+1, —1)av= P(—1, +1) av= (3/8) 22= Pi, 


where x=1/(1+6?) and 6=(w—wo)/(yH;). For ex- 
ample, an atom which is excited to the m= +1 sublevel 
of the *S, state will spend a fraction Po» of its time in 
the m=O sublevel and a fraction P, of its time in the 
m= -—1 sublevel. 

In the following treatment a “thin” layer of meta- 
stable helium atoms will be assumed so that multiple 
scattering of resonant radiation can be neglected and 
R,, Ro, and R_ will be constants throughout the 
sample. In addition, all other line-broadening effects 
will be considered negligible compared with the broad- 
ening due to the rf magnetic field. In particular, 7 is 
assumed infinite. Only the case of complete mixing in 
the *P states will be treated. 

The rate Eqs. 1(a), (b), (c) become: 

dn, /dt= —Cn8.+ (C/3) (ny Ps+npPo+n_f_), 
dno /dt= —Cno®ot+ (C/3) (nb, +nyPo+n_f_), 
dn_/dt= —Cn_®_+ (C/3) (ny +2cPo+n_f_), 
where 
$, = (1—Po— P,)R,+PoRot PiR_, 
Po= (1—2Po) Rot Po(Ry+R_), 
_= (1— Po— P:)R_-+ PoRot Pi Rx. 
These ® functions are simply the relative probabilities 
for absorption of a photon when the rf magnetic field 
is operative. At equilibrium 
nP, = nyPyp=n_P_, (17) 
and the total light absorbed will be 
Al=C (nb, +nho+n_f&_) = 3Cn,P,. 


The number mn, may be found from (17) and the 
expression for the total number of atoms in the ensemble 


N=n,+no+n_. Therefore the light absorbed is 
AI =3CN®,Bb_/(P,P)+0,6_ +6 )). (18) 


Equation (18) constitutes a complete solution for the 
light absorption as a function of the frequency and 
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magnitude of the rf magnetic field. This function 
represents the resonance line shape when the rf mag- 
netic field is so strong that other line-broadening effects 
are negligible. The line shape will in general depend 
upon the values R,, Ro, and R_, and for a particular 
set of these constants a plot of light absorption versus 
(w—ao)/yH; may be obtained. 

When unpolarized light is used for optical pumping 
the analysis becomes particularly simple. From an 
inspection of the relative transition probabilities be- 
tween *S and *P states, it can be seen that R,=R_ for 
any direction of the light. In general, Ry and R_ differ 
from Ro. It is convenient to describe this difference by 
3eR so that R,=R_=R(1—e) and Ro=R(1+2e). 
Then the & functions become 


, =@_= (1— Po) R,+PoRo= R(1—€+3e€Po), 
@)= (1—2Po)Ro+2R,Po= R(1+2e—6ePo), 
and the light absorbed is 


1+-e— 26 —3ePo +126 PP — 186 Pe 
AI=CNR— —_ (19) 
1+e—3ePo 


The signal observed will be the difference between 
the light absorbed at a particular frequency of the rf 
magnetic field [Eq. (19) ] and the light absorbed when 
the effect of the rf is negligible, i.e., when (w—wo)/yH 
is infinite. For this condition Py>=0 and 


(AJ) 342=CNR(1+6€—2é) (1-++e). 


Therefore the signal is 


(2+€)Po—3(1+)P-? 


S=AI—(AlI)3.2.=6°CNR (20) 


(1+-e—3ePo) (1+) . 
For ¢ less than ~0.1 the magnitude of the signal is 
approximately proportional to é& but the line shape is 
relatively insensitive to e. Under the usual conditions 
in which unpolarized resonance radiation is directed 
along the z axis, a reasonable value of ¢ is @ 0.01 for 
which the points plotted in Fig. 8 were computed. 
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Fic. 8. Experimental resonance line shape for a strong rf magnetic 
field. The points are from the theoretical line shape. 
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The experimental curve of Fig. 8 was obtained by 
setting the frequency at 1.6 Mc/sec and sweeping the 
field at about 0.05 gauss per minute. The rf was chopped 
at 79 cps and the light signal passed through a narrow- 
band amplifier, rectified, and recorded. The separation 
between the peaks is about 6 milligauss and the width 
at half maximum is 0.02 gauss. Since the field inhomo- 
geneity over the dimensions of the discharge tube is 
about one-quarter of the line width, the experimental 
curve is broader and does not have as sharp a minimum 
between the peaks as Eq. (20) predicts. 

It can easily be shown that for any value of ¢ the 
resonance signal has only the two humps and that the 
separation of these two maxima depends only upon the 
strength of the rf field. The extremum points of the 
signal curve are at dS/dé= (0S/0Po) (AP o/dx) (dx/ 06) 
=(. One extremum is 0x/06=0= — 26/(1+6?)?. There- 
fore 6= (w—wo)/yH,;=0 or w=wy. Another is at 0Po/dx 
=1—3x/2=0 or w=wtyH,/v2. dS/dP»=0 can be 
shown to provide no new real roots. 

It can be seen from this analysis that for strictly 
unpolarized light the separation between the two 
maxima will be V2yH;. This separation is independent 
of Ho provided only that H)>>H,. The degree of mixing 
in the *P states, the imprisonment of radiation, and 
the intensity ratio D.:D,: Dp affect only the effective 
value of « and therefore will not influence this separation. 


V. INVERSION OF THE RESONANCE LINE 


It is often possible to find values for the exciting 
voltage and pressure of the discharge tube such that the 
resonance signal becomes inverted. Specifically, for 
certain densities of metastables the absorption of light 
in the discharge tube decreases at resonance. This 
inversion can be explained in terms of the changing 
ratio D;/D» of the component light intensities. This 
ratio is usually greater than unity for the resonance 
radiation incident upon the metastables in the front 
of the tube; but since D; light is more strongly absorbed 
than Dp light, it is possible for the D;/Do ratio to 
become less than unity at some point within the 
discharge tube. Under certain circumstances this can 
produce an inverted resonance signal due to the 
sensitivity of the alignment process to the D;/Dp ratio. 

In this discussion the absorption of radiation which 
has been scattered once or more will be neglected, as its 
primary effect is that of a relaxation process. The 
diffusion of the atoms will also be neglected. This is 
equivalent to considering the atoms to be contained in 


Fic. 9. Penetration 
of resonance radiation 
into an ensemble of 
metastable helium at- 

im Ooms. 
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a rigid lattice but is justified by the small distances 
traveled by an atom between absorption of photons. 
These two effects and general relaxation phenomena 
will tend to reduce any signal obtained but will not 
eliminate the phenomenon of resonance line inversion. 
Complete mixing in the *P states will be assumed.” 

Consider resonance radiation passing through an 
ensemble of helium atoms in the 4S, state (see Fig. 9). 
Let the distance of penetration into the ensemble of 
atoms be x. The two components of radiation will be 
denoted by the subscripts 0 and 3 so that the initial 
intensity (x=0) will be D=D o+D, and the intensity 
at any point within the gas will be given by 7 (x) =Jo(x) 
+J;(x). If the number of atoms per unit distance in 
the states m=+1, 0, and —1 is m,(x), mo(x), and 
n_(x), respectively, then the total number of atoms 
per unit distance encountered by the light beam is 


N=n,(x)+n0(x)+n_(x), (21a) 


where N is independent of x. When the rf is on, at the 
resonant frequency, let these same quantities be given 


by I(x) =Io(x)+J5(x) and 


N=. (x) +p (x) +7_(x). (21b) 
Let 


I3:I9p=1:K (x). (22) 


In terms of K(x) and the absorption rates for D; and 
Do light @R+,o and °R,,o) the relative optical absorption 
probabilities for a metastable atom are 


R,='R,+K (x) °R,, 
Ro=*Rot+ K (x)°Ro, 
R 3R_+K(x)’R 


Since K (x)=1 and R,=R y= R_ when J;=/o, it follows 
that the relative transition probabilities obey the 
relation: 


®Ri+°R,=*RotRo="R_+°R_=F, (23) 


where F is just a constant. 
Referring to Fig. 9, the change in light intensity in 
an interval dx is proportional to the light intensity and 
the number of atoms in each level multiplied by the 
relative absorption probability for that level. Con- 
sidering the two components of resonance radiation as 
separate beams of light the change in light intensity 

may be written 
dIyp= —C PRyn,+°Ronmot+°R_n_)Iodx, 


Idx, 


(24a) 


dI3= —C?R,n,+*Ronot* Rn (24b) 


where Jo, Z3, 4, mo, and m_ are functions of x. The 


12 Note added in proof.—Observation of the line inversion under 
conditions of low discharge tube pressure (iess than 1 mm Hg) by 
Laird Schearer and Joe Rice at Texas Instruments Incorporated 
has brought our attention to the fact that the inversion effect is 
much larger for cases of incomplete mixing. In addition, they have 
found that the use of circularly polarized light at low pressure 
can produce an inversion even in cases where the fraction of 
resonant light absorbed is very small. (Private communication. ) 
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corresponding equations may be written for the case 
when the rf is on: 
dI y= —C ORz14.4°Rotipt "R_n_) Idx, 
dl, = —( "GR, fig +8 Ro iin t+*R_A_) Idx. 


(25a) 
(25b) 

A useful relation may be derived immediately by 
adding (24a) and (24b) or (25a) and (25b) using (21) 
and (23): 


d1o/Io+d13/1;= —CNFdx=d1o/I)+d1;/1;. 


Integration and application of the initial conditions 


I, Ly= Dag and I,=1; = D; yields 
If3= Tolle — D Dse ~CNF rz, 


(a) Ds>D, 
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Fic. 10. Qualitative behavior of the intensity of the two 
components of resonant radiation as they are absorbed by the 
ensemble of metastable helium atoms for the two initial conditions 
D;> Do and Do>D;. The curves Jo and J; represent the change in 
intensity when there is no disorienting rf magnetic field, and J 
and J; represent the intensities with the disorienting rf field on. 
Since at every point JoJ3;=Jo/3, then the total intensities will be 
related by_the condition J»+J/; is greater than, equal to, or less 
than /o+/3 whenever |Jo—J;| is greater than, equal to, or less 
than |/o—T7;|. 


This general relation holds throughout the ensemble 
of atoms and is independent of the relative strengths 
of the light components or the strength of the rf 
magnetic field. It expresses the fact that the products 
of the component light intensities are equal and have 
a simple exponential dependence on x. 

Figure 10(a) shows the change of light intensity for 
each of the components of resonant light as they 
penetrate the ensemble of metastable helium atoms 
both with the rf “on” and “off.” The curves represent 
the solutions of Eqs. (24) and (25). These linear 
differential equations may be reduced to algebraic 
equations involving one light intensity (Jo, Js, Io, or I;) 
and « which can only be solved numerically. However, 
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Fic. 11. Dependence of the signal upon the distance through 
which the resonant light has passed for the two initial conditions. 
Note. The notation “Do<D,;” at the right-hand side uppermost 
part of the figure should read ‘‘Do> D3.” 


the essential features of the curves in Fig. 10(a) may 
be demonstrated without recourse to numerical analysis. 

In order to exhibit the resonance signal inversion 
assume, for the present, that the intensity of each 
component shown in Fig. 10(a). The 
signal is the difference between the total light intensity 
with the rf on and the intensity with the rf off, 7—J. A 
normal signal is one in which 7>Z and an inverted 
signal one in which 7<J. In view of the relation 
Iol3= IT, it can be shown that the intensity IT=IotTs 
is greater than, equal to, or less than T=1,+T; de- 
pending upon whether the absolute difference | Jo>—J3 
is greater than, equal to, or less than 


decreases as 


ie—i, . 

Referring then to Fig. 10(a), it can be seen that for 
a value of « between 0 and a, |/o—J/3| is greater than 

I,—I,;| and the signal will be normal; between @ and 
b, |Io—Ts3| is less than | Io—J,! and the signal will be 
inverted; and greater than 6, | J»—J3| is greater than 

I,—I;| and the signal will be normal. This can be 
pictured qualitatively as in Fig. 11(a). 

It should be noted that if the complexion of the light 
is such that initially the more strongly absorbed 
component is weaker, as is usually true in the case of 
alkali optical pumping, the curves of light intensity 
with and without rf never cross [ Fig. 10(b) ]. Therefore 
the inversion of the resonance line does not occur, as 
illustrated in Fig. 11(b). In helium this would corre- 
spond to Dp light being initially stronger than D; light, 
while in fact Ds is generally from two to three times 
more intense than Dp. 

As mentioned earlier, it is not necessary to find the 
exact solutions of Eqs. (24) and (25) to demonstrate 
the relevant features of Fig. 10(a). For helium the D; 
component of light is more strongly absorbed than the 
Do component regardless of the state of polarization or 
direction of relative to the 
magnetic field as can be seen from the table of relative 
absorption probabilities. In fact 


the resonant radiation 


°Ri>°R,, *Ro>°Ro, and *R_>°R_. 
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From (22) and (24) it is seen that 


dK K- dl Iy—dl, qT; 
—C[n,(°R,—*R,) 
+mno(°Ro—*Ro) +n_?R_—*R_) dx. 


Therefore, since A, m4, mo, and n_ are all intrinsically 
positive, dK /dx>0. In particular, dK /dx has a positive 
finite value even when Jo=/J/3, and the ratio Jo/J; is 
therefore a monotonically increasing function of x. 
Similarly, it can be shown that a quantity defined by 
K=I1)/I; also obeys the relation dA/dx>0. It can be 
seen from these relations that J) crosses 7; at some 
point p, and I, crosses I; at a point p. The essential 
features to be proved are then 
1. Io is less than Ip to the point x- 
is to the point x= p. 
p> p. " = 
Ty crosses I beyond point p. I; crosses I; beyond 
point p. 


p. I; is greater than 


Each of these features may be easily proved by 
examining the differential Eqs. (24) and (25). For 
example the slopes of the curves J) and J» are given by 


dIy/dx= —C (Rin, +°Ronmot"R_n_)Io, 
dIo/dx= —C Rs 74.4°Rotiot "R_Ai_) Ip. 


Whenever /;>J the level populations are related in 
the same manner as the absorption coefficients for /, 
light (e.g., if "Ry >°Ro>°R_, then n,>no>n_). There- 
fore since the total number of metastables is constant 
and the difference in level populations is always greater 
without rf than with, the factor (°Rym,+°Rono+°R_n_) 
is greater than the factor (°“R,7,+°Rofio+°R_fi_) in 
the region x=0 to x=p where J;>TJ». In this region, 
then, 7» must remain less than J» since at any point 
where Jo=I, Io would have a smaller slope than Jp. 
Similarly from Eqs. (24b) and (25b) it can be shown 
that J;>TJ; to the point x=p. 

The other features of the curves in Fig. 10(a) neces- 
sary to prove the inversion of the resonance line may 
be argued in an analogous manner. 


IV. MAGNETOMETER 


The apparatus described in this paper can be adapted 
for the measurement of small magnetic fields. It should 
be noted that the alkali optical pumping techniques 
can also be adapted for these purposes." 

The accuracy of a helium magnetometer depends 
primarily upon the width of the resonance line. The 
minimum line width attained in the course of this 
work was about 5 milligauss due to the inhomogeneity 
of the earth’s magnetic field in our laboratory. In a 

3W. E. Bell and A. L 


Bloom, Phys. Rev. 107, 1559 (1957) 
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Fic. 12. Concentric dis« harge tube and lamp 


perfectly homogeneous field the line width would be 
determined primarily by the lifetime of the metastable 
atoms. For a typical lifetime of 2X10~ sec, the line 
width would be about Avy=1/rr==1600 cps=5x10™ 
Standard narrow-band make it 


gauss. 


techniques 


possible to find the center of the resonance line to one 
part in a hundred. Therefore it should be possible to 
measure magnetic fields with an accuracy of 5xX10~-° 
gauss. It may be possible to increase the metastable 
lifetimes with a corresponding increase in sensitivity. 


For most purposes it would be desirable to have a 
compact “sensing head’’—in this case the discharge 
tube, lamp, detector, and a loop of wire to supply the 
rf magnetic field. A great reduction in size has been 
achieved by the use of a cylindrical arrangement of 
these elements instead of the linear arrangement of 
Fig. 1. The lamp is surrounded by a concentric discharge 
tube and two or more detectors placed in a ring around 
the tube. This can be done in such a way that regardless 
of the orientation of the tube, not more than 
detector is in a position such that a line from the lamp 
to the detector makes an angle cos~'(1/v3) with respect 
to the magnetic field. With this arrangement there will 
be no orientation in which the signal is zero. The wire 
providing the rf magnetic field can be so arranged that 
there is always a component at right angles to the 
constant field in some part of the discharge tube. A 
geometry of this type has also been operated success- 
fully with the lamp and discharge tube in the same 
glass envelope. Several sizes of lamps and discharge 
tubes have been used with the smallest combination 
being 3 in. long and 13 in. in diameter. One embodiment 
of this design is illustrated in Fig. 12. 


one 
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Collision Processes in Mixtures of Mercury Vapor and Foreign Gases 
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An extensive and quantitative study of collision processes occuring in mercury vapor-foreign gas mixtures 
has been performed. Measurement of the polarization of mercury resonance radiation allows a determina- 
tion of the probability for quenching, adiabatic depolarizing, and nonadiabatic depolarizing collisions. The 
use of a photomultiplier circuit in securing the data, and of an IBM 610 computer in analysis of the data, 
made the breadth of this study possible. The most important result is that no adiabatic depolarization is 
needed to account for the results obtained for all foreign gases studied. All quenching and depolarizing 
probabilities obtained in this study, and in earlier studies at this laboratory, are summarized in tabular form. 





N earlier papers'~ a semiclassical theory of the proc- 

cesses undergone by atoms in quenching and de- 
polarizing mercury resonance radiation was developed, 
and data were presented for several common gases. 
Application of the theory to the experimental results 
obtained in mixtures of mercury vapor and foreign 
gases at various pressures and applied magnetic fields 
allowed the evaluation of the probability for quenching, 
nonadiabatic depolarizing and adiabatic depolarizing 
collisions. The probability for these collisions was given 
by the constants a, a’, and a”, respectively. In this 
earlier work it seemed necessary to introduce a concept 
which was referred to as “adiabatic depolarization” in 
order to bring theory into agreement with experiment. 
Physically this left much to be desired and the present 
work was undertaken to re-examine this matter with a 
better experimental approach now available because of 
technological advances. This new investigation also 
afforded us an opportunity to extend the study to 
several new foreign gases. 

The experimental setup used is shown in Fig. 1. It 
does not differ substantially in geometrical configuration 
from that employed in the earlier work. However, a 
photomultiplier tube and appropriate circuitry was 
used as the intensity measurer in this work, while photo- 
graphic plates were used in the earlier work. The use of 
the photomultiplier allowed much better control of the 
experimental conditions and also allows a much more 
rapid acquisition of data. It is this feature that made 
possible the breadth of the present study. Otherwise, 
the same experimental approach was employed as is 
reported in the earlier papers, and agreement was secured 
with Olson’s* data for polarization vs magnetic field 
with no foreign gas present before and after each series 
of measurements. 

Ten gases were studied in these experiments. The 
gases included hydrogen, nitrogen, oxygen, helium, 

* Now at American Institute of Physics, 335 East 45th Street, 
New York 17, New York. 

t Summarization of a thesis presented in partial fulfillment of 
the requirements for a Ph.D. degree at Case Institute of 
Technology. 

1 A, Ellett, L. O. Olsen, R. Petersen, Phys. Rev. 60, 107 (1941). 

2 L. O. Olsen, Phys. Rev. 60, 739 (1941). 


3L. O. Olsen and G. P. Kerr, Jr., Phys. Rev. 72, 115 (1947). 
4H. F. Olson, Phys. Rev. 32, 443 (1928). 


neon, argon, krypton, xenon, carbon monoxide, and 
carbon dioxide. The first seven of these gases were in- 
vestigated in the earlier, more cumbersome experi- 
ments.!~* The probability, per mm of foreign gas pres- 
sure, for the various collisions, a, a’, and a” are presented 
in Table I along with a comparison of the results with 
those previously reported from this laboratory. The 
values of the a’s were obtained by a least squares tech- 
nique in which it was required that the square of the 
deviations between theoretically predicted values and 
measured values of polarization be a minimum. This 
requirement is imposed over the entire pressure range 
of several hundredths of a mm of mercury to several mm 
of mercury pressure of foreign gas and over the magnetic 
field range of zero to 1.6 gauss. The technique devel- 
oped for accomplishing this determination of the a’s 
involved the use of an IBM 610 computer. 

Table II displays the cross sections for quenching 
and depolarization for the ten gases investigated in this 
particular study. These have been calculated in the 
usual way as indicated in reference 1. 

A typical curve obtained showing polarizations vs 
magnetic field strength for various pressures of argon 
is shown in Fig. 2. Only three pressures of argon are 
indicated for reasons of clarity. The solid curves are the 
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Fic. 1. Schematic diagram of experimental setup. 
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CONCLUSIONS 

As is seen by reference to Table I the results obtained 
are in substantial agreement with those obtained pre- 
viously in this laboratory. However, in these experi- 
ments it has been found that for all gases studied the 
probability of adiabatic collisions is zero, within the limit 
of experimental error. In previous work considerable 
doubt existed concerning this point. The investigation 
reported on here is more extensive and under better 
control experimentally than the earlier work. As a 
result it seems possible to state rather conclusively that 


TABLE I. Quenching and depolarizing collision probabilities 
[in 10? sec! (mm Hg)*]. 


” 


a 


5 
= 


Gas 
Hydrogen 0.02 
0.00* 
0.00* 
0.00 
0.55* 
0.00 
0.02 
0.00" 
0.00 
0.05 
0.35° 
0.03 
0.14° 
0.00 
0.13¢ 
0.00 
0.00° 
0.02 
0.00 
0.00 


— pat 
to 
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Deuterium 
Nitrogen 


CON Kt 
~ nw 
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Oxygen 


on 
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Helium 


—_ 
+ 
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Neon 
Argon 
Krypton 
Xenon 


Carbon monoxide 
Carbon dioxide 


” = See reference 1 
» See reference 3. 
® See reference 2. 


adiabatic collisions are not needed to account for ob- 
served results. 

Mercury resonance radiation quenching and de- 
polarization cross sections for some of the gases in- 
cluded in this study were determined by several experi- 
menters some thirty years ago. The results of these 
experiments are discussed and tabulated in two compre- 
hensive treatises on collision processes and related 
topics.®:* The results reported in this paper differ some- 
what from those found by these earlier experimenters. 
The early results are all suspect principally for the 
reasons that the temperature of the resonance vessel 
was too high or the foreign gas pressure was too large. 
Also the experimental approaches were less direct than 
that used for this study. Matland’ has studied quench- 
ing of mercury resonance radiation by nitrogen and 
reports a cross section observed at only one nitrogen 
pressure which he finds to vary with temperature. He 


TABLE II. Quenching and depolarizing cross sections 
(in 107** cm?). 


eit 
Hydrogen 
Nitrogen 
Oxygen 
Helium 
Neon 
Argon 
Krypton 0.00 
Xenon . negligible 
Carbon monoxide 85 29.3 0.00 
Carbon dioxide 0.00 


negligible 
0.00 
0.00 

negligible 

negligible 
0.00 


5 A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation 
and Excited Atoms (Cambridge University Press, Cambridge, 
1934), Chap. 4. 

6H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), p. 422. 

7C. G. Matland, Phys. Rev. 92, 637 (1953). 
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reports a lower value than found by our method. Be- 
cause of the indirectness of his experimental approach 
and the difficulties he reports in making observations 
at different gas pressures, we believe our cross section 
for nitrogen is the better one. 
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Effects of Added Gases on the Sensitized Fluorescence Spectrum 
of a Hg-Tl Mixture*+ 
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Depariment of Physics, Kansas State University, Manhattan, Kansas 
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An investigation of the sensitized fluorescence of a mercury thallium mixture without and with the 
addition of argon and helium gases is discussed. Data taken without the addition of foreign gases are used 
to extend the theory of Frish and Karaulinya to a mercury thallium mixture. Relative collision cross sec- 
tions for the excitation of the thallium energy states, 9 °S;, 7 *D4,4, 8 °S;, 62Dy, and 62D, were calculated 
for mercury thallium collisions. Data taken with the addition of argon and helium gases are given to indicate 
the variation of the intensity of the thallium lines as a function of argon and helium gas pressures at one 
constant thallium and three mercury temperatures. The explanation of the results depends on the role of 
mercury 6 *P, excited atoms, metastable atoms, and mercury molecules in collision with thallium atoms for 
energy exchange, and also requires the use of Winans’ partial selection rule and other generally accepted 
ideas concerning energy transfer, emission, and absorption. 


INTRODUCTION 


RANCK'! first extended the ideas of Klein and 

Rosseland? to the collisions of excited atoms of 
one kind with unexcited atoms of another kind. If this 
second atom had energy levels below the excited energy 
state of the first atom, energy exchange could occur 
followed by the emission of characteristic spectral lines 
of this element. Franck called this phenomenon sensi- 
tized fluorescence. 

Shortly after Franck and Cario* completed this 
work, both Donat‘ and Loria’ performed experiments 
in sensitized fluorescence using a mercury thallium 
mixture with added foreign gases. The results of these 
investigators did not completely agree, but both authors 
attributed the behavior of the thallium lines to the in- 
creased formation of metastable 6*P) mercury atoms 
caused by the addition of argon and nitrogen. In this 
paper the work of Donat and Loria will be repeated 
for argon and extended to helium. Their experiments 
will be repeated with improved vacuum and measure- 
ment techniques. The data obtained in this investiga- 

* An adaption of a thesis presented by R.A.A. as partial ful- 
fillment of the requirements for the degree Doctor of Philosophy in 
Physics at Kansas State University, Manhattan, Kansas (1959). 

tT Work was performed under support from the Office of Ord- 
nance Research, U. S. Army. 

t Present address: University of Missouri School of Mines and 
Metallurgy, Rolla, Missouri. 
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tion will be discussed in light of recent data obtained on 
the role of metastable atoms,*~* mercury molecules,!*-* 
and the HgTl quasi-molecules,**:!® in sensitized fluo- 
rescence; and in light of recent studies on mercury 
resonance radiation.'*-* 

The recent theory of Frish and Karaulinya” will be 
extended in this paper to a mercury thallium mixture 
without the addition of foreign gases. This theory was 
the first quantitative theory to explain the phenomenon 
of sensitized fluorescence. 


THEORY OF FRISH AND KARAULINYA 


The experimental apparatus for this discussion con- 
sisted of a resonance cell having three different reser- 
voirs. One reservoir contained the mercury metal, 
another the thallium metal, and the central portion of 
the cell was used for fluorescence studies. Ovens were 
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placed over each reservoir. The oven over the mercury 
reservoir was kept at a low temperature to reduce the 
production of metastable atoms and to reduce spectral 
reflection. The ovens over the thallium reservoir and the 
central portion of the cell were heated to between 600 
and 900°C to produce thallium vapor. The central 
portion of the tube was irradiated with 2537 A mercury 
radiation so that 6*P, excited mercury atoms were 
produced. The excited mercury atoms may collide 
with the neutral thallium atoms, and the number of 
excited thallium atoms produced per unit volume is 
given by the relationship 


AN (TI) = No(T)) Vin (Hg*)Qoxd, (1) 


where Vo(TIl) and V,,(Hg*) are the number of neutral 
thallium atoms and excited mercury atoms per unit 
volume, Vox is the collision cross section, and @ is the 
relative velocity of the colliding particles. The &th 
thallium energy level will be considered in this theory. 

The 6*P, mercury atoms will have a Maxwellian 
distribution of thermal energy determined by the tem- 
perature of the oven in addition to 4.86 electron volts 
excitation energy. Thus, all thalium energy states will 
be excited; and some atoms will even be ionized. The 
kth thallium energy level will be excited by direct 
energy exchange with the excited mercury atoms and 
by cascade transitions into the &th level from higher 
excited thallium levels. The &th level will be depopu- 
lated by radiation to the lowest allowed thallium states, 
and by collisions of the second kind with neutral mer- 
cury atoms. This can be represented by the following 
equations. Growth rate of &th thallium level equals the 
death rate of the kth level: 


L 


No(TI)Nn(Hg*)Qud+ © N,(TI*)Ay 


= No(Hg)Ni(TI*)Oxod+N,(TI*) © Agi, (2) 


=k-1 


where A,,’s are the thallium transition probabilities. 
The following relation exists between Qox and Qo, 


L0P’Oox= gePQOx0, (3) 


where go and g, are statistical weights of thallium energy 
states and p and p’ are the initial and final momenta of 
the two atoms. 

This experiment was carried out at low mercury and 
thallium vapor pressures, so the time between thallium 
and mercury collisions is long compared to the lifetime 
of the excited thallium state. Thus the first term on the 
right-hand side of Eq. (2) may be neglected. A rela- 
tionship also exists between the concentration of thal- 
lium atoms in the &th energy state and the intensity 
of the spectral line, 7x2: 


N,(TI*) = x1 hv y1A xr. (4) 


Neglecting the first term on the right-hand side of 
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Eq. (2), substituting Eq. (4) into Eq. (2), and solving 
for the collision cross section, Qox, one obtains the 
following equation : 


1 
Ou= 


No( TI) Nn(Hg*)o 


(TI*) Aj 


Several simplifications can be made in the above 
equation. The term 1/[.Vo(T1).V,,(Hg*)i | can be shown 
to be a function of the thallium and central oven tem- 
perature and is a constant term for each constant tem- 
perature. .Vo(T1) will be a function of this temperature. 
N,»(Hg*) is a function of the source intensity, which 
will be assumed to be constant during the experiment. 
The relative velocity @ is also a function of the thallium 
and central tube temperature. The first term in the 
parenthesis accounts for all transitions from the &th 
thallium level to lower thallium levels. The summation, 
> i-e-1°A xi, is the sum of the probabilities that an atom 
in the &th level will make transitions to lower levels 
and is equal to unity. The last term in the parenthesis 
considers all cascade transitions from higher thallium 
states into the Ath state. The transition probabilities of 
these cascade transitions will be small compared to the 
direct transitions to the lowest thallium energy states 
and will be assumed to be negligible. Equation (5) then 
becomes 

Qon= K(T)Lei/hvitA xn. (6) 


An approximate method proposed by Bates and 
Damgaard” will be used to calculate the thallium 
transition probabilities, A,,. This method yields proba- 
bilities of the right order of magnitude for thallium. 


APPARATUS AND METHOD 


The quartz experimental tube was prepared in a 
fashion comparable to that described in previous 
work.? 8.24 The experimental tube was left attached to 
the vacuum system. An Alpert valve, produced by the 
Consolidated Electrodynamics Corporation, was used 
to close the experimental tube during measurements. 
The experimental tube and Alpert valve were outgassed, 
and small amounts of mercury and thallium were intro- 
duced into the cell by vacuum distillation. Mass spectro- 
graphically pure gases protected against contamination 
were introduced into the vacuum system through stop 
cocks. 

The detection 


2D. Bates and A. 
A242, 101 (1949). 

23R. Swanson, dissertation, Kansas State University, Man- 
hattan, Kansas, 1953 (unpublished). 

2 R. Anderson, dissertation, Kansas State University, Man- 
hattan, Kansas, 1959 (unpublished). 


apparatus was the same as used 
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earlier’ * except that the source and lens were mounted 
rigidly in place on a modified nodal slide, so three de- 
grees of freedom were obtained, to focus the system. 
The monochromator used was a Bausch and Lomb 
quartz 500 mm grating monochromator. 

Swanson and McFarland? observed relationships be- 
tween the intensity of the sensitized fluorescence lines 
and the mercury and thallium temperatures. Differen- 
tial heating along the tube was obtained by two ovens. 
The thallium metal was heated by a small main oven 
which contained two quartz windows; so incident and 
fluorescent light could be passed. An auxiliary oven 
patterned after the Westinghouse outgassing ovens was 
placed over the Alpert valve and the protruding end 
of the experimental tube which acted as a mercury 
reservoir. The main oven temperature was called the 
thallium temperature, and the temperature of the 
mercury reservoir was called the mercury temperature. 

The 2537 A output of the source varied as much as 
30% under controlled conditions. This fluctuation was 
overcome by monitoring the source as the experimental 
readings were taken. The monitor consisted of an in- 
ternally silvered tube, a camera shutter to open and 
close the tube, and an ultraviolet filter. This filter was 
an improved filter of Hoshina and Yoshida type which 
the authors have described previously?®> and which 
virtually isolated the 2537 A line, for the intensity of 
all other lines was less than 1% of the 2537 A intensity. 

After the vacuum system was pumped down to less 
than 1X10~-* mm of mercury the main stopcock above 
the diffusion pumps was closed, and zero argon pressure 
readings were taken. Argon gas was added to a maxi- 
mum pressure as shown in the results and readings were 
taken. The gas pressure was reduced and additional 
readings were taken. This procedure was continued 
until the gas pressure was reduced to the lowest reading. 
During each series of readings involving a single quench- 
ing gas pressure, the Alpert valve was closed. 

After the argon readings were taken, the tube was 
outgassed prior to a final series of zero pressure argon 
gas readings; for the argon diffused into the metals 
when the tube cooled down. The maximum pressure of 
argon gas was initially introduced into the cell because 
of this diffusion of the gases into the metals. This pro- 
cedure gave reproducible results with some lack of 
knowledge concerning the absolute gas pressures. 
Quenching gas pressures as indicated in the results are 
room temperature measured pressures. 

Helium readings were taken in a similar manner. 

The experimental apparatus and methods used 
without the addition of foreign gases were the same as 
used above. 


EXPERIMENTAL RESULTS 
The sensitized fluorescence lines, which were ob- 
served with the addition of argon and helium, were the 


25 R. McFarland, R. Anderson, M. Nasim, and D. McDonald, 
Rey. Sci. Instr. 29, 738 (1958). 
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Fic. 1. Relative intensity of selected thallium lines 
versus argon pressures. 


2768, 3229, 3519, 3529, 3776, and 5350 A thallium lines. 
The 2537 A mercury line was also observed. Figures 1 
through 6 show representative sets of curves plotted as 
a function of argon and helium pressures with a fixed 
thallium and three mercury temperatures. 

The relative intensities of selected thallium lines 
without the addition of foreign gases plotted as a func- 
tion of mercury temperature are shown in Fig. 7. Since 
the majority of the thallium lines have maximal in- 
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versus helium pressures. 


tensities at mercury temperatures of 120°C, calcula- 
tions which follow have utilized this mercury tempera- 
ture and a thallium temperature of 703°C. 

Table I shows the relative measured intensities of 
the various selected lines as taken from Fig. 7. The 
intensities of the 2379 and 2316 A thallium lines could 
not be detected, and the 2921/18, 2826, 2768, and 
2580 A lines were barely detectable. 

Table II summarized the transition probabilities 
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calculated for cascade, stepwise, and direct transitions 
of thallium as calculated by the method proposed by 
Bates and Damgaard.” Relative collision cross sections 
can be calculated by Eq. (6) for the 3529, 3519, 322¢, 
2921/18, and 2826A thallium lines with negligible 
errors introduced by neglecting cascade transitions. 
These are summarized in Table III. Relative effective 
collision cross sections calculated for the 5350, 3776, 
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2768, and 2580 A thallium lines were calculated neg- 
lecting cascade transitions and imprisonment of these 
lines. Since absolute intensities measurements were not 


TABLE I. Relative intensities of the various selected thallium lines. 


Wav ‘sina (A) 


2826 
2921 
3229 
2580 
3519 
3529 
2768 
5350 
3776 


Intensity (volts) 


0. 018 
0.216 
10.8 
0.152 
57.0 
16.3 
0.186 
188.0 
2.70 


T ransition 


9 2S; 6 2P, 
7 *Dy, 4-6 2p, 
8 2S;-6 ?Py 
8 2S;-6?P, 
67D,-6*P, 
67Dy-6*P, 
67D,-6*P, 
7 7S;-6?P, 
7 2S;-6*Py 


18 


TaBLe II. Comparison of cascade, stepw ise, and direct transition 
probabilities calculated by method of Bates and Damgaard. 


Theoretical 
transition 
probability 
(A xt) 


0.141 X 10° 
0.711 10° 
0.116 10° 
0.402 X 10° 
0.260 107 
0.508 X 107 
0.504 X 10° 
0.132 X 108 
0.110 108 


Cascade 
transitions 


8 *P;-6 7D, 

8?P;-67D,y 
8?P;-6*D, 
8*Py-8*S; 
8 *P4-8 2S; 
8 *P,-7 2S, 
8 *P;-7 *S; 
7 *Py-7 2S, 
7 *Py-7 7S, 


Wavelength 
(A) 


18 047 
17 754 
19 047 
33 388 
38 133 

6549 

6114 
11 513 
13 014 


Theoretical 

transition 

probability 
(Ax) 


0.916 108 
0.733 X 10° 
0.654 X 107 
0.102 X 10* 
0.680 X 10° 
0.381 X 10° 
0.505 X 107 
0.926 X 10* 
0.393 X 10° 
0.116 10° 
0.864 X 10° 
0.125 X 10° 
0.106 X 107 
0.460 X 107 
0.330X 10° 


Theoretical 
transition 
probability 
(Ax) 


0.449 X 108 
0.117 108 
0.494 107 
0.263 X 108 
0.165 X 10° 
0.489 X 10° 
0.286 X 10° 
0.122 X 107 
0.660 X 107 
0.306 X 107 
0.370 X 108 
0.197 X 108 


Stepwise Wavelength 
transition (A) 


7*Dy-8?P, 324 675 
7 *Dy-7 *Py 14518 
6 2*Dy-7 *Py 24 757 
7 *Di-8 * Py 369 822 
7 *Dy-8 *Py 155 496 
7 *Dy-7 *Py 14 597 
7 *Dy-7 *Py 12 736 
6*Dy-7 2Py 104 417 
67D,-7 *P, 51 062 
92S,-8?P; 70 175 
9 2S,-8 *P, 55 626 
ae. ae 
9-7 *Py 
8 2S;- 7*Py 27 893 
_8 *Sy-1 7°, 21 804 





Direct Wavelength 
transition (A) 


7 *Dy- 62P 2918 
62D, —6*Py 3519 
7 *Dy-6 2p, 2921 
7 *D;-6?Py 2379 
6*Dy-6*P, 3529 
6*D;-6*P; 2768 
92S,-6*Py 2826 
9 2S,-6*Py 2316 
82S,-6 Py 3229 
8 7S,-6*Py 2580 
7253-6 ?Py 5350 

3776 
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Fic. 7. Relative intensity of selected thallium lines versus 
mercury temperatures without the addition of gases. 


TABLE III. Relative collision cross sections as calculated from 
Fig. 7 for the 3529, 3519, 3229, 2921/18, and 2826 A thallium 
lines. 


Cross section 
(arbitrary units) 


Wavelength 


Transition (Aj 


6?D;-6?P, 
62Dy-62Py 
8 2S;-62Py 
7 2Dy 4-6 2Py 2921/18 
92S,-62Py 2826 j 
Relative collision cross section for the 5350 A thallium line neg- 
lecting cascade transitions 


3529 
3519 
3229 


Maximum 
1.59 

Relative collision cross section for the 3776 A thallium line neg- 
wae cascade transitions and imprisonment of this line. 


72S,-62Py 5350 


2S,-6*Py 3776 0.030 
Relative collision cross section for the 2768 and 2580 A thallium 
lines neglecting imprisonment of these lines. 
6*Di-6*Py 2768 
8 253-6 2p, 2580 


0.00061 
0.00750 


made, all cross sections are relative values compared 
with an assigned value of unity to the 3519 A transition. 


DISCUSSION 


The results of the present experiment with the addi- 
tion of foreign gases did not agree in all details with the 
results obtained by Donat‘ and Loria.’ Common trends 
for intensity of the thallium lines through the addition 
of both argon and helium are noted in Figs. 1 through 6. 
The 5350, 3529, 3519, and 3229A thallium lines ini- 
tially increase in intensity to a maximum value and then 
decrease with the addition of more gas. The 3776A 
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Thallium 


thallium line exhibits a continuous increase in intensity 
with the addition of both gases after a sharp initial rise. 

The initial rapid increase in intensity of the 5350, 
3529, 3519, and 3229 A thallium lines may be caused 
by an enhanced formation of HgTl quasi-molecule 
through the addition of small amounts of argon or 
helium gases. These gases may act as third bodies 
which accept some of the excitation energy of the ex- 
cited mercury atoms and thallium atoms, so they can 
combine and remain combined to emit radiation. This 
would cause an increased interaction between 6 *P ex- 
cited mercury atoms and thallium atoms, and cause the 
enhancement, of these lines, for all of these lines are 
selectively excited by 6*P, atoms. The 3519 and 3529 A 
thallium lines, originating from the 6°Ds and 62D, 
levels, are selectively excited by the 6%P; mercury 
atoms by Winans’ partial selection rule. The 3229A 
line, originating from the 8 2S, level, is excited by the 
6 *P, mercury atoms because of near energy resonance; 
and the 5350 A line, originating from the 7 2S, level, is 
excited by the 6 *P; atom because of cascade transitions 
to this level from higher thallium levels. The reader 
may refer to Fig. 8 to follow these transitions. 

A second effect which may also be active is that the 
addition of argon and helium gases reduces the rate of 
diffusion of metastable 6*P) mercury atoms to the 
walls of the container. Calculations were made to deter- 
mine the argon and helium pressures for which the 
mean free paths of the mercury atoms were reduced to 
the order of the radius of the tube. These pressures 
were 0.3 and 0.2 microns, respectively. 

The largest initial enhancement of these lines is 
observed for helium. An explanation may be that argon 
produced some metastable atoms, thus reducing the 
population of the 6 *P; level. Also, argon is more massive 
and is more effective in stopping the thallium vapor 


Mercury 


from pumping mercury out of the cell. This would 
result in a higher effective mercury vapor pressure and 
a greater destruction rate of the 6*P; mercury atoms.° 
Both of the above effects reduce the number of 6 *P; 
atoms in the cell, and the reduction results in the loss 
of intensity of the thallium lines excited by these atoms. 

At gas pressure of 0.6 cm the intensity of these lines 
drops abruptly. It may be assumed that through the 
addition of these gases there is an enhanced formation 
of mercury molecules, and this becomes a competing 
process. These gases act as a third body to form the 
Hg2(*1..) and Hg2(*0,-) molecules formed between the 
6°P; and 6*P» mercury atoms and neutral mercury 
atoms, respectively. Berberet and Clark” have ob- 
served the enhanced formation of Hg2(*0,-) molecules 
through the addition of nitrogen to a resonance cell. 
These two molecules both possess about 4 electron volts 
of excitation energy and can excite only the 7 *S; 
thallium level. This molecular formation reduces the 
number of 6%P; and 6*P») mercury atoms, and the 
intensities of the 5350, 3529, 3519, and 3229 A lines 
decrease. 

The leveling off of intensity of these lines between 3 
and 6 cm of argon or helium gas pressure seems to be 
real and be the result of a number of competitive proc- 
esses. One such would involve the formation of Hg2(30,*) 
mercury molecules, which have an excitation energy 
comparable with that of the excited 6*P; mercury 
atoms. 

The intensity of these thallium lines again decrease 
above 6 or 7 cm for both gases. 

The variation of intensity of the 3776A thallium 
line can be explained in a similar manner. The initial 
rise in intensity of this line might be explained by the 
enhanced formation of the HgTl, quasi-molecule, and 
the reduction of the loss rate of metastable mercury 
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atoms. The 3776A thallium line is a resonance line 
and is reabsorbed in the cell. This line is also selectively 
excited by 6 *P» mercury atoms.'*® The reduction of the 
loss of metastable atoms would cause the initial rise in 
intensity of the 3776 A line, for if they excite the 7 7S; 
level, there would be a Doppler broadening of thisline; 
so only the central portion is reabsorbed and the line is 
enhanced. Argon causes the greatest enhancement of 
this line, for argon produces metastable atoms and re- 
duces the pumping action of the thallium vapor. 

The intensity of this line continues to increase when 
mercury molecules are formed. The mercury molecules 
can excite the 72S; thallium level, and 0.73 electron 
volt of excitation energy is shared as kinetic energy of 
the colliding particles. Thus the 3776A line exhibits 
Doppler broadening when it is excited by mercury 
molecules and is enhanced. 

The intensity of the 2768 A line is barely above back- 
ground and no conclusions could be drawn about it. 

The 2537 A light as measured is made up of two com- 
ponents, the resonant radiation from the cell and the 
reflected light from the cell walls and thallium bead: 
There were indications that the 2537 A light intensity 
depended on the size of the thallium bead in the cell 
which varied in size during the experiment. Thus no 
conclusions were made about the intensity variation of 
this line. 

Certain simplifications must be justified in the theory 
of Frish and Karaulinya™ to extend it to a mercury 
thallium mixture. The mercury in the central portion of 
the cell was at a temperature of 703°C, so the excited 
mercury atoms had their energies distributed from 4.86 
electron volts to infinity. The following thallium energy 
levels with energies above 4.86 volts are of interest, the 
9°S;, 7?*Ds, 77Dy, 8°Py, and 8*P, levels with energies 
of 5.25, 5.20, 5.20, 5.16, and 5.10 ev, respectively. For 
simplification, it may be assumed that only the 6*P; 
excited mercury atoms with total energies above 5.25 
ev will excite the 9S; level, only the mercury atoms 
with energies lying between 5.20 and 5.25 ev will excite 
the two 7°D levels, only the mercury atoms with 
energies between 5.16 and 5.20 ev will excite the 8 ?P; 
level, and only the mercury atoms with their energies 
between 5.10 and 5.16 ev will excite the 8?P, level. 
With the further assumption the mercury atoms follow 
a Maxwellian distribution of energies, it can be deter- 
mined that only 2% of ail of the excited mercury atoms 
excite the 9%5;, 8?P; and the two 7 2D levels and that 
only 5% of all of the excited mercury atoms excite the 
8 "r4 level. 

The 2836 A line and the 2921/18 A doublet, which 
correspond to transitions from the 9*S;, and the 7 *D, 
and , levels to the 67P, level, could just be detected. 
Thus it required at least 2% of the excited mercury 
atoms to populate a level heavily enough to yield 
measurable radiation, and the highest thallium levels 
excited to a detectable limit were the 9 2S; and the two 
7 ?D levels. 
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The transitions which were measured in this experi- 
ment and shown in Fig. 8 were those of the following 
series sequences, the m*S;, n D4, and n ?D, transitions 
to the 6?P, and 6?P, levels. The 92S; and two 77D 
levels are the highest energy terms of these series. 

It can be assumed that all cascade transitions from 
the thallium energy levels above 4.86 ev to lower 
thallium levels, except the 6?P; and 6?P, levels, can 
be neglected. In justification of this assumption, the 
9S; level is sparsely populated, and the only line ob- 
served is the 2826 A line which is the direct transition 
to the 67P, level. This transition has the highest 
probability, so all other transitions with smaller proba- 
bilities can be neglected. By comparable reasoning and 
the observation that the intensity of 2921/18 A doublet 
is weak, the populating action due to transitions from 
the 77D levels may be neglected. 

The 8 *P, thallium level would be populated by direct 
energy exchange with the mercury atoms to the same 
extent as the 925; and the 72D levels, for cascade 
transitions from higher thallium levels may be neglected. 
Since the 8 *P; level is sparsely populated and has four 
modes of decay, this level should not lead to a measur- 
able population of these lower levels. 

The 8 *P, level is excited by 5% of all of the excited 
mercury atoms so that this level is populated 23 times 
more heavily than the 9°S;,8?P, and the two 72D 
levels by direct energy exchange. ‘The 8 *P, level has 
three modes of decay, and by considering the transition 
probabilities, this level will lead to a detectable popula- 
tion of the 8 *D; and 7 2S; levels. For the transition from 
the 8?P; level to the 8 °S; level, the transition proba- 
bility is of the same order of magnitude as the transition 
probability for the 92S;-6?P, transition. Thus the in- 
tensity of the line corresponding to the transition 
8?P,-8°S; should be approximately 23 times the 
intensity of the 2826 A line or a few tenths of a volt. 
Since the intensity of the 3229 A line is several volts, 
this increase in intensity caused by the cascade transi- 
tion from the 8?P; level may be neglected. Since the 
transition probability for the transition, 8 ?P;-6?D, is 
3 of the probability for the 9*S;-6?P, transition, by 
similar reasoning any cascade transition to the 62D, 
level may be neglected. 

It has been shown, that all cascade transitions from 
levels above 4.86 electron volts of energy, can be neg- 
lected to the 8 2S;, 62D 5, and 62D, levels. Thus these 
levels with energies of 4.70, 4.42, and 4.50 ev, re- 
spectively, are excited almost entirely by direct energy 
exchange with the excited mercury atoms. The relative 
effective collision cross sections may be calculated for 
these levels, as well as, the 9 2S, and the two 7 2D levels 
to the 6°P, level by Eq. (6). These transitions corre- 
spond to the lines 3529, 3519, 3229, 2921/18, and 
2826 A and are shown in the first group of lines of 
Table III. Transitions to the 6?P, level are resonance 
transitions, and this radiation is imprisoned in the cell. 
Thus the 2768 and 2580 A lines are resonance lines and 
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cross sections are calculated by Eq. (6) neglecting this 
imprisonment of radiation. These cross sections are 
those of the last group of lines in Table III. 

The final two transitions which must be considered 
are the 7 *S;-6?P; and 7 *S;-6?P,, which correspond to 
the thallium lines 5350 and 3776 A, respectively. The 
7 2S, level has an energy of 3.27 ev and may be popu- 
lated by both cascade transitions and by collisions with 
mercury atoms. This level is heavily populated by 
cascade transitions from the 7?P; and 7 ?P, thallium 
levels, as well as, a slight population from the 8*P, 
and 8?P, levels. The 7*P; and 7 *P, levels are popu- 
lated by energy exchange and by cascade transitions 
from the heavily populated 67D, and 67D, thallium 
levels. In calculating a collision cross section for the 
77S, level, cascade transitions cannot be neglected. 
The cross section calculated for the 5350 A thallium 
line by Eq. (6) is a maximum cross section calculated 
neglecting all the cascade transitions. The 3776 A thal- 
lium line is a resonance line, and the cross section, 
calculated for this line, is calculated neglecting cascade 
transitions and imprisoned radiation. 

The cross section calculated for the 6 2D, level, corre- 
sponding to the transition, 6*D,y-67P,, or the 3519 A 
line, had the largest value of those lines of the first 
group. The 8 2S; level would be expected to have the 
largest cross section for the lines of the group, for this 
level was in closest energy resonance with the excited 


mercury atoms. A possible explanation, for this dis- 
crepancy with the law of energy resonance, is that a 
third neutral mercury atom may be necessary to form 
the HgTI, quasi-molecule. 


CONCLUSIONS 


The results of the experiment with added gases in- 
dicated that the 5350, 3529, 3519, and 3229 A thallium 
lines reach a maximum intensity below 0.6 cm of added 
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gas. The intensity of these lines decreased with the 
addition of added argon or helium. The 3776A line 
showed a continuous increase in intensity for the addi- 
tion of both argon or helium. 

The initial increase in intensity of the thallium lines 
was explained by the reduction of the loss of metastable 
atoms to the walls of the cell and an enhanced forma- 
tion of HgTl, quasi-molecules, formed at low gas 
pressures. Argon also reduced the pumping action of the 
thallium vapor which carried mercury vapor from the 
cell. 

A competing process, the enhanced formation of 
mercury molecules caused by the addition of more gas, 
occurred in the cell. The mercury molecules could only 
excite the 7 *S; level of thallium. These caused a re- 
duction in the number of excited mercury atoms and a 
reduction in the intensities of the 5350, 3529, 3519, 
and 3229 A lines. 

The 3776 A thallium line increased in intensity at all 
pressures because of Doppler broadening of this line 
when it was excited by mercury metastable atoms and 
to a lesser extent by mercury molecules. 

In the extension of the theory of Frish and Ka- 
raulinya™ to a mercury thallium mixture, it was ob- 
served that the 67D , thallium level had the largest 
cross section. The 8 2S, level should have had the largest 
cross section, from the assumption that in energy 
resonance there should be the highest probability of 
energy exchange. The hypothesis, presented to explain 
this effect, was that a third neutral mercury atom was 
involved in the formation of the HgT1, quasi-molecule. 
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A general proof of the equivalence between xs and xiso is presented in the framework of statistical 
thermodynamics. It is based on the observation that transitions do occur during adiabatic processes due 
to the 1.eglected small interactions which can hardly be included in the acutal Hamiltonian. A new expression 
is found for x iso which is proved to coincide with xs and which is rederived straightforwardly from the ergodic 
theorem. As an example, a system of spins with a magnetic interaction under a strong magnetic field is 
considered by means of the perturbation method and shown to give consistent results. 


I. INTRODUCTION 


‘INCE Casimir and Du Pré’s classical work! the 
so-called adiabatic susceptibility, xs, has played an 
important role in investigations on paramagnetic re- 
laxation processes. A considerable amount of knowledge 
has accumulated about this quantity from both the 
experimental and theoretical sides.2, However, an 
interesting theoretical problem has been left unsolved 
for about ten years. Namely, Wright,’ Broer,‘ and 
Caspers® calculated the susceptibility in the case of 
spin systems weakly coupled by a magnetic interaction 
under a strong magnetic field by means of the standard 
method of perturbation theory. They found that the 
“adiabatic” susceptibility 


(1.1) 


0(M)\? saS\ 
NC): 
OT J/y\0T/ 4 


which is derived from thermodynamic considerations,' 
did not coincide with the “isolated” susceptibility 


OM, 
Xie =E eho, 
n OH 


(1.2) 


which is a direct consequence of statistical mechanics. 
Here xr is the isothermal susceptibility, (M) the 
observed value of the magnetic moment, 8=1/kT, 
F the Helmholtz free energy, M, the diagonal element 
of the magnetic moment in the mth eigenstate with 
the energy W, of the Hamiltonian and H the constant 
magnetic field applied to the spin system. Since then 
the two quantities, xs and x iso, have been distinguished 
from each other. In particular, Broer* presented a 
rather general discussion according to which xs and 
Xiso agree with each other in the case of classical 

* This work was supported in part by a research grant from 
the National Science Foundation. ) 

t+ On leave from the Department of Chemistry, Faculty of 
Science, University of Kyoto, Kyoto, Japan. 

1H. B. G. Casimir and F. K. Du Pré, Physica 5, 507 (1938). 

2 For example, C. J. Gorter, Paramagnetic Relaxation (Elsevier 
Publishing Company, Amsterdam, 1947); Progress in Low Temper- 
ature Physics (North-Holland Publishing Company, Amsterdam, 
1957), Vol. II, p. 266. 

3A. Wright, Phys. Rev. 76, 1826 (1949). 

4L. J. F. Broer, Physica 17, 155 (1951). 

5 W. J. Caspers, Physica 25, 43 (1959). 


systems but of in the case of quantum-mechanical 
systems. Recently Caspers® gave a solution to this 
problem by an ingenious calculation. He supposed 
that the discrepancy between xs and xXiso was due to 
the misuse of the perturbation method because in 
macroscopic systems it is associated with a divergence 
difficulty’ which comes from the long-range magnetic 
interaction between spins. Avoiding use of the perturba- 
tion method, he succeeded in proving the equivalence 
of xs and xiso. Although he had to appeal to two 
hypotheses concerning the strucutre of the energy 
levels, his theory can be said to have given a correct 
answer to the present problem in the case of the 
particular spin systems considered, i.e., spins weakly 
coupled by magnetic interaction. 

However, the following two points have still been 
left unsolved. First, the original problem, as proposed 
by Broer,‘ is not restricted to a particular type of spin 
system but is concerned with any kind of susceptibility, 
electric, compressional or magnetic. This means that 
the problem has to be solved on the same general basis 
as that on which the whole scheme of statistical 
thermodynamics stands. Second, there remains the 
question as to whether the perturbation method can 
really be applied to the evaluation of the adiabatic 
susceptibility. According to Broer’s calculation,‘ a 
definite discrepancy between xs and xiso is expected 
even in the case of interactions such as an exchange 
interaction which has no divergence difficulty. Further- 
more, the result for xs obtained through the perturba- 
tion method for magnetic interaction not in 
contradiction with that given by Caspers.® Therefore 
the divergence difficulty associated with magnetic 
interaction should be considered another problem not 
directly connected with the present problem. 

The purpose of the present paper is to discuss the 
two points stated in the preceding paragraph. We 
will provide a general proof of the equivalence between 
xs and xiso in Sec. II. Thereby a new expression for 
Xisoy More practical than (1.2), will be found through 
statistical mechanical In Sec. II 
adiabatic changes will be discussed from the principles 


1S 


considerations. 


®W. J. Caspers, Physica 25, 645 (1959). 
7N. Bloembergen, thesis, Leiden, 1948 (unpublished), p. 30. 
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of quantum statistical mechanics and the same ex- 
pression for xiso, given in Sec. II, will be rederived. 
We will study in Sec. IV spin systems with magnetic 
interaction on the basis of the discussion given in 
Sec. II and show that the perturbation method yields 
a consistent result with respect to xs and Xiso. 


Il. A GENERAL PROOF OF THE EQUIVALENCE 
BETWEEN xs AND Xin 


The purpose of this section is to prove generally the 
equivalence between xs and Xjso within the framework 
of statistical thermodynamics. We will use the language 
of magnetism but, of course, it can at once be applied 
to any other kind of susceptibility. 

Suppose we have a spin system of macroscopic size. 
The interaction between spins need not be specified 
here. Let us assume that we know the true Hamiltonian 
of the system. Now we apply a weak magnetic field 
that is increased from zero quite slowly. According to 
quantum mechanics, the system which is assumed to 
exist originally in a certain eigenstate of the 
Hamiltonian does not make a quantum transition into 
another eigenstate provided that the change of the 
field is sufficiently slow. Thus we are at once led to the 
expression (1.2) for the susceptibility. However, the 
important point is the fact that (1.2) does refer to the 
true Hamiltonian of the system which is not generally 
tractable. That is, (1.2) is not convenient for practical 
applications. 

Now suppose we know an approximate Hamiltonian 
of the system, many possibie small disturbances being 
ignored. The system consists of a large number of 
identical spins, and thus the approximate Hamiltonian 
involves tremendous degeneracies. We then have to 
expect that the system makes continual transitions 
among degenerate eigenstates due to the neglected 
disturbances. This is also true when the magnetic 
field is changing slowly. We can now see that the 
expression (1.2), as it stands, ceases to be valid for 
such an approximate Hamiltonian. When we have a 
statistical ensemble which is subjected to an adiabatic 
change, it is not the weight of the individual eigenstate 
of the approximate Hamiltonian but the total weight 
of all the degenerate eigenstates belonging to a single 
energy value which is preserved during the adiabatic 
change. In the case of a canonical ensemble, the 
kept not the 
¥~) of each of the approximate 


quantities which constant 
Boltzmann factors e®‘* 
eigenstates but the sums of them over all the degenerate 


states corresponding to each of the allowed energy 


are are 


values. 
The discussion given above leads us to the following 
expression for Xiso for an approximate Hamiltonian: 
OM, 
8(F—W 


Xiso= € mai 
n OH 


(2.1) 
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where M,, is the average of M,, over all the degenerate 
states with energy W,. It may be called the micro- 
canonical average of M, after Gibbs. The only difference 
between (1.2) and (2.1) is, mathematically speaking, 
that the order of the differentiation with respect to H 
and the microcanonical averaging is reversed. Physi- 
cally speaking, (1.2) excludes all mixing processes 
among the degenerate states, each of which does not 
always have the same magnetic moment, whereas 
(2.1) does not. Thus we will have different results 
from (1.2) and (2.1). (2.1) can also be derived straight- 
forwardly from the ergodic theorem. This derivation 
will be given in the next section. 

The proof of the equivalence between xs, given by 
(1.1), and xXiso, given by (2.1), can readily be carried 
out if we proceed in the same way as Broer did in his 
classical proof.t Therefore we may merely outline the 
proof here. First the relation 
found as follows: 


between xiso and xr is 


= B[((M)?)—(M)?], 


(2.2) 


XT — Xiso 


where {_ ) means the canonical average. The difference 
between xs and x7 is given as 


Xr—xs=B8((MW)—(M)\W))?/ ((W?)—(W)’). (2.3) 


Next, we approximate all the canonical averages in 
(2.2) and (2.3) using the following expansion formula 
due to Gibbs: 


(G)=Giw) +3 (W?)—(W))0XG)/aW?, (2.4) 


where G is the operator corresponding to an arbitrary 
extensive quantity. Since (2.4) is quite satisfactory 
for any macroscopic system which obeys the laws of 
statistical thermodynamics, its application does not 
cause any appreciable errors. From (2.2), 
(2.4) we finally reach the required result 


(2.3) and 


XS=Xiso- (2.5) 


We see now that there is no reason to distinguish 
Xiso from xs so long as we remain within the framework 
of statistical thermodynamics. Henceforth we will not 
distinguish (2.1) from (1.1), the common notation, 
xs, being used for both expressions. Of course this 
does not exclude the possibility that xiso, given by 
(1.2), might correspond to a real quantity experi- 
mentally observable in some situations, as was 
suggested by Caspers. However, such a_ possibility 
clearly falls outside of the range of applicability of 
statistical thermodynamics and it should be discussed 
on the basis of a dynamical theory such as that given by 
Kubo and Tomita.® 


Ill. FORMAL DERIVATION OF THE EXPRESSION 
(2.1) FOR xs 
The expression (2.1) for xs will be derived here in a 
straightforward way from the principles of quantum 


’R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
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mechanics and statistical mechanics to make the 
discussion given in the preceding section more definite. 

We will consider the same system as in Sec. II. 
It is assumed to exist at /=0 in the state which is 
described by a canonical ensemble po with temperature 
k/8. The system is also assumed to be isolated from 
its surroundings. In order to measure the adiabatic 
susceptibility, a weak magnetic field AH(t) is applied 
which increases linearly from zero at ‘=O to AH at 
t=t. The rate of change of magnetic field is assumed 
to be infinitesimally small so that even after a suffi- 
ciently long time Ad is still a small quantity. We may 
take into consideration only first order effects in AH. 
The equation of motion is now 


dp/at= (i/h)[p,3¢— AH (t)M], (3.1) 


where 3 is the true Hamiltonian of the isolated system. 
Equation (3.1) is integrated in the approximation 
referred to above with the result 


1 ' t’ 
p()=ert-aH f at(1-—)Ear(— 1) 00 (3.2) 

h 0 t 
M(—i') is the magnetic moment at ‘=—?' in the 


Heisenberg picture. The increment in the average 
value of the magnetic moment at ¢ becomes 


i ' t’ 
(AM)()=—AH f at (1-— crear, (3.3) 
1 0 t 


{ ) on the right-hand side of (3.3) refers to the initial 
canonical ensemble, po. After rewriting (3.3) in the 
representation diagonalizing 32, and making some 
elementary calculations, we obtain the following 
expression for the susceptibility : 


8 1 rt 8 
x= f dy (MM (ihd))—lim - f dt’ f dd 
0 ala 0 0 


<(M(t')M(ihd)). (3.4) 
Now we have reached the stage where we can introduce 
the ergodic theorem due to von Neumann.’ Namely 
the time average of M over a long time is replaced by 
its microcanonical average M. The operator M is 
defined as follows: The true Hamiltonian % is approxi- 
mated by a suitable operator 3C° with tremendous 
degeneracies. The diagonal elements of M in the 
representation diagonalizing 3(° are averaged within 
each degenerate subspace of 3°. With these values as 
its eigenvalues, the operator M is defined so that it 
commutes with 35°." The adiabatic susceptibility thus 
turns out to be 


8 
xs= f dy (MM (ihd))—8((M)?). (3.5) 
0 


9 J. von Neumann, Z. Physik 57, 30 (1929). 
#” An example of 3° and of M will be shown in the next section. 
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Incidentally the isothermal susceptibility, x7, can also 
be obtained from (3.4) if we replace the time average 
of M by its canonical average. Thus we have 


6 
—_ f dd (MM (ihd))—3(M)?. (3.6) 
0 


This result was first found by Kubo and Tomita 
through consideration of the response of the system 
to an oscillating field. (3.6) can easily be verified to 
agree with the original definition of xr= (0(M)/dH)r, 
which may be approximated by using 3C° in it instead 
of i. From the resulting expression for x7, together 
with (3.5) and (3.6), we finally arrive at the required 
expression (2.1) for xs, if we identify the energy 
values W, in (2.1) with those of the approximate 
Hamiltonian 3°. 

Before closing the discussion in this section, two 
comments may be added. First, it should be emphasized 
that mixing processes among the degenerate states 
have been taken into account through the ergodic 
theorem. It is this theorem which allows us to ignore 
many kinds of small hidden disturbances within the 
system which are extremely hard to know anything 
about. Without this theorem, as is easily confirmed, 
we would be led to the expression (1.2), xiso, which 
obviously is much more inconvenient for practical 
applications than (2.1). Second, the mixing processes, 
referred to above, do not lead to any change in the 
value of the entropy, insofar as first order effects in 
AH are concerned. This is simply because the entropy 
already has its maximum value at ‘=0 so that any 
first order redistribution in the ensemble can not 
affect it. From this fact we can obtain a most vivid 
impression of the physical significance of the principle 
of maximum entropy. 


IV. SYSTEM OF SPINS WEAKLY COUPLED BY 
MAGNETIC INTERACTION UNDER A 
STRONG MAGNETIC FIELD 


The general discussion given in the preceding sections 
will be applied to simple spin systems. The purpose is 
to show that the standard perturbation method is 
really applicable for the calculation of (2.1) to get the 
same result as that obtained from (1.1). To this end, 
we may confine ourselves to as simple systems as 
possible. Namely the Hamiltonian consists only of a 
Zeeman term and a magnetic dipole-dipole interaction. 
The latter will be treated as a small perturbation, the 
magnetic field being assumed sufficiently strong. 

Our principal task is to find the expression for M,. 
As is well known, the evaluation of a microcanonical 
average is generally far more difficult than finding the 
corresponding canonical average. In fact the micro- 
canonical averaging requires detailed information about 
the structure of the energy levels. Caspers’ calculation® 
can indeed be supposed to have been done in this way. 
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Here we will take another approach to get an approxi- 
mate result by a perturbation calculation. We will 
make use of the expansion formula (2.4) in its reversed 
form: 


M y eww)’ =(MY’—4 (CW?) — (WY) (MY /aW?. (4.1) 
{( )’ means to take the average over the canonical 
distribution whose temperature 8’ is determined so 
that the average energy (W)’ is equal to W. Now we 
have to re-express the right-hand side of (4.1) as a 
function of H and W. 

We may refer to the original paper by Broer* con- 
cerning the expressions for the energy levels and the 
free energy of our system due to the second order 
perturbational calculation: the energy levels are given 
as 

W,= —-HM + V,+8B,/H, (4.2) 


or more conveniently in the operator form 


W=—HM°+V+B/H; (4.3) 


the free energy is then 


F (8,H) = —38{H*((M?)?) 0+(V?)w— 2(M°B) a} (4.4) 
in the high-temperature approximation. The first term 
on the right-hand side of each of (4.2), (4.3), and (4.4) 
corresponds to the Zeeman energy, the second term to 
the first order perturbation energy due to the diagonal 
interaction and the third term to the second order 
perturbation energy due to the non-diagonal interaction. 
All the operators W, M®, V, and B are diagonal and 
their eigenfunctions need not be specified here. The 
angular brackets in (4.4) mean taking the average over 
all the eigenstates of W with equal weight. 

We can calculate from (4.4) the average energy 
(W)’=W corresponding to the temperature 8’. The 
resulting equation is solved for 8’: 


W 


B= ——__________. 
H*( ( M?)*) w+ (V? i. 2(M°B) «, 


(4.5) 


Again from (4.4) we can obtain 


(My = — (aF (8’,H)/dH),», 
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which can be rewritten by use of (4.5) as follows: 


[H*((M°)?) 
— (V2) y-+2(M°B) » J. 


"HX (M)"),, 


(4.6) 


Inserting (4.6) into (4.1) we get the required expression 


for Mw" 


H HH? H*(M°))s 


X ((V?)— 2(M°B),,). (4.7) 


After differentiating (4.7) with respect to H and 
putting the result into (2.1), we finally obtain in the 
present approximation 


xs= (8/H*) ((V?)s—2(M°B).,). (4.8) 


This is just the result which Broer derived from (1.1) 
in the same approximation.‘ We recall that, when 
Broer calculated (1.2), on the other hand, he got a 
result which lacked the first term on the right-hand 
side of (4.8), the contribution from the diagonal inter- 
action. His result is not hard to understand, because 
(1.2) does not imply mixing processes among the 
degenerate states. Hence, the only processes which 
can change the value of the magnetic moment during 
adiabatic processes are due to the nondiagonal inter- 
action explicitly involved in the Hamiltonian W. 

The caiculation presented in this section can be 
said to show the applicability of the perturbation 
method even to spin systems with magnetic interaction 
as well as to provide an illustrative example of the 
general proof given in Sec. II. 
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Dispersion relations appropriate to the scattering of electrons by hydrogen atoms are deduced, and applied 
to actual measurements in the 0-10 ev energy range. Two such experiments exist, yielding quite different 
results. Dispersion relations indicate that only certain angular distributions at low energy are consistent 
with these low-energy total cross-section measurements; this suggests experiments which could be used as 


checks on the accuracy of the existing measurements. 


I. INTRODUCTION 


LTHOUGH dispersion _ relations—expressions 

which relate the real and the imaginary parts 
of a scattering amplitude—have long been used by 
workers in meson physics to help analyze the results 
of high-energy nuclear scattering experiments, their 
possible utility in investigations of atomic scattering 
processes has been unexplored. In atomic scattering 
problems spin-orbit forces generally are negligible, so 
that the forces can be supposed wholly Coulombic, 
ergo known. Thus applications of dispersion relations 
to atomic reactions will not be hampered by difficulties, 
common in nuclear applications, stemming from in- 
adequate understanding of the forces involved. More- 
over, even in the simplest atomic reactions, e.g., the 
collisions of electrons with atomic hydrogen, it is not 
yet practical to compute exactly the expected cross 
sections from the known forces; in fact almost nothing 
is known concerning the limits of error of commonly 
employed approximations. 

For the aforementioned reasons it may be hoped 
that dispersion relations can prove a useful tool in 
analysis of atomic scattering experiments. In the 
present work we first develop the dispersion relations 
appropriate to the elastic scattering of electrons by 
atomic hydrogen, and then use these relations to 
analyze two conflicting experiments in the (incident 
electron) energy range below 10 ev. 


II. DISPERSION RELATIONS FOR 
POTENTIAL SCATTERING 


The dispersion relations for nonrelativistic scattering 
of a particle by a fixed potential have been derived 
lucidly by Klein and Zemach.! Denote the incident 
wave by ¥;=exp(ik;-r), representing a free particle 
incident along k;= kn; with energy E=h*k?/2m; define 
v;=exp(iky-r), ky=kny; and let ¥;% denote the 
solution to the complete Schrédinger equation 


(H—E)¥=[— (#?/2m)V-+V—E]¥=0, (1) 


with incident wave y; and everywhere outgoing 


* Research on controlled thermonuclear reactions is a joint 
program carried out by General Atomic and the Texas Atomic 
Energy Research Foundation. 

1 A. Klein and C. Zemach, Ann. Phys. 7, 365 (1959). 


scattered waves. It is known that 


m 


f0,E)=-— far UAV (YO (2) 


2rh? 


is the exact amplitude for scattering of the particle 
into the direction ny making an angle @ with n,. The 
(first) Born approximation to f(@,£) is 


m 
frora(8,E)=-— fd ¥s*V (bs (3) 


2rh 


Then in effect Klein and Zemach show that with 
n;=n, the function 


Q(E)=f(0,E) —feor (0,E) (4) 


is an analytic function of E in the complex energy 
plane with the properties: (i) Q(£) has poles at negative 
real energies corresponding to bound states of the 
particle in the force field V(r); (ii) Q(£) has a branch 
point at E=0; (iii) in the domain O<argE<2z, i.e., 
with a branch cut along the positive real E axis, Q(E) 
is analytic except at the aforementioned poles and 
branch point, and vanishes at large complex E. 
It follows that 


1 Q(E’)dE’ 
O( i) a 2 7 - 
2n1 Cl 


E'—E 


1 QO(E’)dE’ 
-— { ——-r RH), ©) 
2ni C2 2 
where the contours C,, C2 are given in Fig. 1, and R; 
are the residues of (E’— E)-'Q(E’) at the poles E’= Ej. 
The integrals above and below the cut do not cancel. 
Rather, from Eqs. (1)—(4), the relation?“ 


and the definition of & in terms of £, it is inferred that 


2B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 

3M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 

4E. Gerjuoy, Ann. Phys. 5, 58 (1958). 
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Fic. 1. Contours of integration in the complex energy plane; 
the function to be integrated has poles at EF, Ei, Es, ---E; and 
has a branch point at the origin 


Q(E,) is the complex conjugate of Q(E_) where E,, E_ 
denote corresponding points immediately above and 
below the cut. Thus, since Q(£) vanishes at infinity 


, 


1 OQ(E)dF’ 1 f*® OCF.) 1 
f : f dE! “ f dE! 
Qwidco E'-E 2x E!-E 2ri 


0 0 


ImQ(£’) 
. —— (7) 


O(E 2 * 
x f di 
EF’ -E ro E'-E 


Taking the real part of Eq. (5), employing Eq. (7), 
noting that fporn(0,Z) is real, and remarking that 
(as will be shown later) the residues R; are purely real, 
we have 


Ref (0,E) = fBorn(0,E) 
Im/f(0,2’) 


—> RE), (8) 
E'-—E i 


which is the desired dispersion relation. The integral 
is evaluated from the experimental data with the aid 
of the optical theorem for cross sections 


Imf(0,E) = (k/4r)o(E), (9) 
where a is the total scattering cross section for incident 
particles of energy E and f is the elastic forward 
scattering amplitude. 


III. DISPERSION RELATIONS FOR 
e-H SCATTERING 


The above derivation of the dispersion relation for 
potential scattering has the virtue that it is conveniently 
applicable to many-particle collisions involving re- 
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arrangement. When electrons are incident on atomic 
hydrgen, the differential cross section for elastic scatter- 
ing along n; is® 


11 


(doa/dQ)o=3|f—g\2+3|f+g\2, (10) 


where the ordinary amplitude f and exchange amplitude 
g are given by 


m 
f(0,E) = —— J evar. Wro*V (01%) ¥;, 
2rh? 
(11) 
m 
g(0,E)= —— ff ards ty V (nn, as; 
2rh? 
In Eqs. (11) 


¥i.=exp(ikn;-11)Mo(r2), 

Vyo= exp(ikny-11)uo(r2), 
Pre(¥1,%2) =Wyo(¥2,%1)=exp(ikmy-re)uo(ri), (12) 
V = —(2/r) +e&/\r3—Fe!, 


V p= —(2/r.) +e/\ri—rel, 


1 
¥,V=y,-— V Wi, 
H—E+13.6—te 


(13) 


and u(r) is the wave function of atomic hydrogen in 
its ground state. The energy E is the total energy of 
the system measured relative to the binding energy of 
atomic hydrogen in its ground state, so that 


k= (2m/h?)'E}, (14) 


when (as in the present case) an electron is incident on 
a ground-state hydrogen atom. 

The dispersion relations for e—H scattering now are 
readily obtainable provided one assumes that the 
Green’s function of the complete (spin-independent) 
Hamiltonian (H—E+13.6—ie) (i) has poles at 
negative real energies corresponding to bound states 
of the total Hamiltonian, i.e., to bound states of H-; 
(ii) has branch points at every energy FE corresponding 
to the threshold of a new reaction channel, e.g., at 
incoming electron energy E=0, at E= (2)13.6 (excita- 
tion of first excited state), etc.; (iii) is single-valued 
and analytic except at the aforementioned poles and 
branch points if a branch cut, starting at E=0 is 
drawn in the positive direction along the real axis, 
with the specification that O<arg(E—E,)<2x for 
every threshold energy F,; (iv) has the (coordinate 
space) representation (E;—E£)—“w,;(r)w;*(r’) in the 
vicinity of each pole Fj, where w;(r) is the space- 
dependent part of the eigenfunction corresponding to 
energy E£;. These assumptions have not been proved, 
but are consistent: with what is known about the 
behavior of the Green’s function for one-particle 
potential scattering; with the belief that H is self- 


5N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1952), p. 215. 
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adjoint; and with the known asymptotic behavior of 
(H— E+ 13.6—ie)“, which in any reaction channel is 
~r” exp(ikyr) at large r, where ky=[(2m/h?)(E—E,) }}. 
The same assumptions lead directly® to well-known 
and accepted formulas for many-particle scattering, 
e.g., Eqs. (12)-(14). 

The first three assumptions above imply that the 
ordinary function Q,(£), defined as in Eq. (4), and the 
corresponding exchange function 


— £Born (0, E) , 


(ii), (iii) used previously. 
case of potential scattering, one 


Q.(E) = g(0,E) (15) 


have the properties (i), 
Proceeding as in the 


obtains 


Ref ( OE ) =f Born ( 0,£) 


imf(0,E') 
+- ~ fa - 
—E 


2Born(0,E) 


os Img (0,E") 
+ f dF:'——— 
7 E'—E 


0 


_ Ri(E), (16a) 
Reg(0,E) = 


> R.;(E). 


Substituting Eq. (13) in Eq. (11), 


m 1 
Q.(£)=— f deadtedst¥. meee ity 
2rh? H—E+13.6—ie 


m 1 
= f drdtoy,.*V; ——Vw 
2rh?* H—E+13.6—ie 


so that, making use of the assumption (iv) above 


1 m 
R,;(E)= a f ena: 
E—E; 2xrh? 


Xexp(—ajny- 8) )to(r2) V i(t1,82)w; (11,82) 


Q0.(£)=- 


’ 


xf dr,'dr! wj*(ry' Yo ) V <(ry' re’) 


Xexp(—ajn;-ty’)uo(r2’). (18) 


In Eq. (18) 


¥j= (2m/h*)| E;\ 3, (19) 
where | £;| is the electron affinity of the jth H™ state, 
equal to 0.7 ev for the known ground singlet 1s? 
state. The appearance of the exponential factors 
exp(—ajmy-r;) and exp(—a,n;-r;’) in Eq. (18) is a 
consequence of the above assumption (iii), which 
implies arg; is +. In other words, when the expressions 
(17) are analytically continued to the negative energy 
Ej, argk of Eq. (14) becomes 2, meaning k becomes 


6 E. Gerjuoy, Phys. Rev. 109, 1806 (1958). 
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imaginary. Similarly 


f dr\dr> 


f)uo(r1) V s(01,82)w; (11,72) 


positive 

1 m 
R.;(E) - 
E—E; 2rh* 


Xexp(—ajn;- 
x f arvars w;* (ry Fo’) Vi(4y’ re’) 
(20) 


Xexp(—ajnj-11’)ao(r2’). 


With ns=n,, the residue for the ordinary amplitude is 


fara, 


Xexp(—ajnj-r)Mo(r2) Vs 


1 m 
R,j;(£) =—_—_ — 
E—E; 2xh? 


f1,%o)w;(t1,82)| , (21) 


which is as stated previously. Moreover, for 
singlet states of H~-, w;(ri,r2) is symmetric in the 
coordinates rj,r2; for triplet states w; is antisymmetric. 
Thus 


real, 


R.;(E)=+R,j(E)=+R;(E) (22) 


the upper and lower signs referring to singlet and 
triplet, respectively. Adding and subtracting Eqs. (16), 


Im(f+g) 
Re(fag)=(f+g)Born+ [ dk’ — dl 
; ; aro E'-E 


~o(R;AR))—LX(R;FR,), (23) 


t 
] 


where s,/ indicate sums over singlet and triplet bound 
states, respectively, and it is understood that f,g refer 
to the forward direction @=0. Equation (23) agrees with 
the expectation that the triplet amplitude f—g has 
poles corresponding to friplet bound states of H~ but 
not to singlet bound states, and similarly for the 
singlet amplitude f+g. 

The forward triplet and singlet amplitudes obey the 
cross-section theorem 


Im(f+g)e—0= (k/4r)o.(E), (24) 


with o,(£) representing the total cross section, elastic 
plus inelastic, integrated over all angles, for incident 
electrons in singlet (+) or triplet (—) spin states rela- 
tive to the H atom in its ground state. Equation (24), 
like Eq. (6), merely expresses conservation of total 
particle current, and can be proved by procedures 
similar to those*employed to demonstrate the cross 
section theorem for colliding systems of many spinless 
particles.‘ The measured total cross section o; is given 
by the usual combination of triplet and singlet con- 
tributiors, i.e., 


(25) 


i 1 
O1= 40+ 404 
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Fic. 2. Elastic scattering cross sections for electrons incident 
on hydrogen atoms, as measured by Bederson et al. (reference 7) 
and Fite et al. (reference 8); kag=1 corresponds to an energy of 
13.6 ev. Broken lines show cross sections extrapolated to zero 
energy. 


implying 


Im(f—}g) = (k/4m)o,(E). (26) 


Subtracting half of (16b) from (16a) we obtain finally 
a dispersion relation which is useful for comparison 
with experimental e— H scattering observations, namely 


1 " k'o,(E’) 
. fae —4R. (27) 
: E'-E 


T° 0 


Re(f— 1g) _ (f— $2) Born + 


In Eq. (27) we have explicitly included only the 
residue R=R,, corresponding to the singlet ground 
(j=1) state of H-. Remarks concerning the possible 
existence of other bound states, and the effects on our 
conclusions of neglect of such states, are deferred until 
later. 

IV. APPLICATION 


The primary utility of Eq. (27) is as a consistency 
check on a given experimental measurement of o;; the 
particular fashion in which Eq. (27) is employed 
depends on the kind of information about f and g 
which is available. For instance, taking E large enough 
so that the exchange amplitude g is small, we have 
Ref—fporn 1 p*k'o(EdE’ 171 

=| - f _ R| ——, (28) 
fBorn 4dr? J E’—E 2 Horn 


which gives the error in Born approximation at energy 
E as a function of the total cross section at other 
energies. If theory or measurement gives a reliable 
independent prediction of this error, then Eq. (28) 
provides a test of the accuracy with which o; is known. 
More realistically, it may be possible to use angular 
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distribution measurements as a check on the reliability 
of the often more difficult total cross section measure- 
ments. From the measured elastic scattering angular 
distribution one can compute the “directivity” (AQ), 
defined in terms of the total elastic cross section oe 
and the differential cross section in the forward direction 
by the relation 


doe doe, 
vam fd -|= (AQ). (29) 


dQ a dQ 6—0 


The quantity (AQ) is interpretable as the solid angle 
within which the elastic scattering remains about as 
large as it is in the forward direction, assuming the 
elastic angular distribution is peaked (as usual) in the 
forward direction. Employing Eq. (10) for (do./dQ 
at 6=0, noting that 


t|f—gl?+4lft+el? 
=[Re(f—3g) F+[Im(f—4g) P+3]¢)?, 

and using Eq. (26), 
oe={[Re(f—3g) P+[ho./4e P+ | g|?}(A0), 


wherein all quantities are evaluated at the same energy 
FE. Consequently : 


(30) 


(31) 


(AQ) <Soe{LRe(f—3g) P+[hor/4e PF}. (32) 


Through Eq. (27) the right side of Eq. (32) is known 
in terms of measured cross sections, whose accuracies 
therefore are tested by experimental determination of 
(AQ). For example, if at some energy the elastic angular 
distribution is isotropic meaning (AQ)=4z, the meas- 
ured total cross sections cannot be accurate unless the 
right side of Eq. (32) turns out to exceed 4m. 

Eqs. (28) and (32) have been applied to the analysis 
of two conflicting experiments,”* both intended to 
yield the total cross section for electron scattering 
from atomic hydrogen at energies below 10 ev. The 
results of their measurements are indicated in Fig. 2. 
Our calculations are summarized in Table I, which for 
Bederson’s data (B) and Fite’s (F) lists, as a function 
of incident electron energy FE, the values of: ({—4g)Bor} 
Im(f—}3g), from the total cross sections; Re(f—}g), 
computed from Eq. (27); and (@), computed from the 
right side of Eq. (32) via the definition sin?}(@) 
= (4r)—(AQ). The wave number & is in units of 1/ao 
= (h?/me*)—, f and g are in units of do; fporn equals ao 
at all energies. The definition equates (6) to the half 
angle of a cone subtending the solid angle (AQ). We 
tabulate (@) rather than (AQ) because it is more easily 
approximately estimated from a glance at a given 
angular distribution; if the angular distribution peaks 
in the forward direction, (9) is the polar angle outside 
of which the differential cross section should be small. 

7B. Bedersen, J. M. Hammer, and H. Malamud, New York 
University College of Engineering Research Division Technical 
Report No. 2, Electron Scattering Project, 1958 (unpublished). 

®R. Brackmann, W. Fite, and R. Neynaber, Phys. Rev. 112, 
1157 (1958). 
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TABLE I. Scattering amplitudes and maximum widths in the angular distribution for various values of incoming electron momentum 
hk. Subscripts B and F refer to use of experimental cross sections due to Bederson and Fite (Fig. 2) below 13 ev. Cross sections used 


above 13 ev are indicated in Fig. 3 by the solid line. 
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Equation (28) is useful only at energies E where 
feorn is expected to be a good approximation, at which 
energies a deviation of (f—fporn)/fsom from unity would 
be meaningful. Table I shows that at energies above 
50 volts there is no significant difference between 
Re(f—3g)s and Re(f—3g)r; both these amplitudes 
rapidly approach the Born value of unity as the energv 
is increased. Since the differences between the measured 
or and op are very large, it appears that Eq. (28) is 
not useful for evaluating low-energy data, although it 
may be able to check measurements at higher energies. 
The computed values of (6) do have some interesting 
features. In particular (AQ)g becomes very large 
(>4n) at an energy near 13.6 ev, and then rapidly 
decreases to a value corresponding to (6)p=26° at 
E=30 ev; on the other hand (6)p decreases smoothly 
as the energy increases. Now Eq. (32) is an inequality 
instead of an equality only because }| g|* was neglected, 
and |g|pom? is quite negligible at k=1 (as can be 
inferred from (f—3g)porn in Table I). We infer: if 
experiment F is correct the elastic scattering angular 
distribution should change smoothly with energy; if 
experiment B is correct the angular distribution must 
be very broad and may even peak sideways in a narrow 
range of energies near 13.6 ev. 

It is important to note that these distinctly different 
predicted features of the angular distributions con- 
sistent with experiments F and B are not altered by 
small changes in or and og. Instead very severe changes 
are required; so angular distribution measurements 
really can confirm or contradict the qualitative correct- 
ness, within reasonable experimental error, or experi- 
ments F or B. As can be seen from Table I and Eq. 
(32), the larger (AQ)p in the range k=0.5 to 1.0, and 
especially the feature that the angular distribution is 
a rapid function of energy in a narrow energy band, 
occur mainly because in the range 0.5<k<1.0 
Re(f—3g)s changes sign and is smaller in absolute 
magnitude than Re(f—4g)r. In turn these negative 
values of Re(f—3g)s occur because og has a so much 
larger negative slope than og in 0.5<k<1.0; without 
drastic reduction in the magnitude of the slope, these 
negative Re(f—3g)z cannot be eliminated. For instance, 
‘if Bederson’s curve in Fig. 2 is retained for k>0.62, 
but is reduced to the constant value o=50ra,’ for 
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O0<k<0.62, then at k=0.8 Re(f—}g)p in Table I is 
increased only to —0.5. We also observe that (6)r are 
rather smaller than one might expect in the energy 
range 7-13 ev, although sharp low-energy forward 
peaking, supposedly resulting from polarization of the 
atom by the incident electron, has been observed in 
electron scattering from He and other atoms.’ These 
small (9)p would be increased by increasing oF, as 
comparison of (@)r and (@)p shows. In this connection 
it is of interest that experiment F measured the 
scattering into a cone of resticted angle centered at 
polar angle 6=90°. The total cross section inferred 
from this experiment depends therefore on assumptions 
concerning the angular distribution, as Fite et al.® 
themselves point out; the distributions they assume 
are considerably broader than those deduced here. If 
they had assumed somewhat sharper angular distribu- 
tions they would have inferred larger total cross 
sections than they did, though certainly not as large 
as Bedersen’s. 

In computing Table I certain approximations have 
been made, whose effects must be discussed. These 
approximations are: (i) extrapolation of the measured 
cross sections to zero energy and to higher energies, 
so as to make. possible computation of the integral; 
(ii) the use of approximate H- wave functions in 
computing the residue; (iii) the neglect of all H- 
bound states other than the ground state. The low- 
energy end point 807a,? employed to compute Table I 
was chosen because it seemed consistent with the low- 
energy trends of the measurements and with theoretical 
estimates of this end point.’ Changing this end poirit 
from 807a,° to 607a,? changes the tabulated values of 
Table I by at most a few percent.” The total cross 
sections o; above ten volts were extrapolated so as to 
join smoothly with Born approximation calculations™ 


*H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1956), Chap. III. 
1S. Borowitz and H. Greenberg, Phys. Rev. 108, 716 (1957). 

1M. J. Seaton, Proc. Roy. Soc. (London) A241, 522 (1957). 

2 Note added in proof. L. Rosenberg, L. Spruch, and T. F. 
O’Malley, Phys. Rev. 118, 184 (1960), obtained an upper bound 
on the end point even lower than 607a,*, but using this lower 
value of the zero energy o would not modify our conclusions in 
any significant way. The dispersion integral at intermediate 
energies is quite insensitive to the values of o near zero energy. 

8 Reference 9, p. 178. 
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TaBLE II. Effect on the dispersion integral 7, and the maximum angular width (@) of changing extrapolated cross sections above 


13 ev. Subscripts B and F refer to the use of cross sections below 13 ev due to Bederson and Fite. Subscripts o1, ¢, ¢ 


e reler to cross 


sections above 13 ev in Fig. 3. For comparison, the residue 4R is also shown. 


k 0.1 
E 


‘ 
‘ 
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/ a2) 
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6 B spread 
6) spread 


of the elastic, excitation, and ionization cross sections; 
the extrapolations employed are shown in Fig. 3 
(solid line). Figure 3 also shows two reasonable alter- 
native extrapolations (dashed lines), based on the 
assumption that Born approximation is accurate above 
500 volts. Table II lists: the dispersion integral, 
namely the second tern. on the right side of Eq. (27), 
computed for gy and og using the intermediate solid 
line extrapolation of Fig. 3; the changes (the same for 
F and B) in the integral produced by using the upper 
(1) or lower (2) extrapolations; }R (the same for F 
and. B); and the spread in the computed (@) which, 
for F and B, result from using extrapolated cross 
sections in the range between curves 1 and 2 of Fig. 3. 
The quantities }R and the integral are in units of ao. 
Comparing Tables I and II, it appears that reasonable 
alternative extrapolations of the measured 
sections would not qualitatively modify the discussion 
of the previous paragraph. Table II suggests that 
once the total cross section at low energies is known 
accurately, the measured angular distributions at low 
energies can indicate whether the total cross sections 
at higher energies lie above or below the Born approxi- 
mation. Sharper 


cross 


would be 
consistent with larger high energy cross sections when 


angular distributions 


Spee 





Fic. 3. Extrapolated cross sections for energies above 13 ev. 
The solid line indicates values used to compute Table I. The 
broken lines indicate alternate extrapolations. The effect of these 
changes is indicated in Table II. These values represent total 
(elastic and inelastic) cross sections for e’ectrons on hydrogen. 


(as is usually the case in Table I) Re(f—}g) is com- 
puted to be positive. 

The residue R was calculated analytically using H~ 
wave functions of the type discussed by Geltman." 
The residue could be changed as much as 20% by 
drastic alteration of the H~ wave function, e.g., by 
using an unsymmetrized product wave function of 
the form 


W (71,72) = €71/20E—@"2, (33) 


where a is defined by Eq. (19) for the ground state. 
Except at the very lowest energies, and except where 
Re(f— 3g) is close to zero, as in case B near k=0.9, 
this change in R makes only a few percent change in 
the values of Table I; near k=0.9 this change in R 
slightly shifts the energy where (AQ)p becomes larger 
than 42, but does not otherwise qualitatively modify 
the energy dependence of 4p and 6. 

The question of the existence of other bound states 
of H~ isa knotty one. There is no experimental evidence 
for such states, but if additional positive electron 
affinity bound states (E,<0) occur, they make the 
computed Re(f—3g) in Table I more negative. This 
is sO because every R,; is positive, Eq. (21), and 
because Eqs. (17) and (22) imply that singlet bound 
states 7 add 3R., to the 3R in Eq. (27), while triplet 
bound states add $R,;. It follows that such additional 
bound states would not alter the qualitative feature 
that (AQ)p becomes very large and then small at same 
energy <13.6 ev, but would tend to increase 6p, i.e., 
would make Fite’s consistent with 
broader angular distributions than indicated in Table I. 
Any large effect would require a large number of 
bound states. 

There remains the possibility that there exist bound 
states of H- with negative electron affinity (£;>0), 
which for some reason do not autoionize,’® as in the 
well-known He~ ‘P; state'®; if the states autoionize 
they are not bound, do not correspond to real energies 
E;, and therefore cannot have poles in the complex 
energy plane defined by the aforementioned assump- 
tions (i) to (iv), wherein the Green’s function is 


cross sections 


4S. Geltman, Phys. Rev. 104, 346 (1956) 
16 E. Holgien, J. Chem. Phys. 29, 676 (1958). 
16 FE. Holgien, Proc. Phys. Soc. (London) 71, 357 
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presumed to be the inverse of a Hermitian (real 
eigenvalues) operator. Nonautoionizing states with 
E;>0 have poles on the branch cut and could modify 
the conclusions which have been drawn, since for such 
states the sign of E—E; appearing in Eq. (21) need 
not be positive. It can be proved however that for 
such states the integrals appearing in Eq. (20) neces- 
sarily vanish [note a; is now imaginary, equals ik;, 
where k; is defined in terms of £; by Eq. (14) ]. Con- 
sequently such nonautoionizing states cannot contribute 
to the dispersion relations. 


V. CONCLUSIONS 


In the light of the foregoing discussion the following 
assertions seem justified. If experiment F is taken to 
be correct the angular distribution should change 
smoothly with energy, and must be considerably 
peaked at low energies. If experiment B is correct, the 
angular distribution must change rapidly from a very 
broad or even sideways peaked shape to a highly 
forward peaked distribution, in a narrow range of 
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energies near 13.6 ev. Dispersion relations are not 
able to rule out either experiment B or F, but do 
suggest the experiment which will distinguish between 
them, namely: angular distribution measurements at 
low energies. A closer distinction would be possible if 
there were more accurate measurements of the total 
cross sections at high energies, which would obviate 
the need for extrapolations and increase the reliability 
of the computed dispersion integral. Direct information 
on combinations of f and g other than f—}g, e.g., 
direct measurement of |g|? by polarized atomic beam 
techniques,'’ also would be helpful. 
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The cross section for the formation of He** 


by electron impact has been measured relative to that of 


He* for electron energies between 100 ev and 2400 ev. A relative minimum in the measured ratio of the 


yields of He* to He** 


at an energy of about 600 ev is believed to be real. For incident energies above 1400 


ev the results are consistent with a constant value of 145 for this ratio. 


INTRODUCTION 


HE cross section for ionization of helium by 

electron impact has been measured by Smith! for 
electron energies between the appearance potential and 
about 4000 ev. Since the quantity actually measured 
by Smith is the ratio of positive-ion current produced 
in the helium gas to the current of the penetrating 
electrons, it is necessary to know the fraction of the 
positive current associated with each type of ion, He* 
and He**, in order to deduce the cross sections Q; and 
Q:; for single and double ionization, respectively. 
Apparently the only measurement of this ratio is that 
reported in 1936 by Bleakney and Smith.? These latter 
authors measured the relative yield of doubly-charged 
helium ions for a range of incident electron energies 


* Work performed under the auspices of the U. S. Atomic 
Enetgy Commission. 

1p, T. Smith, Phys. Rev. 36, 1292 (1930). Experimental 
points determined by W. Hanle and D. Riede, Z. Physik 133, 
537 (1952) are included in Fig. 1. 

2 W. Bleakney and L. Smith, Phys. Rev. 49, 402 (1936). 


from 100 ev to 500 ev. In order to relate these measure- 
ments to an absolute cross section, they measured the 
ratio of the yields of He* to He** at an energy of 300 ev. 

The only theoretical calculation pertaining to the 
process of double ionization in helium seems to be 
Ninti’s*® estimate of an upper limit for the sum of 
oscillator strengths for simultanecus excitation or 
ionization involving both electrons. As pointed out by 
Miller,* a value of the oscillator strength for double 
excitation of the order of magnitude of Ninti’s estimate 
would indicate that double excitations play a consider- 
able role in many processes, particularly those that 
depend sensitively on the energy transfer between 
initial and final states. 

In this paper are described the results of measure- 
ments of the ratio of yields of He+ and Het* for electron 
energies between 100 ev and 2400 ev. One problem 
considered for these measurements at higher energies 

3J. P. Ninti, Phys. Rev. 42, 632 (1932). 

* William F. Miller, Ph.D. thesis, Purdue University, January, 
1956 (unpublished). 
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Fic. 1. The cross section for formation of the singly-charged 
helium ion (Q;) or the doubly-charged ion (Qj;) multiplied by 
the kinetic energy (7) of the bombarding electron. Abscissa is 
the kinetic energy (7) of the bombarding electrons. Points 
marked XX for Qi; were calculated from the present work by 
using the curve for Q; as known. The other points are experimental 
values published in the references. 


is the determination of the squared modulus of the 
matrix element of the dipole moment for the transition 
from the ground state to states of the doubly-ionized 
continuum. The results seem to indicate that Ninti’s 
estimate of the oscillator strength for double ionization 
is of the correct order of magnitude. 

The results of the investigations of Smith! and 
Bleakney and Smith* have been synthesized by Miller 
and are shown in Fig. 1, together with some of the 


results of the present investigation. The cross section 
for double ionization was obtained by dividing Smith’s 
results by the measured ratio of the yield of Het to 
that of Het*. 


EXPERIMENTAL 


The energy-selecting mass spectrometer,’ shown in 
Fig. 2, was used to measure the yields of the two ionic 
species of helium. The energy-selecting feature was 
effectively eliminated by sweeping over the entire peak 
and thus integrating the ion intensity for all energies. 
The arrangement of the electron source and focusing- 
slit plates is shown in Fig. 3. For the higher bombarding 
energies, the focusing was sufficiently sharp that more 
than 95% of the electrons passed through the ion box 
and were caught in the trap. The resulting trap current 
was maintained at a constant value for any given 
measurement of the yield ratio. Electron currents from 
0.1 to 20 wa were used; however, for most of the work, 
an electron current of 2.0 wa was used. 

As shown in Fig. 2 the ion beam was extracted from 
the ion box at right angles to the incident electron 
beam, focused through the energy analyzer, and then 
analyzed for mass. The total ion current was monitored 
after issuing from the energy analyzer, as was the final 
current after passage through the mass analyzer. The 


5 The details of this spectrometer are described in H. E. Stanton, 
J. Appl. Phys. (to be published). 
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detection of the final ion current employed pulse- 
counting techniques. The individual ions entering the 
multiplier produced greatly amplified pulses from the 
output of the multiplier. These pulses were subsequently 
amplified and the counting rate determined by con- 
ventional means. By this method, mass and energy 
discriminations arising from variation in the numbers 
of secondary electrons produced on the dynodes were 
eliminated. 

Since the focus of the electrons through the ion box 
determines the shape of the incident beam, the pro- 
cedure was to disturb these focusing adjustments as 
little as possible in changing the mass-to-charge ratio 
from m/e=2* to m/e=4*. The change in the selected 
mass-to-charge ratio was accomplished by adjusting 
the magnetic field and this necessitated a slight read- 
justment of the focusing in order to compensate for the 
perturbations due to the stray magnetic field. 

The energy of the incident electron beam was varied 
from 100 ev to 2400 ev in steps of roughly 100 ev. 
Each measurement of the ion yield consisted of a 
sweep across the peak of ion energy for both increasing 
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Fic. 2. Mass spectrometer used in the experimental measure- 
ments shown in perspective. Ions formed in the gas chamber 
pass through a pair of cylindrical electrodes, where energy 
analysis takes place, and then through the magnetic field where 
mass separation takes place. Detection is at the top of the figure 
and was accomplished by a multiplier. The total length of path 
traveled by the ions was approximately 6 ft. 
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and decreasing energy and, in addition, an evaluation 
of the relevant backgrounds. Since the total number of 
ions registered in an energy sweep did not repeat very 
well from day to day, attempts to evaluate the cross 
sections directly from the integrated yields, the electron 
current, and the source pressure were not successful. 
The ratio of the yields of Het and He*+* was consider- 
ably more stable over long periods of time and, since 
the cross section for the yield of He* is known over 
this energy interval, attention was concentrated on the 
measurement of this ratio. 

Throughout the investigation the ion intensity for 
the peak at m/e=2+ was uncomfortably low. This 
counting rate had to be maintained at a low level in 
order to prevent saturation of the counting equipment 
by the Het ion. Attempts were made to compensate 
for this by increasing the electron current for the 
measurements involving the Het* ion and, at the same 
time, increasing the pressure of the helium gas in the 
source. However, because of nonlinearities in the 
spectrometer this procedure did not give as reliable 
data as were obtained when the source conditions were 
maintained as nearly constant as possible for the two 
ionic species. 

The results are shown in Fig. 4. Some of the earlier 
runs had Ne» added to the helium gas in order to increase 
the intermediate beam current. This practice was 
abandoned because it was feared that the helium ions 
would recover electrons from the nitrogen molecule 
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Fic. 3. The ion source used. This comprised an assembly of 
slits, C, to accurately focus the electron beam on the trap after 
passing through the gas chamber. The helium ions were withdrawn 
at right angles through the slit G, and focused on the source slit 
S (0.004 in.X; in.) by the slit system E. The electrons were 
supplied by a filament B parallel to the slits in the assembly C. 
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Fic. 4. The experimental values of the ratio of yields of the 
two ionic species of helium under electron impact as a function 
of the electron energy. The points were obtained by changing 
electron energies in increments of from 100 ev to 200 ev, between 
successive single determinations throughout the range of study, 
not by determining the ratio several times at a given setting of the 
electron energy. 


and thus introduce a systematic error in the measured 
yield ratio. Within the inherent scatter of the experi- 
mental points this seems not to be the case and these 
data were included in Fig. 4. 


DISCUSSION OF RESULTS 


The magnitude of the scatter in the obsérved values 
of the ratio of the He* yield to He*+* yield is consider- 
ably larger than would be expected from the usual 
counting statistics. Therefore, it is necessary to deter- 
mine, as well as possible, the nature of the uncertainties 
inherent in the data. Any averaging procedure is 
justified only if a reasonable approximation to the 
distribution of these “errors” can be determined. 

Since successive energy-selecting runs for a given 
mass-to-charge ratio consistently repeated to within 
less than 10%, it was assumed that the major source of 
error occurred in shifting from one mass to the other. 
This involved changing the mass-analyzing magnetic 
field, readjusting (trimming) the ion-accelerating volt- 
age to maximize the ion intensity, and slightly read- 
justing the focusing of the electron beam. The most 
sensitive of these readjustments is the trimming of the 
ion-accelerating voltage. The ion intensity as a function 
of accelerating voltage is shown in Fig. 5. The peaks 
for both Het and He** are reasonably flat in the 
neighborhood of their maxima so that the high voltage 
could be set within certain tolerances and still give 
accurate results. Unfortunately, however, sweeping the- 
voltage of the energy selector, in effect integrating over 
the energy spectrum of the ion of interest, is equivalent 
to sweeping over a region of the intensity peak in Fig. 
5. Thus a slight misadjustment or shift in the high 
voltage would reduce the integrated ion current below 
its proper value. 

The results plotted in Fig. 5 show that the ionic 
yield Y as a function of x, the deviation of the acceler- 
ating voltage from its proper setting, is given to a 
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Fic. 5. The actual shapes of the peaks for He* and He** as 
recorded as a function of the main accelerating voltage. The right 
tracing for H:* and He** was made with greatly increased 
detector sensitivity and cannot be compared directly in intensity 
with the peak for He*. The H,* peak arose from background 
gases. The width at half maximum of each peak is from 15 to 
20 v. The average total accelerating potential used was 8 kv for 
both ions. 


good approximation by an expression of the form 
(1—22/a?) + Vnx?/a?, |x] <a 
>a (1) 


Y‘) (x)= Vy" 
=(), x 


for both Het (j=1) and Het* (j=2). Here Vy and 
Y,, denote the maximum and minimum values of the 
ionic yield, respectively. In evaluating the ratio of these 
yields, the experimental procedure was equivalent to 
the random selection of a value of x that determined 
the yield of one ionic species and an independent 
selection of a value of x, again at random, that deter- 
mined the yield of the second ionic species. Thus the 
distribution function of x is given as 


f(x)dx=dx/2a, |x| <a. 
= x|>d. (2) 


In the following it is convenient to discuss the ratio of 
the yield of He** to that of Het, ie., R= V/V 
The quantity Prl/R<r], the probability that an ob- 
served value of this ratio does not exceed a preassigned 
value r, is given by the distribution function 


F(r) ffe dy’ F(y)F® (y’), 


where S is the set of points, in the yy’ plane, satisfying 
the inequalities Y,,°° Cy ¥u™, Yn® Cy’ Vy, and 
y’ Sry and 


FO (y)=3(V¥u—YVn™) Vy? —y)-4, g=1,2. (4) 


When Eq. (1) is fitted to the intensity distributions 
shown in Fig. 5, the values of the constants to be used 
in evaluating Eq. (3) are found to be 


vu Y yw? =0.9, va) VY yw =0.6. 
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The only variable which remains unspecified in Eq. 
(3) is conveniently taken to be Vy®/Vy,, the 
“true” value of the ratio R. 

A histogram of the distribution of the experimentally 
observed ratios for electron energies above 1400 ev is 
shown in Fig. 6. If it is assumed that the true value of 
R is essentially constant for bombarding energies above 
1400 ev, this histogram is just the experimentally 
observed distribution function §(r). The smooth curve 
in Fig. 6 was obtained from Eq. (3) for a “‘true’’ value 
Y w/Y¥ uw =0.0069. The good agreement between the 
experimental distribution and the calculated one indi- 
cates that the spectrometer variations described by 
Eq. (3) could account for the scatter observed in the 
data. In these calculations the errors resulting from 
the refocusing of the electron beam were not taken into 
account explicitly. However, if these are of small 
importance in comparison with the uncertainties in the 
high-voltage adjustment, as we believe they are, then 
these added sources of error are adequately included 
by a small adjustment in the range of the distribution 
given by Eq. (3), i.e., by the choice of values given by 
Eq. (5). 

If the distribution function shown in Fig. 6 is assumed 
to be an adequate approximation for the distribution 
of the major sources of error in these measurements and 
if the same distribution can be extrapolated to the 
entire range of bombarding energies, then the most 
probable values of the ratio Vx°/Ya,® are those on 
the smooth curve shown in Fig. 4. The relative mini- 
mum in this curve in the vicinity of 500 ev appears to 
be real and independent of any assumptions concerning 
error distributions. Most series of measurements were 
made by starting with low electron energies and 
proceeding to successively higher ones, or vice versa. 
All of the runs that covered a sufficiently large energy 
range reproduced this minimum. It is difficult to 
attribute this behavior to anything associated with the 
spectrometer. All of the various electrode voltages were 
left practically untouched throughout this investigation 
and the adjustment of the ion-accelerating voltage, 
although possibly producing a large scatter, would not 
be expected to give a consistently reproducible mini- 
mum at a given energy. 

If the values Yy/Y yy“ shown in Fig. 4 are divided 
into the cross section for the yield of He* as determined 
from the measurements of Smith, the cross section Q;; 
for the yield of He** is obtained. The curve of Q,; as 
a function of bombarding energy has been included in 
Fig. 1 and agrees reasonably well with the double- 
ionization results reported by Bleakney and Smith 
over the energy interval common to both measure- 
ments. However, the cross section obtained from the 
present work seems to be about 10-15% higher than 
that observed by Bleakney and Smith. It should be 
mentioned that the relative standard deviation in the 
ratio Yy/Yy™ predicted by the distribution defined 
by Eq. (3) is about 10%. 
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Fic. 6. The histogram 
derived from data shown in 
Fig. 4. The smooth curve 
is a plot of Eq. (3) with 
the values given in Eq. (5) 
which were obtained from 
the shape of the peaks, 
shown in Fig. 5. 
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The broad “resonance”’ in the cross section for the 
production of He** in the vicinity of 500 ev is, of 
course, a result of the extremum in the measured ratio 
at these energies. It is tempting to attribute this 
extremum to structure of the cross section for the yield 
of He*+; however, it is very difficult to justify this 
interpretation in the light of Smith’s measurements. 
The remaining alternative is the possibility of a band 
of final doubly ionized states which produce a ‘‘reso- 
nance”’ effect in the interaction matrix. 

The Born approximation to the cross section for the 
yield of He* is known‘ to reproduce the measured 
values quite accurately for electron energies above 
1000 ev. Since the cross section for the production of 
He** shows every indication of having reached its 
asymptotic form at an energy of 1400 ev, we have 
attempted to fit the values of R observed for energies 
above 1400 ev to the ratio predicted by the Born 
approximation,® namely, 


Vuy®/¥ a = (M,? In4T+C;:)/Qi(T), (6) 


where M;? is the squared modulus of the matrix 
element of the dipole moment between the groundand 
doubly-ionized states of helium, C,; is a constant 
depending on properties of the final states of the 
system, and Q,(7) is the measured cross section for the 

® Atomic units are used throughout the remainder of this 


discussion, i.e., energies are given in units of the rydberg and 
distances in units of the radius of the first Bohr orbit in hydrogen. 
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yield of He*+ at a bombarding energy 7. If we let 


d$/dr= f(r| Y¥u/Y¥u™), 


where §& is defined by Eqs. (3) and (5) and the ratio 
Y/Y is given by Eq. (6), the likelihood function 
for the observed values ra of this ratio for T> 1400 ev 
is defined as 


£(M;2,C::)= TT] f(re| Mi2,Cis), (7) 


where the product is over all observations a. Since the 
distribution function is specified by a formally different 
expression for different intervals in 7, it is not a simple 
matter to carry out the formal manipulations which 
are required in order to obtain the maximum-likelihood 
estimates for M;? and C;;. On the other hand, the same 
information may be obtained by evaluating Eq. (7) 
for a range of values of M;? and C;,;. In this manner 
we find that £(M;7,C;;) has a maximum for M ;?2=0.003 
and C;;= 0.002. However, this maximum is quite broad 
for values of M;? and C,; which satisfy the linear 
relation 


M ;2=0.313 X 10-°—0.164C j;, (8a) 


where for the values 
|C i: +0.002| =0.006, 


the function £ is reduced to 50% of its maximum value. 

As mentioned previously, the only theoretical calcu- 
lation pertaining to the process of double ionization in 
helium is Ninti’s estimate of 0.007 as an upper limit 
for the matrix element M;,?. More specifically, Ninti’s 
estimate is for the process of double excitation so that, 
taken literally, our upper limit of M;,?7=0.004 would 
imply that a relatively large fraction of double exci- 
tations do not result in double ionization. 
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Photoneutron Reactions: C’, N“, O'*, and F'® near Threshold* 


K. N. GELLER, J. HALPERN, AND E. G. MurrHeapt 
Physics Department, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received February 25, 1960) 


Photoneutron reactions in carbon, nitrogen, oxygen, and fluorine have been studied in the region of 
threshold using improved effi ciency for the detection of the residual activity. The betatron energy calibration 
used is based on thresholds of deuterium, bismuth, copper, and for scattering from the 15.12-Mev level in 
carbon. Results show that the thresholds for nitrogen and fluorine correspond well with the expected values 
for the respective neutron separation energies. For oxygen, the position of threshold is also in good agreement. 
Assuming a linear extrapolation of the betatron calibration above 15 Mev, it is found that the carbon 
threshold is 52 kev above the accepted value of the separation energy. The successful correlation between 
the assignment of known resonance energies with the positions of many of the breaks in the yield curves 
corroborates the assumed linearity of the betatron energy scale above 15 Mev. It follows that previous 
betatron calibrations using the carbon threshold must be in error by approximately 100 kev at 18.7 Mev. 


I, INTRODUCTION 


HOTONEUTRON yields in the region of threshold 
have previously been measured for the light 
elements carbon, nitrogen, oxygen, and fluorine using 
bremsstrahlung radiation and radioactivity detection 
methods.'~? The results of these measurements showed 
sharp changes of slope or so-called ‘‘breaks” in the 
measured activation curves especially in the region 
above threshold. These breaks are attributed to narrow 
isolated resonances in the photon absorption cross 
section. Published values for the energy assignments 
of observed fine structure, however, are in disagreement 
with one another and with the energy assignments of 
known levels. These discrepancies are primarily due 
to uncertainties in the betatron energy scales and are 
closely connected with difficulties in the measurement 
of thresholds of light elements. 
Since most betatron energy control systems have 
been calibrated by measuring the photoneutron 
thresholds of reactions, each with a precisely known 
neutron separation energy (NSE), it is necessary to 
be certain that the threshold® observed actually 
corresponds to the NSE. There is reason to believe that 
this requirement has not always been satisfied, particu- 
larly in the case of light nuclides. The basic difficulty in 
using light element NSE values as calibration standards 
arises just from the presence of the discrete resonances 
* This work supported in part by the U. S. Air Research and 
Development and a joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 
ft Permanent address: University of Melbourne, Melbourne, 
Australia. 
1M. Birnbaum, Phys. Rev. 93, 146 (1954); M. D. de Souza 
Santos et al., Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 169. 
? L. Katz et al., Phys. Rev. 95, 464 (1954). 
3J. G. V. Taylor and L. B. Robinson, Can. J. Phys. 32, 238 
(1954). 
4B. M. Spicer and A. S. Penfold, Phys. Rev. 100, 1375 (1955). 
§ A. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 (1955). 
*W. L. Bendel, J. McElhinney, and R. A. Tobin, Phys. Rev. 
111, 1297 (1958). 
7H. King and L. Katz, Can. J. Phys. 37, 1357 (1959). 
8 The term threshold will be confined to its definition as the 
energy at which yield is first detected. 


in the photon absorption cross section. Thus, the 
position of the observed reaction threshold may be 
determined rather by the strengths, widths and relative 
spacings of these resonances in the immediate vicinity 
of the NSE than by the NSE value itself. Thus if a 
resonance energy occurs at an energy significantly 
above the NSE, the initial yield may not be detected 
above the detector background and its onset not 
observed until the resonance energy is reached. In 
this case the observed threshold corresponds to the 
resonance energy rather than to the NSE. In addition 
there exists the need for periodic revision of the adopted 
NSE values in the light of more recent experimental 
data. 

Most betatron energy calibrations to date have 
relied heavily on the C"(y,z)C" threshold to determine 
the scale in the region of 18.7 Mev. It has generally 
been assumed that the threshold actually corresponded 
to the NSE in this case. Similar considerations apply 
to the use of nitrogen, oxygen, and fluorine thresholds 
which have also been used for calibration purposes. It 
seemed desirable therefore to investigate ’ these 
thresholds using a betatron energy scale which did not 
include as calibration points any light element 
thresholds other than deuterium. The establishment 
of a satisfactory calibration has been discussed fully 
in an earlier paper.’ It is based on the standard NSE 
values: D at 2.226+0.001 Mev, Bi® at 7.43+0.05 
Mev, Cu® at 10.826+0.018 Mev, and the threshold for 
detecting gamma rays elastically scattered from the 
15.116+-0.006-Mev state in C®. The good agreement 
between the NSE values reported in I with the predic- 
tions from mass data and reaction energies gives 
support for the linearity of this betatron scale from 2 
to 15 Mev. No satisfactory threshold calibration point 
has been used above 15 Mev; therefore, a linear 
extrapolation of the calibration beyond 15 Mev has 
been assumed. Evidence from fine structure in the 
vicinity of threshold for O'*(y,2)O" and C®(y,n)C" 


9K. N. Geller, J. Halpern, and S. G. Muirhead, Phys. Rev. 118, 
1302 (1960). This paper will be referred to as paper I. 
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and its agreement with known level schemes supports 
the linear extrapolation to more than 20 Mev. Details 
of this fine structure will be presented in Sec. III. 


Il. EXPERIMENTAL PROCEDURE 
Irradiation and Detection 


Neutron yields as a function of peak bremsstrahlung 
energy were inferred from induced residual radioactivity 
measurements. The samples in the form of solid 
cylinders, were irradiated at a distance of 25 cm from 
the betatron target for a fixed x-ray dose as monitored 
by a thin a.uminum-walled ionization chamber and 
electronic integrator circuit. The decay time of the 
integrator was set equal to the residual half-life so that 
the measured yields per unit monitor response were 
independent of fluctuations in beam intensity. Counting 
of the radioactive sample began after a fixed delay 
following irradiation. Except for carbon, the activity 
was measured using the NaI(T]) annihilation radiation 
detector described in paper I. Counting stability was 
checked periodically with a Na” source in the standard 
counting position between the crystals. Stability was 
generally within counting statistics of 0.3% and was 
well within the required limits for threshold yield 
measurements. The detection efficiency as measured 
with this source was 38%. The basic limitation to the 


sensitivity for detection was set by the NaI(TI) back- 
ground which amounted to 325 counts/min. In the case 
of carbon, a significant improvement in sensitivity 
over the above method was obtained using plastic 
scintillators” as targets. 


Targets 


Relatively thick samples were used in each case. 
Nitrogen samples were compressed cylinders of cyano- 
guanidine 2-in. diam by 1} in. long, moulded under a 
pressure of about 10 ton per square inch. Oxygen 
samples were prepared in the same manner using boric 
acid. Teflon cylinders 1}-in. diam by 2} in. long were 
used in the fluorine activations. For carbon, plastic 
scintillators," 1-in. diam by 2 in. long were used. After 
irradiation the plastic cylinder was optically coupled to 
the cathode of a 6292 photomultiplier and maintained 
in a standard counting geometry. Counting stability 
was checked for each scintillator prior to irradiation by 
means of a radium source brought to a standard 
position. After two or three betatron irradiations, 
(about 3X 10*r) each scintillator became discolored and 
its efficiency was reduced by about 20%. A sufficient 
number of samples was available so that only two 
exposures per sample were required. 


10 [,, Cohen and J. McElhinney, Rev. Sci. Instr. 27, 773 (1956). 
1 Obtained from Nuclear Enterprise, Ltd., Winnipeg, Canada. 
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Assignment of Threshold Energies 


The yield curves were measured in 10-25 kev steps 
in the vicinity of each threshold. The details of (i) the 
method of extrapolation of the yield curve into the 
background, (ii) the assignment of threshold energy 
and its error, (iii) corrections for long- and short-term 
stability of the energy calibration using the slope of the 
O'*(y,n)O" reaction at 17.35 Mev have been given in 
paper I. The quoted error for each threshold includes un- 
certainties in the extrapolation, energy shift corrections 
and energy calibration. 


Ill. RESULTS 
Carbon 


Plastic scintillators were irradiated for 1000 seconds 
and the induced activity was recorded for 1000 seconds 
after a 1000-second delay following irradiation. This 
long delay was required to suppress activities due to 
traces of oxygen and nitrogen in the scintillating 
material which showed up in half-life measurements 
taken below the carbon threshold. The activation 
curve after background subtraction is shown in Fig. 1. 
The threshold Er, is observed at 18.79+0.03 Mev on 
our scale. Correcting for center-of-mass motion gives 
18.77+0.03 Mev for the measured threshold. This is 
to be compared with the currently adopted NSE of 
18.721+-0.006 Mev.” 

Assuming this NSE and our threshold energy 
assignment are each correct, it follows that with the 
present detection sensitivity Er, probably corresponds 
to a previously unreported weak resonance in the 
photon absorption cross section at 18.79 Mev. The 
activation curve above threshold can best be fitted 
with straight sections, with comparatively sharp 
changes in slope occurring at 18.86 Mev and 19.00 Mev. 
The break at 18.86 Mev is in good agreement with the 
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Fic. 1. Activation curve for the reaction C(y,n)C™. 
2 Everling, Konig, Mattauch, and Wapstra, Nuclear Phys. 
(to be published). 





HALPERN, 


Toe See Soe eee eee ee eee eee ee 


Ss 


Relotive Activity 
i=] 


a 


Erm 
10.53 Mev 














A , 


y + A 
&Y Quadratic 
Extrapolation 


11.07 Mev 





Relotive Activit 


atl | 
] i 
oe we | | 


Eves (Mev) 





(b) 


Fic. 2. Activation curve for the reaction N“(y,n)N™. 
position of a known level in carbon at 18.85 Mev," but 
the narrow width suggested by the sharp break in the 
yield curve is inconsistent with the reported width of 
90 kev. 

Other studies of the C"(y,2)C" reaction using plastic 
scintillators have been made by Cohen and Mc- 
Elhinney” and more recently by Katz." However in the 
work of these experimenters the observed threshold 
was assumed to correspond to the NSE of 18.736 Mev, 
this point in fact being used for calibration purposes. 
The energy separation between threshold and the first 
break is given as 0.16 Mev by Katz, and a lower limit 
for this difference of 0.14 Mev is set by the data of 
Cohen and McElhinney. These results are inconsistent 
with the present measurements which give 72 kev for 
this difference. Their energy difference is however 
consistent with that our first and 
breaks and it is therefore possible to resolve this 
discrepancy by assuming that authors have 
extrapolated the slope at 18.9 Mev linearly into the 
background leading to an apparent threshold Ey,’ at 
18.84 Mev (Fig. 1). It is considered possible that the 
initial slope in Fig. 1 could easily be missed where the 


between second 


these 


8 F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 


“ L. Katz, Can. J. Phys. 37, 1455 (1959). 
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points are taken much more than 10 kev apart. The 
energy scales of these authors are therefore believed 
to be in error by +100 kev at this point. Thus the 
break reported by Katz" at 18.9 Mev corresponds to 
that at 19.00 Mev in the present work. 


Nitrogen 


The nitrogen samples were irradiated for 10 minutes 
and the activity recorded for 10 minutes following 
a 40-second delay. The activation curve from 10.5 to 
11.2 Mev is presented in Fig. 2. The threshold energy 
is found to be 10.530.04 Mev in the center-of-mass 
system. This result is consistent with the NSE value 
of 10.553+0.005 Mev evaluated from the mass data 
tabulations of Everling et al." It is to be noted that 
there is a level known at 10.57 Mev observed in the 
C"(d,p)C® reaction." 

The yield curve is apparently smooth over an energy 
interval for 500 kev above the threshold and can be 
fitted quite well by a quadratic energy dependence as 
illustrated in Fig. 2. Deviation from a quadratic fit 
occurring at 11.07 Mev may be attributed to a resonance 
in the nitrogen photon absorption cross section. This 
result is in good agreement with the N"™ level listed at 
11.07 Mev." 

Oxygen 


The oxygen samples were irradiated for 5 minutes 
and the activity counted for 5 minutes after a 30-second 
delay. Each yield point was measured at least three 
times and the values their statistical 
uncertainties are plotted as a function of energy in 
Fig. 3. 

The shape of the activation curve at threshold is not 
well defined due to poor statistics. Nevertheless, if we 
assume the residual background component to be flat 
below 15.60 Mev, there is a definite increase in net 
yield at 15.65 Mev. This gives the threshold energy for 
the reaction in the center-of-mass system as 15.64++0.04 
Mev. This value is in better agreement with the NSE 
value of 15.647+0.007 Mev given by Bendel et al.,® 
although not inconsistent with the value of 15.669 
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Fic. 3. Activation curve for the reaction O'*(y,n)O". 





PHOTONEUTRON REACTIONS: 


TABLE I. Comparison of results for O'*(y,2)O"* with those of previous experiments. 


Threshold (Mev) 


Reference 


Apparent threshold 
Ern’ in Fig. 3 (Mev) 


C'2, N14, O'8, AND F?? 


Upper break* 
(Mev) 


Lower break 
(Mev) 








Bendel et al.® 
King and Katz? 

Penfold and Garwin!® 
Present work 

Reaction energies and NSE 


15.69 +0.06 


15.65 +0.04 
15.655+0.007° 


16.18+0.02 
16.14+0.04 
16.19+0.04 
16.22+0.02 
16.214 


15.74+0.05 


15.77+0.05 
15.81+0.04 


* The upper break, claimed to be a close-spaced doublet by the authors of references 7 and 16, is found by us to be a single level about 100 kev wide. 


» Assumes flat background below threshold. 
© See reference 6. 
4 See reference 15. 


+0.006 Mev 
tabulations.” 

Figure 3 shows that the activity data above 15.83 
Mev can be fitted either with a smooth curve or by 
straight sections which in either case suggests changes 
in curvature at 15.86 and 15.99 Mev. Cross section 
analysis of the smooth curve also indicates the presence 
of weak resonances at about these energies. The 
pronounced increase in activity at 16.22 Mev is at- 
tributed to a strong narrow level in O'*, The energy 
assignment is in good agreement with the 24-kev level at 
16.21 Mev in the N'*(p,7)O" reaction.'5 

Use is made of a strong break at 17.27 Mev in the 
O'*(y,2)O” activation curve to monitor the long-term 
energy stability of the betatron. This energy assignment 
is in good agreement with the 17.25+0.04 Mev value 
reported by Penfold and Garwin'® and with the level in 
O'* observed at 17.29 Mev in the N'°(p,2)O" reaction,'® 
and 17.24 Mev in the N*(p,y)O"* reaction.!” 

The results of these measurements are compared 
with those of other workers in Table I. The apparent 
threshold (Ev,’ in Fig. 3) at 15.81 Mev is obtained as 
in the case of carbon by linearly extrapolating the 
activity above 15.86 Mev into the background. Energy 
assignments based on the assumption that Er,’ corre- 
sponds to the NSE are therefore expected to be in error 
by about 150 kev. The agreement between published 
values for the positions of the strong lower and upper 
breaks is seen to be good. The residual discrepancies 
are undoubtedly connected with uncertainties in the 
respective betatron scales. For example the energy 
assignments made by Bendel et al.6 and King and 
Katz’ were based on a calibration which is likely to be 
in error by 100 kev at the carbon threshold. Assuming 
linear scales, this implies an error of 80 kev in their 
oxygen energy assignments. Applying this correction to 
their published results leads to much better agreement. 
The energy assignments made by Penfold and Garwin'® 
are based on magnetic field measurements and _ in- 
ferences from the data of Penfold and Spicer.® 


calculated from recent mass data 


16K. W. Jones, L. J. Lidofsky, and J. L. Weil, Phys. Rev. 112, 
1252 (1958). 

16 A. S. Penfold and E. L. Garwin, Phys. Rev. 115, 420 (1959). 

17N. W. Tanner, G. C. Thomas, and W. E. Meyerhof, Nuovo 
cimento 14, 257 (1959). 


Fluorine 


Teflon cylinders were irradiated for 40 minutes and 
the activity was counted for 20 minutes after a 1- 
minute delay. The activation curve for fluorine near 
threshold is shown in Fig. 4. The energy assigned to the 
threshold is 10.45+0.03 Mev in the center-of-mass 
system. This is in better agreement with the NSE of 
10.442+0.007 Mev calculated from recent mass data 
tabulations” than with the older value at 10.401+0.011 
Mev.!® 

The large increase in activity observed at 10.53 Mev 
is attributed to the level in F at 10.549 Mev observed 
in the O'8(p,n)F'8 reaction. The level at 10.533 Mev, 
observed in the O'8(p,a)N!® reaction but not in the 
O'8(p,n)F'® reaction will also not be observed in the 
(y,2) reaction. Since the alpha-particle binding energy 
in F' is 3.99 Mev, the energy available for alpha 
emission is large at these excitation energies. Thus the 
(p,a) reaction can excite quite high spin states in F, 
the alpha particle being capable of carrying off large 
angular momentum. Near the neutron threshold, 
however, neutron decay will be strongly inhibited for 
large changes in angular momentum and these high 
spin states will not be observed. 


Relative Activity 
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Fic. 4. Activation curve for the reaction F'(y,n)F", 


16 J. Mattauch, L. Waldmann, R. Bieri, and F. Everling, 
Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, California, 1956), Vol. 6, p. 179. 
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TABLE II. Comparison of observed threshold energies with 
the NSE values 


Observed* 
threshold 
(Mev) 


C2 18.77+0.03 
N* 10.53+0.04 
or 15.64+0.04 


Separation 
energy (NSE) 
(Mev) 


Level energy 
near NSE 
(Mev) 


Photoneutron 
reaction in 


18.721+0.004> 
10.553+0.005» 
15.647+0.007¢ 
15.669+0.006 
10.442+0.007> 


10.574 


Fe 10.45+0.03 10.4794 


* Present work 
> See reference 12 


© See reference 6. 
4 See reference 13. 


The relative separation between threshold and the 
first break is 7522 kev. This is in good agreement with 
the energy separation of 70 kev between excited states 
in F® at 10.479 and 10.549 Mev." Excellent agreement 
is also obtained with the results of Bendel et al.* who 
measured 72+ 20 kev for this difference. However, their 
absolute energy assignments were determined by the 
earlier NSE value mentioned above which is a large 
enough change to bring their results into agreement with 
the present work at 10 Mev. 


DISCUSSION 


The difficulties arising from the use of the thresholds 
of light nuclei have been pointed out on several oc- 
casions.*® The present results show that with current 
detection techniques it is possible to get right to the 
NSE in the case of nitrogen and fluorine. The technique 
is being strained to the limit in the case of oxygen and a 
significant discrepancy between the observed threshold 
and NSE exists for carbon. In the case of fluorine and 
nitrogen there are known levels in the immediate 
vicinity of the NSE values in contrast to oxygen or 
carbon. This probably accounts for the relative success 
in observing activity right to the NSE for fluorine and 
nitrogen. 

It is imperative to obtain a satisfactory and un- 
ambiguous calibration point in the vicinity of 20 Mev. 
The carbon NSE point may still be the desirable one 
but it will require a more sophisticated approach in 
terms of experimental technique. While the present 
sensitivity in terms of induced activity may be 
adequate, it will be necessary to use carbon samples free 
from traces of oxygen and nitrogen together with low 
level counting techniques. 

There exists the possibility of using the well defined 
breaks in the oxygen and carbon activation curves for 
this purpose, but at present there is not complete 
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TABLE III. Comparison of fine structure observed near threshold 
with presently known level structure 


Photoneutron Break energy* 

reaction in (Mev) 
18.79 

18.86 

19.00 

N" 11.07 

oO 15.86 
15.99 

16.22 


Level 
width (kev) 


Level 
energy (Mev) 
cr j i 
18.85» 90> 


11.07 120° 


16.21° 
17.27 17.29¢ 
17.244 


Fe 10.53 10.549» 


* See reference 15. 
4 See reference 17. 


* Present work. 
» See reference 13. 


agreement regarding the exact interpretation of these 
breaks and their correlation with known resonance 
levels in all cases. In the immediate vicinity of threshold 
however there is good agreement between laboratories 
for the relative positions of the first two or three breaks 
in the respective yield curves for oxygen and carbon. 
On the basis of this identification, a comparison between 
the existing energy calibrations for the various betatrons 
can be made. 


SUMMARY 


Table II summarizes the four values for the observed 
thresholds and their comparison with the NSE values 
calculated from other nuclear data. The agreement is 
good except for carbon. The threshold for oxygen 
assumes a flat background below the threshold. Diffi- 
culty in measuring the oxygen and carbon thresholds is 
ascribed to the absence of resonances in the photon 
absorption cross section in the immediate vicinity of 
the NSE values in these two instances. Conversely 
levels are known to exist close to the NSE values for 
nitrogen and fluorine. 

Table III gives the observed fine structure in the 
vicinity of threshold together with the positions of levels 
known from other reactions. No strong conclusions can 
be drawn regarding the measure of agreement owing 
to experimental uncertainties both in the photonuclear 
and charged particle reactions. 
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Odd-Even Dependence of Nuclear Level Density Parameters* 
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Previously reported experimental (m,p) and (n,a) cross-section data have been analyzed to determine 
nuclear level density parameters for the Fermi gas model which best fit the experimental data for target 
nuclei ranging in mass number from 9 to 64. Level density parameters for odd-odd and even-even nuclei 
are obtained in terms of those for the better-known odd-A values. The results of this analysis are }Coda-oaa 
=Coad A=5Ceven-even. Brief mention is made of the direct-interaction contribution in (m,p) reactions. 
Experimental measurements which would be most beneficial for further theoretical analysis are suggested. 


1, INTRODUCTION 


T appears that the complexity of a strongly bound 

many-body system precludes the possibility of 
obtaining an exact representation for the nuclear level 
density. Many attempts! have been made, however, 
to deduce approximate expressions which do not rep- 
resent all of the irregularities actually appearing in the 
level density but which do provide smooth curves that 
are representative of the true density averaged over 
many levels. One such representation, which is most 
often used, is based on the statistical model* of nuclear 
reactions. The Fermi gas expression for the nuclear 
level density is 


p(E)=C exp[2(aE)4, (1) 


where C and a are parameters which depend upon the 
nuclear charge and mass number. Unfortunately, the 
exact variation of the parameters C and a with the 
nuclear properties is not yet well known. 

Much consideration has been given to the study of 
the parameter a and its variation, in particular, with 
the nuclear mass number. Only limited data are 
available, and they do not seem to be in complete 
agreement. Igo and Wegner* point out that the values 
obtained from the analysis of y ray, neutron, and 
charged-particle data are relatively independent of A 
(in disagreement with the Fermi gas model) and are 
abnormally small for large A. Other data, e.g., certain 
reaction and inelastic scattering data,‘® do show a 
dependence upon mass number. In their study of the 


* This work was supported by U. S. Air Force. 

t Now at Texas Instruments Incorporated, Dallas, Texas. 

1H. A. Bethe, Phys. Rev. 50, 332 (1936); Revs. Modern Phys. 
9, 69 (1937). I. N. Sneddon and B. F. Touschek, Proc. Cambridge 
Phil. Soc. 44, 391 (1948); C. Block, Phys. Rev. 93, 1094 (1954); 
T. D. Newton, Can. J. Phys. 36, 804 (1956); and N. Rosenzweig, 
Phys. Rev. 108, 817 (1957). 

2D. C. Peaslee, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1955), Vol. 5, p. 99. K. J. 
LeCouteur, Nuclear Reactions, edited by P. M. Endt and M. 
Demeur (North Holland Publishing Company, New York, 1959). 

3G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1956). 

} M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). 

5M. El-Nadi and M. Wafik, Nuclear Phys. 9, 22 (1959); 
Proceedings of the Second United Nations International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1958 (United 
Nations, Geneva, 1958), Vol. 14, p. 54. 


photocapture process, Heidmann and Bethe® deduced 
values of the parameter a for odd mass numbers in the 
range 15<A<70 which leads to an approximate 
expression of the form 


a=0.035(A—12) Mev. (2) 


Very little is known on the subject concerning even-A 
nuclei. The results of Heidmann and Bethe® are con- 
sistent with those reported by Blatt and Weisskopf,’ 
who also emphasize that the parameters which they 
list apply only to odd values of A. A summary of the 
variety of a values which can be obtained from the 
analysis of various reaction data has been given by 
Dostrovsky, Rabinowitz, and Bivins.*® 

Somewhat less work has been reported on the 
parameter C. Blatt and Weisskopf’ report values for 
odd-A nuclei. Though not much is known on the 
subject, it appears®° that the values of C for a given 
odd-even character are related to the values of C for 
other odd-even configurations by a constant multi- 
plicative factor. The value of this factor is not well 
known. This lack of data for even-A nuclei together 
with the fact that little quantitative information exists 
relating the values of C for different odd-even com- 
binations suggested that a study be made to determine 
these level density parameters. The present paper 
describes an attempt to extract this information from 
an analysis of experimental (,p) and (m,a) cross-section 
data. 


2. METHOD OF ANALYSIS 


The computations reported in this paper were per- 
formed on the IBM 704 in the Convair-Fort Worth 
computing laboratory. The calculations were based on 
the compound nucleus model using the methods 


6 J. Heidmann and H. A. Bethe, Phys. Rev. 84, 274 (1951). 
7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952). 

§ I. Dostrovsky, P. Rabinowitz, and R. Bivins, Phys. Rev. 111 
1659 (1958). 

%E. Segrt Experimental Nuclear Physics (John Wiley & Sons, 
New York, 1953), Vol. II, p. 45. 

” V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940); 
V. F. Weisskopf, Atomic Energy Commission Report MDDC- 
1175, 1945 (unpublished). 
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AND 


described by Moore," namely 


(3.a) 
(3.b) 


a(n,a)=o,.(n)F,*/>; Fi, 


o.(n)F,*/>: Fi, 


a(n,p) 


where o.() is the cross section for formation of the 
compound nucleus by neutrons. The quantities F; give 
a measure of the probability of emission of particle ¢ 
(regardless of whether or not a secondary particle follows 
the emission of i), and the F,* give a measure of the 
emission of particle i (and only particle 7). The F; are 
given by 


I 


2m, n 
F,=— f E,'0-(En')p(E 
h* 


0 


—E,')dE,’, 


Q 


2m» Ent+Qnyz 
- E,'o. | E, ) 
h? 


7 ‘§ ge? aie 7! 
Xp(Ent+QOnp— Ep \dE,, 


En+Qna 
f E.'0.(Ee') 


Xpel(EatQOne— 


(4.b) 


E,')dE,', (4.c) 
in which o,(&,’) is the cross section for formation of the 
compound nucleus by particle 7 incident upon the 
residual nucleus, and p(U) is the nuclear level density 
evaluated at excitation energy U’. The F,* are given by 


2m, En+Qnp 
: E,'c(E,’) 


tp 


Xp(Ent+QOnp—E,')dE,’, 


En+Qna 
i f E,,'c-(Eq’) 
hn? J, 


: X p(En+Qna— Eo’ dE.’ 


(5.a) 


(5.b) 


In Eqs. (5), the quantity ¢«; denotes the minimum 
energy with which particle 7 may be emitted without 
leaving sufficient excitation energy to subsequently 
emit a neutron. For an incident neutron energy below 
the threshold £,* for the (7; i,n) reaction, e¢;=0. For 
an incident neutron energy equal to or greater than 
this threshold, ¢;= £,—£,*. The threshold energy E,* 
is equal to the binding energy of the last ith particle 
in the target nucleus, which is also equivalent to 


TABLE I. Systematics of initial calculations. 


a(n,p FN, )oal 


Target type o(,P expt o(n,a)expt 


Odd target 

nuclei >1 <1 
Even target 

nuclei <1 <1 


1 R. G. Moore, Jr., Revs. Modern Phys. 32, 101 (1960). 
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(BE) ,.—Qni, where (BE), is the neutron binding energy 
in the residual nucleus after emission of the particle 2, 
and Q,, is the Q value for the (m,7) reaction. If the F;* 
are taken equal to the F;, then competition from the 
(n;i,n) reaction has been ignored. The calculations 
reported herein use compound nucleus cross sections 
based on the continuum model and were taken from 
the tables given by Blatt and Weisskopf for r9=1.5 
fermis.’ Terrell and Holm” have pointed out that results 
are not significantly altered if optical model cross sec- 
tions are used. The Q values were taken from the com- 
pilation of Howerton.'* The conventional assumption is 
made that 


C odd-even = C even-odd > ¢ odd Ay \ 0) 


where Coaa a is known and is that reported by Blatt 
and Weisskopf.’ It is further assumed that both C and 
a are energy-independent,’ and that the excitation 
energy is measured from the ground state.®:!*—! 

An initial calculation was made using the values of a 
and C reported in reference 7, in which no regard is 
made for the odd-even structure of the nucleus. A 
comparison of the results of the initial calculations with 
experimental cross section data showed certain system- 
atic disagreement between theory and experiment. The 
(n,p) calculations were low for even-A target reactions 
and high for odd-A target reactions, while the (”,a) 
calculations were low for odd target nuclei and appeared 
to be low for even target nuclei. These results are sum- 
marized in Table I. These comparisons suggest that 
the odd-even nature of the nucleus should be taken 
into account in the level density parameters. 

Target nuclei must be one of four types (zX4): 


(a). «aga, 
(b) evenX™, 
cc} wae 
(dq) «saa’™. 


Essentially no (m,p) nor (w,a) cross-section data are 
available for nuclei in classes (b) and (d). Hence, an 
analysis of (m,p) and (n,a) data must be based pri- 
marily on odaX°4 and cvenX*™ target nuclei measure- 
ments. The residual nuclei have the odd-even (neutron- 
proton) structure shown in Table II. Since case (a) 
involves only one even-A residual nucleus, we consider 
it first. For this case, the residual nuclei for neutron 


2 J. Terrell and D. M. Holm, Phys. Rev. 109, 2031 (1958). 

3R. J. Howerton, University of California Radiation Labo- 
ratory Report UCRL-5351, 1958 (unpublished). 

4H. Hurwitz, Jr., and H. A. Bethe, Phys. Rev. 81, 898 (1951). 

16 A. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 

15a Note added in proof—The analysis is currently being ex 
tended to include the odd-even effect in the exponent of the level 
density expression in order to further improve agreement between 
theory and experiment. This effect is being accounted for by intro- 
ducing an effective excitation energy U’ related to the excitation 
energy U in the following way: U’=U —4, where 6 depends upon 
the odd-even character of the nucleus. See for example: Dos- 
trovsky, Fraenkel, and Friedlander, Phys. Rev. 116, 683 (1959); 
S. Kaufman, Phys. Rev. 117, 1532 (1960). 





ODD-EVEN 


and proton emission are odd-A (see Table II), whereas 
the residual nuclei for alpha-particle emission are 
even-A. Since it was believed that the level density 
parameters used were not applicable for even mass 
nuclei, the discrepancy between calculated and experi- 
mental curves for oaX*4 target nuclei may be attri- 
buted to the use of incorrect parameters for even 
residual nuclei. The relative probability for alpha- 
particle emission becomes larger with increasing level 
density; therefore, an increase in the level density for 
the residual nuclei in the alpha-particle emission process 
(i.e., the odd-odd nuclei) would raise the calculated 
(n,a) cross section while lowering the calculated (,p) 
cross section and, hence, give better agreement with 
experimental results. This finding appears to be in 
agreement with the belief that odd-odd nuclei may 
have higher level densities than odd-A nuclei.“ 

The experimental data thus seem to indicate that 
ignoring odd-even effects underestimates the level 
density for odd-odd nuclei. The calculated cross sections 
seem to differ from the experimental values by approxi- 
mately a constant multiplicative factor. We seek this 
factor by which C for odd-A nuclei can be multiplied 
to obtain those for odd-odd nuclei so as to predict 
results in agreement with the measurements for oaaX°*4 
reactions. Before determining this constant factor, one 
must first investigate the level structures of the residual 
nuclei. Reactions in which the decay can proceed only 
to a few low-lying levels of the residual nucleus cannot 
justifiably be used to fit a compound nucleus calcu- 
lation, for according to Butler,!* the direct-interaction 
process may constitute a significant contribution to the 
yield of the reaction in such cases. The only measured 
(,p) or (n,ex) cross sections whose residual nuclei have 
level structures which suggest a direct interaction are 
F"® and O'*, This point will be discussed later. 

The analysis of target nuclei of the form eyenX*™ 
proceeds by using the results of the analysis of oaaX°*4 
data, where the residual nuclei have the structures 
shown in Table II. Constants are now assumed to be 
known for all but the even-even nuclei and Coyen-even iS 
adjusted to fit the data. 


3. DISCUSSION 
The values of a used in the present analysis were 
taken from the table given by Blatt and Weisskopf,’ 
ignoring the odd-even character of the nucleus. The 


TABLE IT. Odd-even structure of residual nuclei. 


Target type n p a 
(a) ocasX4 odd-odd 
(b) evenX 44 even-even 
(C) evenXever odd-even 
¢@) «as*™ even-odd 


odd-even 
even-odd 
odd-odd 


even-even 


even-odd 
odd-even 
even-even 


odd-odd 





16S. T. Butler, Phys. Rev. 106, 272 (1957). N. Austern, S. T. 
Butler, and H. McManus, Phys. Rev. 92, 350 (1953). 
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parameter a may vary linearly with the atomic mass 
number. The results reported by Blatt and Weisskopf’ 
do not show a linear relationship in the high-mass 
region; therefore, it may be that for heavier nuclei 
(A>70), the curve given by El-Nadi and Wafik,' for 
example, better represents the true level density. The 
curves given in references 5 and 7 do not differ signifi- 
cantly for A<70. An analysis in the high mass region 
could aid in increasing our knowledge of the parameter 
a. Since (n,p) and (n,a) cross-section data are not 
available in this region, it may be that an analysis of 
(n,2n) data could be very useful in such a study. 

The calculated curves are shown in Figs. 1 to 15; 
these figures contain several theoretical curves for 
which no measurements are available. The experimental 
data were taken from the compilation due to Howerton”? 
unless otherwise stated. In the figures, the solid curves 
denote (m,p) cross sections, and the dashed curves 
denote (n,a) cross sections. The curves labeled (A) are 
based on both @ and C values given by Blatt and 
Weisskopf,’ in which no account is taken of the odd- 
even dependence of C. Curves labeled (B) are based 
on @ values from Blatt and Weisskopf’? and C values 
from Eq, (7). The experimental curves are shown by 
data points connected by solid or dashed lines as above. 

The results of the analysis'* are given by the equation 


ir i a _op " 
3 odd-odd — C even-odd — C odd-even — rs even-eveny ( ‘ ) 


in which the factor } was obtained from oaaX"4 target 
data and the factor 5 from eyenX°™" target data. These 
results appear to be in agreement with the suggestion 
of Hurwitz and Bethe." 

The values of C deduced in the present study are 
based on the choice of the values of @ discussed above, 
and a different selection for a would likely yield dif- 
ferent results for C. The reactions used in the analysis 
are shown in Table III. 

Certain of these reactions, however, were not used in 
obtaining the factors in Eq. (7). In group A, the data 
for three target nuclei were not used, namely F", Na’, 
and Cl**, The Na* data were in doubt at the time these 
calculations were made. The data reported by Wil- 
iiamson et al.!* revealed decimal errors in earlier work.” 
In reference 19, however, the units of the cross section 
were millibarns/steradian but were reported as milli- 
barns with the result that the correct Na™(n,p)Ne™ 


17 R. J. Howerton, University of California Radiation Labo- 
ratory Report UCRL-5226, 1958 (unpublished). 

18 Equivalent results have been obtained by G. Brown and H. 
Muirhead, Phil. Mag. 2, 473 (1957) using a different approach. 
The results reported in the present paper were arrived at inde- 
pendently of the work of Brown and Muirhead, which was called 
to the authors’ attention after the completion of the present 
analysis. 

% C. F. Williamson, E. L. Hudspeth, I. L. Morgan, and R. G. 
Moore, Jr., Phys. Rev. 110, 139 (1958); also private communi- 
cation from C. F. Williamson. 

Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325, 
Suppl. No. 1 (Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C., 1957). 
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Fic. 1. Cross sections for (,p) and (,«) reactions in fluorine. The solid curves are (,p) cross sections; the dashed curves are (n,a) 
cross sections. Curves labeled (A) are theoretical curves using level density parameters from reference 7, while the curves labeled (B) 
are theoretical curves based on Eq. (7). The experimental curves are shown as data points connected by solid lines or dashed lines, as 
above. This notation is used for Figs. 1 through 15. 
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Fic. 2. Cross sections for (m,p) and (##,«) reactions in sodium. The experimental curve is taken from Fig. 6 of reference 19 with the 
ordinate of that figure multiplied by 47. See text. 


cross section is that shown in Fig. 6 of reference 19 with between the corrected experimental curve and the 
the ordinate of that figure multiplied by 42. It is this theoretical curve (solid curve B) is quite good, in 
result that is plotted in Fig. 2 as the experimental cross particular when one notes that more recent data on 
section for the (,p) reaction in sodium. The agreement the N"(d,m) reaction indicate that the cross section 
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Fic. 3. Cross sections for (,p) and (n,«) reactions in aluminum. Low-energy experimental data are from BNL-325 and reference 17; 
high-energy experimental data are from O. M. Hudson, Jr., and I. L. Morgan, Bull. Am. Phys. Soc. 4, 97 (1959) 
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Fic, 4. Cross sections 
for (m,p) and (n,a) re- 
actions in phosphorus. 
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may be nearly twice as great as that used in processing 
the Na* data.” Use of this new N™ data would tend 
to lower the (,p) cross section by about 50% for those 
cases in which N"“(d,) was used as a source, i.e., above 
about 6.5 Mev. The Cl*®* data were not used, as the 
energy range for which measurements have been made 
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was considered too small to justify a detailed analysis; 
however, the factors do give results which are not 
inconsistent with the measured curve. 

The F’® case merits further comment. The level 
structures of the residual nuclei O"* and N'*® have only 
a few excited levels, all at low-lying energies. According 
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Fic. 5. Cross sections 
for (m,p) and (m,a) re 
actions in chlorine. 
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Fic. 6. Cross sections 
for (m,p) and (m,a) re 
actions in beryllium. 








NEUTRON ENERGY (Mev) 


to Butler,'® at a neutron energy of 14 Mev an important 
contribution to the yield of an (m,p) reaction is due to 
neutron interaction at the nuclear surface, where the 
final nucleus is left in a state of low excitation, i.e., 
reactions which proceed to a low-lying level of the final 
nucleus receive predominant contributions from a direct 
process which does not involve the compound nucleus 
as an intermediate step. It would thus seem that F" 
would be a likely candidate for the direct-interaction 


process. In their calculations for neutron-induced 
reactions in F, Kondaiah, Iyengar, and Badrinathan” 
have estimated the direct-interaction contribution to 
the (,p) cross section. According to their results, this 
contribution is of the order of twice as important as 
the compound nucleus process, since the ratio of calcu- 


lated o(n,a):o(n,p) is approximately 3.5 while the 


21 E. Kondaiah, K. V. K. Iyengar, and,C. Badrinathan, Nuclear 
Phys. 5, 346 (1958). 





ODD-EVEN 


560 


DEPENDENCE OF NUCLEAR 


LEVEL DENSITY 





520 


Fic. 7. Cross sections 
for (m,p) and (n,a) re- 
actions in oxygen. 
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Fic. 8. Cross sections 
for (,p) and (m,a) re- 
actions in neon. 
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experimental ratio is 1.2. This may be considered to be 
a lower limit, as mentioned by these authors, since N'® 
(the residual nucleus for the (”,«) reaction) is odd-odd ; 
hence, its level density is believed to be higher than 
estimated, thereby increasing the calculated ratio. 
Table IV shows a compairson of the results of the 
present study with those obtained in reference 21. 
Including the factors in Eq. (7) increases the calculated 
a(n,a):o(n,p) ratio with the result that the direct- 
interaction contribution appears to be somewhat 
greater than that indicated by the results of reference 


1 
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21. For cases in which a direct interaction is significant, 
we should expect a compound nucleus calculation to 
predict a result less than the measured value. This is 
the case for F!*(n,p)O" as shown in Fig. 1. 

Since such a limited amount of suitable data are 
available for oaaX4 target reactions, the result of the 
first step in the analysis, namely Coaa-oaa= 2Coaa A, 
does not necessarily constitute a final and unique 
relationship. It is consistent, however, with the sug- 
gestion of Weisskopf.*” It would be very helpful to 
have additional ,(”,p) or (m,«) cross-section measure- 
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Fic. 9. Cross sections 
for (m,p) and (m,a) re 
actions in magnesium. 
Experimental data are 
from reference 20. 
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Fic. 10. Cross sections for (#,p) and (,a) reactions in silicon. The theoretical curve (C) is based on level density parameters 
believed to be suitable for magic nuclei. See text. 


ments for oaaX° target nuclei such as Na™(n,a) or 
P®!(n,a). The (n,a) cross sections would yield more 
helpful information in this case, since F,* (involving 
Coad-odd) appears in the numerator of the branching 
ratio of Eq. (3.a); hence, the calculation is quite 
sensitive to Coaa-oaa- If such data were available, further 
theoretical analysis could substantiate (or modify) this 
result. 


The remaining C value, namely Coven-even, has been 
adjusted to fit the evenX°™ target curves by making 
use of the relationship previously obtained for Coaa-oaa- 
These values of C.ven-even depend upon the accuracy of 
results based on oaaX* target data, which further 
emphasizes the need for additional information on 
oaaX4 target reactions. The evenX°™ target reactions 
not used in the analysis were O"*, Ne”, Si?*, and_Zn™. 
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Fic. 11. Cross sections 
for (,p) and (n,a) re- 
actions in sulfur. 
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Fic. 12. Cross sections 
for (m,p) and (m,a) re- 
actions in argon. 
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The Ne” and Zn®™ data were considered too limited to 
include in the analysis. The residual nucleus N'® for 
the (”,p) reaction in oxygen has only a few low-lying 
levels, in which case the mechanism of direct interaction 
may be a significant contribution to the measured 
cross section. If this is the case, the O'* calculations 
should be expected to be similar to those for F®, 
namely good agreement with measured (n,a) data, but 
rather poor agreement with the (m,p) data for which 
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the calculated curve is low; this is indeed the case. 
Further, O'* and Si?8 are both doubly magic. It appears® 
that for nuclei as light as oxygen, the parameters may 
well be the same as those for nonmagic nuclei. For Si’, 
however, this may not be the case. If one estimates the 
parameter a for magic nuclei from the curve given by 
Heidmann and Bethe,® he obtains the result shown in 
curve C, Fig. 10, which may account for the rapid rise 
of the Si**(,p) cross section. The experimental Fe** 
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Fic. 13. Cross sections 
for (m,p) and (m,a) re 
actions in iron 
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data shown in Fig. 13 were measured on an arbitrary 
scale by Terrell and Holm” and normalized at 14.3 Mev 
to a cross-section value of 110 mb, which was obtained 
by averaging early data. The resulting experimental 
curve is then significantly lower than our calculated 
curve in this energy range. More recent data show this 
cross section to be of the order of 190 mb. If the relative 
experimental data of Terrell and Holm are normalized 
to this value, the agreement with our calculated curve 
is much improved. 

The case of evenX°* target nuclei is particularly 
interesting. Only one excitation curve in this category 
has been reported, namely Be®. Even though this is 
rather light for satisfactory analysis, a theoretical 
calculation did seem to be of value, since the residual 
nucleus for alpha-particle emission is even A while 
those for neutron and proton emission are both odd A, 
so that the evenX° data determine Ceyen-even In which 
no assumptions need be made about Coaa-oaa. The Be? 
measurement could thus serve as an independent check 


TABLE III. Experimental (,p) and (n,a) cross-section data. 
Target nucleus 


type 


oda X O44 


Target nucleus 


Reaction type Reaction 


evenX*¥e2 — ,0)16(n,p) 
gO"? (nx) 
1oNe” (na) 
i2Mg™(n,p) 
145i" (n,p) 
169" (n,p) 
165 (na) 
1sA%*(n,a) 
ook e5*(n,p) 


oF 9 (n,p) 
ol 9 (na) 
1Na*(n,p) 
isAP"(n,p) 
13AF? (na) 

15P#!(n,p) 


17CP* (nx) 


B. evenX °44 «Be® (4,a) oddX°ve" 


of the value of Cevyen-even Which was obtained from 
evenX°"" target analysis. The calculations do support 
the Crven-even result which was obtained independently 
from the even X**™ reactions (see Fig. 6). Several evenX°*4 
nuclei exist in the intermediate mass range for which 
excitation curves might be measured, e.g., Mg**(n,p), 
Mg**(n,a), Si??(n,p), Si?°(n,a), Cr*(n,p), Cr (n,a). The 
(n,a) data would yield more useful 
information in this case, since the alpha-particle 
emission channel contains the even A residual nucleus. 

There have been no measurements made for oaaX*" 
target nuclei in the intermediate and heavy-mass range. 
Such measurements are difficult since few stable oaaX°"™ 
nuclei exist in this mass range, and those which do exist 
occur in very small percent abundance. There are a few 
light oa@X°"" nuclei (e.g., Li®, B', and N™) which do 
exist in sufficient abundance to make measurements 
feasible. Even though such light nuclei are not well 
suited for extracting level density parameters, we have 
made theoretical calculations for N™“. This (,p) cross 
section is characterized by a resonance structure in the 
low-energy region, but the calculation does show that 
the parameters deduced in the earlier analyses give 
qualitative agreement with measurements. The N'°(7,a) 
calculation is also in good qualitative agreement with 
the measured curve. 


cross-section 


TABLE IV. Ratios of o(n,a) to o(n,p). 


Present 
study 
+ 12.78 
3.5 3.96 


E, (Mev) KIB ®*calc. 


KIB *expt. 
3.2 
1.2 





ODD-EVEN DEPENDENCE OF NUCLEAR LEVEL DENSITY 





Fic. 14. Cross sections 
for (m,p) and (m,a) re- 
actions in zinc. Experi- 
mental data are from J. 
Rapaport and J. J. van 
Loef, Phys. Rev. 114, 


567 (1959). 
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Fic. 15. Cross sections 
for (m,p) and (n,a) re- 
actions in nitrogen. 


CROSS SECTION (mb) 

















13 
NEUTRON ENERGY (Mev) - (n, p) SCALE 


4. CONCLUSIONS for low mass-numbered nuclei. Further analysis is 
required before any quantitative conclusions can be 
made concerning the values of a for heavy nuclei. 
Additional experimental data (particularly for eyvenX°44 
good if the values of C are those given by Eq. (7) and target nuclei) could aid significantly in improving our 
the values of a are those given by Blatt and Weisskopf? knowledge of the odd-even dependence of the C values. 


Agreement between experimental and_ theoretical 
cross section curves for (,p) and (n,a) reactions is very 
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Excited States of P**}* 
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The proton groups from the P*!(d,p) P® reaction have been studied at angles of 30, 50, 70, and 90 degrees 
The incident deuteron energy was 6 Mev, and the protons were analyzed with a broad-range magnetic 
spectrograph. Fifth-two excited states were found in the region between the ground state and 6.2 Mev in P® 


CCORDING to the shell model, the P® nucleus 

in its ground state should consist of a single s; 
proton and a single d; neutron outside of closed shells, 
and the energies, spins, and parities of the excited 
states provide an important check on calculations 
based on this model. To determine these parameters, a 
number of investigations have been carried out using 
the P*(d,p)P® reaction with analysis of the angular- 
distribution data on the basis of stripping reaction 
theory.'~* For the energies of the lower excited states, 
the analysis of the data in these experiments has 
involved the use of the results of an earlier investigation 
in this laboratory* of the P*(d,p)P® reaction. This 
earlier work covered the region of excitation in P® 
from the ground state to 4.3 Mev and was performed 
with magnetic analysis of the reaction products. This 
study utilized bombarding energies of 1.8 and 2.0 Mev 
and was limited to an angle of observation of 90 


PROTON ENERGY IN Mev 
5.0 


degrees. In this, the excitation region between 3.3 and 
4.3 Mev was difficult to study because of the presence 
of various contaminant groups of protons, and more 
recent work' has shown the existence of at least one 
excited state in this region, as well as a number in the 
region of excitation above 4.3 Mev. The present in- 
vestigation was undertaken to clarify the level scheme 
of P® using higher bombarding energies and a wider 
range of observation angles than was possible in our 
earlier study. 

The equipment and techniques employed were 
essentially those described in a previous publication.® 
Considerable difficulty was experienced in obtaining 
suitable thin phosphorus targets. The copper phosphate 
previously used was unsatisfactory because of the large 
number of proton groups from copper which are 
produced at the 6-Mev bombarding energy. After some 
experimentation with various phosphorus compounds, 
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TARGET: AgeP2O7 ON FORMVAR 
PROTON ENERGY 6.03 Mev 
SPECTROGRAPH FIELD: 6346 GAUSS 
OBSERVATION ANGLE : 130° 
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Fic. 1. Spectrum of elastically scattered protons from silver pyrophosphate target. 
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Fic. 2. High-energy portion of the spectrum of proton groups observed at 50 degrees from 
silver pyrophosphate target bombarded with 6-Mev deuterons. 


it was found that silver pyrophosphate evaporated 
from a tantalum boat onto thin Formvar films provided 
targets which were sufficiently stable under bombard- 
ment for the purposes of the experiment. The targets 
actually employed were approximately 8- to 10-kev 
thick for the 6-Mev incident deuteron beam used in 
these experiments. 

These targets were analyzed for isotopic constitution 
by measuring the spectrum of protons elastically 
scattered through 130 degrees. A typical analysis is 
shown in Fig. 1, where the observed proton groups are 
labeled according to the target nucleus responsible for 
their formation. While small quantities of sodium and 
nitrogen are usually present as impurities on targets 
using Formvar as a support, their relatively high 
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6.0 


concentrations in the present targets presumably arose 
from the use of silver nitrate and sodium pyrophosphate 
in the production of the commercially supplied silver 
pyrophosphate used. In the analysis of the data from the 
(d,p) reaction, the characteristic shift in energy of the 
observed proton groups with angle of observation was 
used to distinguish the groups arising from the various 
nuclei present in the targets. 

With a 6-Mev incident deuteron energy and the 
broad-range magnetic spectrograph for analysis of the 
proton groups, exposures were made at laboratory 
angles of 30, 50, 70, and 90 degrees. These exposures 
were 500, 1500, 1000, and 1000 microcoulombs, respec- 
tively. In these, aluminum foils of sufficient thickness 
to stop charged particles heavier than protons were 
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Fic. 3. Low-energy portion of the spectrum of proton groups observed at 50 degrees from silver 
pyrophosphate target bombarded with 6-Mev deuterons. 
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TABLE I. Energies of the excited states of P®. 


Dalton 
et al.> 


Van Patter 
Present work et al.* 
0.077 +0.003 
0.516+0.003 
1.149+0.003 
322+0.003 
755+0.004 
177+0.004 
223+0.004 
.657+0.005 
743+0.005 
007 +0.005 
148+0.005 
265+0.005 
3.324+0.005 
3.447 +0.005 
3.798+0.006 
3.890+0.006 
3.994+0.006 
4.010+0.006 
4.040+0.006 
4.158+0.006 
4.209+0.006 
4.280+0.006 
4.316+0.006 
4.412+0.006 
4.560+0.007 
4.615+0.007 
4.664+0.007 
4.878+0.007 
4.944+0.007 
5.010+0.007 
5.077+0.007 5.11+0.1 
129+0.007 
232+0.007 
346+0.007 
394+0.007 
510+0.006 
550+0.008 
657+0.008 
700+0.008 
724+0.008 
775+0.008 
813+0.008 
5.835+0.008 
5.858+0.008 
5.964+0.008 
5.989+0.008 
6.024+0.008 
6.062+0.008 
6.096+0.008 
6.131+0.008 
6.160+0.008 
6.196+0.008 


0.077+0.002 
0.515+0.005 
1.154+0.007 
1.316+0.008 
1.750+0.009 
2.177+0.009 
2.227+0.009 
2.650+0.008 
2.742+0.008 
2.999+0.010 
(3.141+0.012 
3.259-+0.009 
3.318+0.009 


Cnt whe 


WWwwnrenNnNNm 


3.45+0.10 


4.032+0.009 


4.207+0.010 


4.43+0.1 


4.90+0.07 


on 


5.37+0.07 


5.75+0.1 


5 
3 
5 
5. 
5 
5. 
S. 
a 
5 
5. 


5.82+0.07 


6.09+0.07 


6.20+0.1 


* See reference 4 
> See reference 1. 


placed immediately in front of the nuclear-track plates. 
Separate shorter exposures were made, using uncovered 
portions of the plates, to record elastically scattered 
deuterons from the targets for the purpose of deter- 
mining the incident beam energy. 

The results from the 50-degree exposure are shown 
in Figs. 2 and 3. It will be noted that the data in Fig. 3 
are plotted to a more expanded scale than is the case 
for Fig. 2. The results from the other exposures were 
similar except for the relative positions of the groups 
from phosphorus and those from the various nuclei 
present as contaminants on the target. A number of 
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Fic. 4. Energy-level diagram for P® 


low-intensity groups can be seen in Fig. 2. Other 
investigations in this laboratory have shown that these 
can be attributed to the (d,p) reaction of the isotopes 
of silver. 

The most troublesome contaminant groups were those 
from the Na™(d,p)Na™ reaction. Twenty of the observed 
proton groups were assigned to this reaction on the 
basis of their shift in energy with angle of observation 
and the correspondence of their Q values calculated on 
this assumption with those measured for sodium in a 
previous investigation in this laboratory.* The Q value 
for the ground-state group from the Na™(d,p) reaction 
was measured as 4.731+0.010 Mev, in exact agreement 
with the previous figure. The Q values for the other 


6 A. Sperduto and W. W. Buechner, Phys. Rev. 88, 574 (1952). 
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groups identified as arising from sodium were also in 
excellent agreement, and in no case did the difference 
between the results of the present investigation and 
those from the previous work differ by more than 6 kev. 
It is interesting to note that, although this previous 
study was carried out using an incident deuteron energy 
of 2 Mev, the present work, using much higher deuteron 
energies, did not disclose any additional excited states in 
Na™ between its ground state and 4.5-Mev excitation 
energy. In the present investigation, levels in Na*™ up to 
an excitation energy of approximately 5 Mev might have 
been detected. No evidence was found for states in this 
region above 4.5 Mev, although it is quite possible that 
low-intensity groups associated with sodium might have 
been obscured by the high density of intense groups 
from phosphorus. 

The Q value measured for the P*(d,p)P® reaction 
was 5.709+0.010 Mev. This is in good agreement with 
the value of 5.704+0.008 Mev reported previously.‘ 
As in the previous work, the Bp value for the polonium 
alpha particles used for calibration purposes was 
assumed to be 331.59 kilogauss-centimeters. The 
energies of the excited states in P® as determined in 
the present investigation are listed in Table I where 
they are compared with our earlier results and those of 
Dalton et al.! The level tentatively measured at 3.141 
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Mev in the other work is confirmed, and several new 
levels have been found in the region of excitation which 
was previously obscured by contaminant groups. It 
appears that several of the proton groups whose 
angular distributions were measured by previous 
investigators probably consisted of several unresolved 
components. The results of the present study are 
summarized in Fig. 4 which shows an energy-level 
diagram for P®. 

It is probable that the first excited state and the 
ground state of P® have spins of 2 and 1, respectively. 
The relative intensities of these related states, as excited 
in this reaction, would then be expected to be in the 
ratio of 2/+1, or 1.67. The experimentally determined 
ratios were found to be 1.61 at 30 degrees; 1.52 at 50 
degrees; 1.44 at 70 degrees; and 1.41 at 90 degrees. In 
the previous work, carried out at 90 degrees, the ratios 
were 1.7 and 1.2 for deuteron bombarding energies of 
1.8 and 2.0 Mev, respectively. 
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The MIT-ONR electrostatic generator and broad-range magnetic spectrograph have been used to in- 
vestigate proton groups produced by bombarding thin cobalt targets with 6.0-Mev deuterons. The angular 
distributions of the twenty-eight most intense proton groups corresponding to as many levels in Co were 
analyzed in terms of stripping theory to determine the orbital angular momentum of the captured neutron. 
The Q values of the (d,p) reaction were measured for sixty levels of Co. The ground-state Q value was found 


to be 5.262+0.011 Mev. 


I. INTRODUCTION 


HARGED-PARTICLE studies of Co® by 
proton bombardment! and of Co® through the 
Co**(d,p)Co® reaction? have been done earlier at this 
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Research, and by the Air Force Office of Scientific Research. 

+ Part of this work is from a joint thesis submitted by two of the 
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(1954). 


Laboratory. The objectives of the present work have 
been to try to resolve an uncertainty in the ground-state 
Q value for the Co**(d,p)Co™ reaction, to determine 
more fully the excited levels of Co™, and to furnish 
information on the angular momentum and parity 
of these levels through stripping analysis. 

A Q value for the ground-state transition of 5.260 
+0.007 Mev can be determined by subtracting the 
binding energy of the deuteron from the highest energy 
gamma ray observed by Bartholomew and Kinsey in the 
Co™®(n,y)Co® reaction.? The Co*(d,p)Co® work of 
Foglesong and Foxwell? gave a Q value of 5.283+0,.008 


3G. A. 
(1953). 
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Mev, differing by 23 kev from the value determined by 
the (m,y) measurements. The present work attempts to 
resolve this discrepancy. 

On the basis of the shell model, 2;Co™® is assumed to 
have a single hole in the proton 1/72 shell, but the 
positions of the four neutrons above the 1 f7;2 shell are 
somewhat in doubt. The states 23/2 and 1 fsy2 lie very 
close together.‘ The experimental magnetic moments*~’ 
of Co®* and Co®, compared with the calculated mag- 
netic moments,! seem to indicate assignments of the 
thirty-first neutron in the Co** ground state to the /f5/2 


level and the thirty-third neutron in the Co ground: 


state to the ps5/2 level. 

The spin of the Co ground state has been deter- 
mined by Dobrowolski et al.* as 7=5 by paramagnetic 
resonance hfs measurements. Beta decay and gamma- 
ray data*-" establish the spins and parity of the ground 
state and first excited state (metastable state at 59 kev) 
as J=5* and 2+, respectively. 


Il. EQUIPMENT AND PROCEDURE 


The experimental arrangements at the MIT-ONR 
electrostatic generator have been described by Buechner 
et al." The broad-range spectrograph has been described 
by Browne and Buechner.” Certain details of the 
techniques adopted when these facilities are being used 
for an angular-distribution measurement have been 
discussed in a paper by Bockelman et al.” Briefly, 
protons emerging from the deuteron bombarded target 


*M. G. Mayer and H. Hans D. Jensen, Elemendary Theory of 
Nuclear Shell Structure (John Wiley & Sons, New York, 1955). 

5H. E. Walchli, Oak Ridge National Laboratory Report ORNL- 
1469, 1953 (unpublished) quoted in Mayer and Jensen, reference 4. 

®W. Dobrowolski, R. V. Jones, and C. D. Jeffries, Phys. Rev. 
101, 1001 (1956). 

7J. C. Wheatley, W. J. Huiskamp, A. N. Diddens, M. J. 
Steenland, and H. A. Tolhoek, Physica 21, 841 (1955). 

8M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

®M. Deutsch and G. Scharff-Goldhaber, Phys. Rev. 83, 1059 
(L) (1951). 

J. L. Wolfson, Can. J. Phys. 34, 256 (1956). 

“W. W. Buechner, A. Sperduto, C. P. Browne, 
Bockelman, Phys. Rev. 91, 1502 (1953). 

2(C, P. Browne and W. W. Buechner, Rev. 
(1956). 

3 C. K. Bockelman, C. M. Braams, C. P. Browne, R. D. Sharp, 
and A. Sperduto, Phys. Rev. 107, 176 (1057). 
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Fic. 1. Spectrum of protons 
emitted from a cobalt-on-Formvar 
target bombarded with 6.18-Mev 
deuterons. Observation angle 
O14» = 30 
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were deflected in the magnetic field of the spectrograph 
and focused on Eastman Kodak NTA 25-micron 
nuclear-track plates. The positions of the proton tracks 
on the plates determined the radii of curvature of the 
particle orbits in the magnetic field.” The proton 
momentum spectrum was determined by counting the 
number of tracks within each half-millimeter strip 
across the plate. To facilitate plate reading, the 
emulsions were covered with aluminum foil during 
exposure to prevent charged particles heavier than 
protons from reaching the plates. 

Deuterons with energies of 6.01 Mev were employed. 
By mistake the exposures at some angles were made 
with 6.18-Mev deuterons. It is assumed that this change 
in input energy has a negligible effect on the angular 
distributions. The targets used were prepared by 
vacuum evaporation onto a thin Formvar film of 
naturally monoisotopic Co™® in the form of cobalt 
sponge obtained from Johnson, Matthey and Company, 
London. A mass analysis obtained by observation in 
the spectrograph of protons elastically scattered from 
a target indicated the presence of large amounts of 
tungsten from the evaporator crucible and carbon and 
oxygen from the Formvar backing. Small amounts of 
sodium and chlorine were also present, but no proton 
groups could be found that could be ascribed to these 
latter elements in the (d,p) spectra. Since the targets 
were quite fragile, a total of five targets from two 
different evaporations were used during the total of 90 
hours’ exposure time. 


Ill. RESULTS 


Data were taken at 5-degree intervals for reaction 
angles between 10 and 60 degrees and at 10-degree 
intervals between 70 and 110 degrees. Most exposures 
were 500 microcoulombs in duration, but because of low 
yield, some were made longer. All results were normal- 
ized to 500 microcoulombs and the same target thick- 
ness. The result of a typical exposure is shown in Fig. 1. 
Because of the presence of the intense proton peaks 
from (d,p) reactions on carbon and oxygen in the 
target, some levels in Co® could not be observed at all 
angles. For instance, levels (34) and (35) of Co™ are 
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obscured in Fig. 1. However, because of the difference 
in mass, the contaminant peaks cover at other angles 
different parts of the spectrum, and the shift is suffi- 
ciently large so that no cobalt level was obscured at 
more than two angles. 

The Q values were computed from four exposures at 
different angles. This insured at least three separate 
Q value determinations for each level, with but one 
exception, level (54). The average Q value and excitation 
energy for the ground level and fifty-nine excited levels 
are given in Table J. A separate series of computations 
for the ground level at twelve different angles gave as 
an average the result shown in the table with a standard 
random deviation of less than 2 kev. A total standard 
uncertainty of 11 kev is assigned to all Q values. This 
error figure is due largely to various systematic un- 
certainties in the proton and deuteron energies. The 
uncertainty in the employed Bp value (331.59 kilogauss- 
cm) for polonium alpha particles has been discussed in 
an earlier paper. 

When plotted to a larger scale, several peaks in Fig. 1 
have half-widths greater than normal, or they display 
structure. When this is seen at all angles of observation, 
contaminant elements may be ruled out as the cause, 
and it is possible that the peaks represent closely spaced 
doublets. The Q values given apply then to the member 
of the doublet with the highest proton energy (lowest 
excitation energy) with errors possibly slightly higher 
than 9 kev. The following peak numbers represent 
suspected doublets: (2), (10), (19), and (25), with (19) 
being the largest and having the most consistent 
structure. 

The agreement of the Q value for the ground-state 
level, 5.262 Mev, with that which is obtained from the 
work of Bartholomew and Kinsey, 5.260 Mev, is 
excellent. The Q value reported by Foglesong and 
Foxwell is about 20 kev higher. This difference may have 
been caused by an effect noted by Strait et al.,!® who 
observed that, at high field strengths, the iron of the 
180-degree annular magnet then used showed saturation 
effects and caused errors in the energy measurements. 
In the work of Foglesong and Foxwell, this error would 
indeed be about 20 kev (high) according to our estimate 
for the ground-state level. 

A comparison with previous work for the various 
excited levels is also shown in Table I. Except for level 
numbers less than nine and level (48), the Q values 
given by Foglesong and Foxwell are in excellent agree- 
ment with the present work. No level was found that 
corresponded to a level with Q value 2.659 Mev reported 
by Foglesong and Foxwell. The gamma-ray energies 
quoted from the work of Groshev et al.'* in Table I are 


“4H. A. Enge, E. J. Irwin, Jr., and D. H. Weaner, Phys. Rev. 
115, 949 (1959). 

168 E. N. Strait, D. M. Van Patter, W. W. Buechner, and A. 
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16.. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. 
Pelekhov, Atomnaya Energ. 3, 187 (1957). 
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TABLE I. Co®(d,p)Co® Q values and excitation energies. 


Present work 
Q value E, Q value* E, 
Peak (Mev) (Mev) (Mev) (Mev)* EK Ez 
number +0.011 +0.006 +0.012 +0.009 (Mev)® (Mev) 


5.283 0 
5.223 0.060 
4.997 0.285 
4.838 0.445 
4.770 0.513 
4.726 0.557 
4.661 0.622 


5.262 0 

5.204 0.058 
4.980 0.282 
4.830 0.432 
4.761 0.501 
4.721 0.541 
5 0.612 
0.738 
0.783 
1.006 
1.207 
1.337 
1.377 
1.447 
1.512 
1.638 
1.684 
1.707 
1.748 
1.799 
1.829 
1.850 
1.887 
1.923 
1.979 
2.031 
2.131 
2.150 
2.217 
2.274 
2.310 
2.348 
2.427 
2.591 


Ground 
0.290 0.285 
0.445 
0.512 


0.619 


4.491 0.792 ; 0.796 
4.271 1.012 1.012 
4.046 1.237 29 1.236 
1.394 


3.889 1.376 


3.750 1.520 


3.620 
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2.734 
2.762 
2.845 
2.884 
2.899 
2.942 
2.967 
3.010 
3.048 
3.065 
3.086 
3.115 
3.185 
3.215 
3.238 
3.284 
3.314 
3.339 
3.367 
3.419 
(3.464) 
3.498 
3.564 
3.591 
3.653 
3.682 
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(56) 
(57) 
(58) 
(59) 


3.69 


Si ay te = 2. 

. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. P. y 

Atomnaya Energ. 3, 187 (1957). ; ‘ seas 
¢ See reference 3. 


assumed to represent transitions directly to the ground 
level. Two low-energy gamma rays at 0.454 and 0.562 
Mev are not included in the table. Possibly they 
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represent transitions from levels (4) and (6) to level (1). 
Two gamma rays at 3.36 and 3.69 Mev, observed by 
Bartholomew and Kinsey,’ possibly also arise from 
transitions from excited states to the ground state. The 
other excitation energies quoted in the last column are 


Co*9(d,p) Co 
Peak #36 
2.854 Mev Level 
4,20 


<— 


O ub /sterad 





= 1 1 i 


| ff 
Ground Level 
4, = 
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Peak #56 
3.564 Mev Level (56) 


ym ef 
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te 


1 


Peak #3 
0.432 Mev Level 
In =3 





Peak *26 
2.13) Mev Level 


An =4? 





Fic. 2. Examples of experimental angular distributions of 
protons with the /, value of the captured neutrons as indicated on 
each individual graph. The curves are smooth experimental curves, 
not theoretical ones. 
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computed on the assumption that the gamma rays 
observed represent transitions directly from the capture 
state to the excited state in question. 

Figure 2 shows some examples of the experimental 
angular distributions. The cross section in microbarns 
per steradian was obtained by using a conversion factor 
equal to 1.31 uwb/steradian per proton track. This is 
based on the known solid angle used for the spectro- 
graph, 3.55X10~ steradian, and a target thickness of 
approximately 7.910" cobalt atom/cm?, determined 
by an alpha-particle thickness gauge!’ and by Ruther- 
ford scattering at 3 Mev. 

The angular-distribution curves have been compared 
with theoretical stripping curves calculated with the 
aid of the tables prepared by Enge and Graue,'® based 
on the stripping theory as presented by Friedman and 
Tobocman.” Peaks in the angular distribution centered 
around 0, 23, 35, and 45 degrees have been recognized 
as arising from /,,=0, 1, 2, and 3 stripping, respectively. 
Level (26) in Fig. 2 has a maximum cross section at 60 
degrees, suggesting /,= 4 stripping. A compromise value 
for the nuclear radius R= 6X 10—" cm produces maxima 
in the theoretical distribution approximately at said 
angles. The stripping analysis further yields a value of 
(2J+1)y where J is the spin of the produced nuclear 
level and ¥ is its reduced width. The value for y hereby 
obtained actually only resembles the reduced width for 
single-particle levels, and it is well known that for these 
levels the values obtained from stripping analyses are 
too small. The peak cross section, the cross section at 
100-110 degrees (back angle), the /, value, and the 
value of (2/+1)y are presented in Table II. Many of the 
levels that have not been assigned an /, value appear 
to have forward peaking, indicating a stripping process. 
However, the experimental uncertainties are too large 
to determine the true positions of the maxima in these 
cases, partly because of low yield and partly because of 
interference by more intense Co™ or contaminant peaks 
in the spectrum. 

The secondary maxima in the experimental angular 
distributions are much larger than in the theoretical 
distributions. At first it was thought that these second- 
ary maxima indicated admixtures of higher /, value 
stripping. In most cases this is probably not so. For 
instance, the secondary maximum in the angular 
distribution for the /,=1 ground state (Fig. 2) is not 
in the same position as the /,=3 peak [level (3)]. 
Another argument is that recent work in this Laboratory 
shows that also in cases where higher /, value mixing 
is forbidden, the secondary maxima are large. A third 
argument is that the ratio of amplitudes of the two 
maxima stays reasonably constant for the majority of 


17H. A. Enge, M. Wahlig, and I 
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18H. A. Enge and A. Graue, Univ. i Bergen, Arbok Naturviten- 
skap Rekke No. 13 (1955); and Rev. Sci. Instr. 27, 1078 (1956) 
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TaBLe IT. Excitation energies, maximum and back-angle cross sections, /, and 7 values for 
the states of Co formed through the Co™(d,p)Co® reaction. 


Max cross Back-angle 


Peak 


number 


Ground 

(1) 
(2) 
(3) 
(4) 
(3) 
(60) 
7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(39) 
(31) 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
(41) 
(42) 
(43) 
(44) 
(45) 
(46) 
(47) 
(48) 
(49) 
(50) 
(51) 
(52) 
(53) 
(54) 
(55) 
(56) 


(37) 


tz (Mev) 


0 

0.058 
0.282 
0.432 
0.501 
0.541 
0.612 
0.738 
0.738 


3.086 
3.115 
3.185 
3.215 
3.238 
3.284 
3.314 
3.339 
3.367 
3.419 
3.464 
3.498 
3.564 
3.591 
3.653 
3.682 


section 


pb/sr 
(lab) 


1200 


720 
477 


cross section 


pb/sr 


(lab) 


177 
94 
87 
50 
57 
39 

114 
21 
84 

180 
55 
11 

108 
11 
26 
26 


opt 
degrees 
(lab) 


23 
23 
23 
46 
23 
45 
24 


23 


25 


the levels. Only in cases where the relative secondary 
maximum in an /,=1 curve is higher than usual and 
also displaced so as to line up better with the pure 
1,=3 peak, is an ],=3 contribution assumed (Table 
IT). In this connection, it should be noted that the 
maximum cross section for one and the same value of 


2(J+1)y 
(kev) for 


R=6X10" cm Remarks 


(Double) 
(J=1*) 


(J =2*) 

Poor statistics 

Poor statistics (double) 
Poor statistics 

Poor statistics 

Very weak 

Very weak 


Weak 
Double 


Double 


Very weak 


Very weak 


Interference from C¥ 
ground state 


Not well resolved. 
Possibly more levels 


Poor statistics 


Poor statistics 


Interference from O” 
ground state 


y drops off very rapidly with increasing /, value. The 
ratio between the calculated /,=1 and /,=3 cross 
sections in the present work is about 7. For an ],=3 
contribution to be detectable under the present circum- 
stances, the final state would have to be at least a 
one-to-one mixture of f state into the p state. 
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Fic. 3. Energy-level 
diagram of Co® with 
relative stripping ampli- 
tudes shown to the right. 
The numbers beside the 
lines are the assigned /, 
values. 


IV. DISCUSSION 


The target nucleus, Co, has spin and parity 3. 
The spin assignments for the levels with /,=0, 1, 2, 3, 
and 4 stripping are therefore, respectively, 3~ and 4-, 
2* to 5+, 1- to 6-, OF to 7*, and finally O~ to 8~ for 
1,=4. Not all of these spin values are equally probable. 
Especially are the “strong” /,=3 levels not likely to 
have spin 0 or 7, since this would involve capturing 
the neutron in the f7/2 subshell. This is presumably 
already filled. Proton spin flip is not likely either for the 
levels with large stripping cross sections. 

It is interesting to compare the results of this work 
with the results of the stripping analysis of the 
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Ni®(d,p)Ni®™ reaction.” The difference between the 
two residual nuclei is that in Ni®™ the proton f7/2 shell 
is filled; in Co® one proton is removed from this shell. 
In Ni® the ground state is formed by /,=1 stripping. 
The state is presumably a 3,2 state. There is also a 
strong /,=1 state at 0.28 Mev and some weaker ones 
around 1 and 2 Mev. Corresponding to each of these 
Ni®™ levels, one might hope to find multiplets in Co®, 
for example, four (/7;2)'ps;2 states with spin 2+, 3+, 
4*, and 5*. The two strong p states in Ni®™ should then 
appear in Co™ as two multiplets with a total of eight 
or six states, depending upon whether the 0.28-Mev 
state also is 3/2 (most likely) or piy2. There are seven p 
states of comparable intensity listed in Table IJ. Of 
these states, level (2) is almost certainly a doublet, but 
one of the members is rather weak. It is fruitless to do 
any more speculation about the structure of these levels 
before exact spin assignments have been made. Because 
of the large number of states involved, the relative- 
intensity rule (factor 2/+1) used with some success 
earlier“ is not of much help in this case. 

In Ni®™ only one level (at 65 kev) was found with 
strong /,=3 stripping contribution. In Co® one should 
hope to find six corresponding levels, that is, members 
of the (f72)'(fsy2) multiplet. Table IT shows that there 
are six levels [since No. (19) is a doublet ] with pure or 
almost pure /,=3 stripping. The excitation energies 
range from 0.43 to 2.35 Mev. If these levels are indeed 
the members of the (/7/2)~'(/s/2) multiplet, they should 
have spin values J=1* to 6*, and the relative values 
of (2J+1)y would be expected to be determined mostly 
by the factor” (2/+1). The level with the lowest 
intensity and, hence, presumably the lowest spin value 
is No. (3), the /,=3 state with the lowest energy. This 
agrees with Nordheim’s “strong rule” predicting the 
fu proton and the fs;2 neutron to couple antiparallel 
in the lowest state. 
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The motions of hydrogen atoms in water are considered in terms of the HzO molecule at the basic dy- 
namical unit. Vibrations, hindered rotations, and translations of the molecule are included. For the numerical 
calculations, the hindrance of the translations is neglected, and the hindered rotations are replaced by a 
torsional oscillation with a single energy, ky =0.06 ev. When certain approximations are made in the average 
over molecular orientation, this model allows for the computation of differential and total slow-neutron 
cross sections. The computed cross sections are in good agreement with most of the available slow-neutron 
scattering data. The features of the high-resolution experiments directly associated with the hindrance of 
the molecular translations in the liquid are not reproduced. 


I. INTRODUCTION 


T has been shown by Van Hove! that the differential 
energy-transfer cross-section ¢(£o,E,0) for the inco- 

herent scattering of slow neutrons by a chemically 
bound atom can be expressed in terms of a suitably 
defined time-dependent self-correlation function deter- 
mined by the dynamics of the atomic motion. Because 
of the cancellation of the singlet and triplet neutron- 
proton scattering amplitudes, the scattering from chemi- 
cally bound hydrogen is almost completely incoherent. 
A study of slow-neutron scattering in hydrogenous com- 
pounds therefore yields information primarily on the 
motion of individual protons as determined by the 
interatomic forces. 

Brockhouse? has applied the approach of Van Hove 
to the analysis of his experimental determinations of 
o(Eo,£,0) for water and has developed a plausible 
description of the dynamics of proton motion in water. 
The general conclusions to be drawn from Brockhouse’s 
work can be briefly summarized as follows: 


(1) The frequencies of the internal motions of the 
H,O molecule are all high in comparison with those of 
the translational motions. 

(2) The hindered rotations of the molecule are of an 
essentially harmonic nature, with a broad distribution 
of energies centered about hvy~0.06 ev. 

(3) There is definite evidence that the molecular 
translations are not harmonic in nature and that effects 
specific to the liquid state are observable. 


Recent high-resolution measurements of o(Fo,£,@) 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

+ A report on a portion of this work is contained in a combined 
experimental and theoretical paper by A. W. McReynolds, M. S. 
Nelkin, M. N. Rosenbluth, and W. L. Whittemore, Proceedings 
of the Second United Nations International Conference on the 
Peaceful Uses of Atomic Energy (United Nations, Geneva, 1958), 
Vol. 16, p. 297. 

1L. Van Hove, Phys. Rev. 95, 249 (1954). 

2B. N. Brockhouse, Proceedings of the Conference on the Con- 
densed State of Simple Systems, Varenna, September, 1957 (Suppl. 
Nuovo cimento 9, 45 (1958) ]. 


in water** have yielded conflicting interpretations in 
terms of the atomic motions in the liquid. These 
measurements are sensitive to the details of the hindered 
molecular translation in the liquid and can therefore 
yield information of fundamenial importance to an 
understanding of the liquid state. It should be possible, 
however, to describe most of the available data on 
slow-neutron scattering in water without including the 
hindrance of the molecular translations. Such a de- 
scription helps to define the limits of sensitivity of the 
slow-neutron-scattering method for determination of 
effects specific to the liquid state. It also extends, to 
the region of thermal energies, our ability to describe 
quantitatively the slowing down and diffusion of 
neutrons in water. 

The fundamental assumptions in the present de- 
scription are that the H,O molecule is the basic dy- 
namical unit and that a classification of the atomic 
motions into vibrations, hindered rotations, and hin- 
dered translations of the molecule gives an adequate 
description of the proton motions in the liquid. We 
shall take as our starting point the approximation that 
the various degrees of freedom carry out simple har- 
monic oscillations. This permits an analytic expression 
to be written® for the differential energy-transfer cross- 
section, o(/»,E,0). To evaluate this expression, we 
introduce simplifying approximations in the average 
over molecular orientations that are similar to approxi- 
mations used earlier for calculating the scattering from 
free polyatomic molecules.* The internal vibrations of 
the molecule are assumed to be the same in liquid H,O 
as in the vapor. The rotations of the molecule are 
replaced by a torsional oscillation of a single frequency. 
The energy of this oscillation is taken as hy=0.06 ev.?4 

The assumption of harmonic motion for the molecular 
translations is quite poor. We will consider, however, 
only situations in which the characteristic potential 
energies associated with the translational motion are 

’B. N. Brockhouse, Phys. Rev. Letters 2, 287 (1959). 

‘D. J. Hughes, H. Palevsky, W. Kley, and E. Tunkelo, Phys. 
Rev. Letters 3, 91 (1959). 


5A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118, 129 
(1956). 


6 T. J. Krieger and M. S. Nelkin, Phys. Rev. 106, 290 (1957). 
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sufficiently small that the translational motions can be 
considered as free. This avoids most of the problems of 
fundamental interest that involve the nature of the 
hydrogen-atom motions in the liquid, but it is useful 
in defining a model which can be used as a starting 
point for a more detailed study of these motions. 

In Sec. I, the formulas to be used are derived, and 
the expected region of validity is discussed. In Sec. III, 
numerical calculations from these formulas are dis- 
cussed. The results of these calculations are compared 
with experiment in Sec. IV. Comparisons are given for 
the total cross section as a function of energy, thermal 
diffusion parameters, angular distribution, and energy 
distribution. Agreement between theory and experi- 
ment is good in those situations where the theory can 
reasonably be expected to apply. 


Il. MATHEMATICAL FORMULATION 


The scattering of slow neutrons by chemically bound 
hydrogen can be described accurately by the Fermi 
pseudopotential approximation.’ Recent formulations! ® 
of this approximation have emphasized, in their formal 
development, the way in which the dynamics of the 
nuclear motion in the interatomic potential determine 
the neutron scattering. For the case of hydrogen, the 
theoretical treatment is greatly simplified by the 
predominantly incoherent nature of the scattering, 
which arises from the opposite signs of the singlet and 
triplet neutron-proton scattering amplitudes. We can, 
therefore, neglect interference scattering that involves 
the correlations in position among pairs of protons in 
the scattering system, provided that the temperature 
is not so low that nuclear spin correlations become 
important.® 

We will begin with an expression for the differential 
cross section, o(£o,£,9), for scattering of neutrons of 
incident energy £» into the energy interval dE at E and 
through an angle @ into the solid angle dQ. We will 
specialize to the case in which the motion of the 
scattering proton is a superposition of normal modes 
described by harmonic oscillator coordinates. For this 
case, an analytic solution of the slow-neutron scattering 
problem can be obtained® and gives 


x 


Tb E 4 
o(Eok-#)=(—)( ) fae ‘ety (K,7,t), (1) 
82? Ey 


x 
where o,=81.2 barns is the bound-hydrogen cross 
section, e=(E—Ep) is the energy transfer, K is the 
momentum transfer, 7 is the absolute temperature, and 


N 
x(K,7,t)= (ex| ie (K-t)leT]), (2) 
q=! 


where 
f(w,Tt) = (2w)“[ (n+ 1) (e~-*'— 1) +-n(e*'—1)], (3) 


7 E. Fermi, Ricerca sci. 1, 13 (1936). 
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and 
n=([exp(w/T)—1}". (4) 


We use a system of units in which A=1, and the 
neutron mass is 1. Temperatures are measured in units 
of energy. The quantity & is the hydrogen-atom 
amplitude, and w, the angular frequency in the gth 
normal mode. The &, will depend on the relative 
orientation of the molecule and incident neutron. The 
averaging indicated in Eq. (2) is done with respect to 
this orientation. 

A normalization condition on the —, can be obtained 
from the requirement that free-proton scattering be 
approached for incident neutron energies large com- 
pared with T and with the largest w,. This will be 
satisfied if 

x(K,7,t) — exp(—}7tK?) (5) 


as t—>0. Since f(w,7,) — —}it as t— 0, we require 
that 


(6) 


We will approximate the normal modes of motion of 
the hydrogen atom in terms of the torsional oscillations 
and translational motions of rigid H.O molecules, plus 
the internal vibrations of the molecule. The frequencies 
of the internal vibrations will be assumed to be the 
same as in H,O vapor. Equation (2) gives x as the 
average over orientation of a product of terms corre- 
sponding to different normal modes. We will approxi- 
mate this by the product of the averages. This is 
difficult to justify quantitatively, but the method has 
been used previously* with some success for the angular 
distribution in CH, vapor. 

In an actual crystal lattice there will be a purely 
elastic scattering which falls off with increasing mo- 
mentum transfer as exp(— Kw), where #? is the mean- 
square displacement of the vibrating atom from its 
equilibrium position. An approximately Gaussian de- 
pendence of the ‘‘quasi-elastic” scattering as a function 
of K* has been measured for water by Brockhouse.? 
It gives a value for u of about 0.4X10-° cm at room 
temperature. Because the contribution to «? from the 
vibrations and hindered rotations is only 0.02 10-® 
cm?, the measured value of « can be used to give a 
crude measure of an effective Debye temperature for 
the translational motions. 

The value of «? for a Debye frequency distribution is 
given by 


6 
u?= (3 ome) f wdw coth(w/2T), 


0 


where © is the Debye temperature. For u?=0.14x 10-'® 
cm?=33 (ev)~', we obtain a Debye temperature of 
0.011 ev. This characteristic energy associated with the 
hindrance of the translational motions is sufficiently 
small that we are justified in considering the trans- 
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lational motions to be free for many applications. This 
approximation will be applicable for K*«#? much greater 
than 1. It yields a x function for the translations 
corresponding to an ideal monatomic gas at temperature 
T with a mass of 18: 


X,~exp[— (K2/2M) (it+TP)]. (7) 


The hindered molecular rotations will be replaced by 
a torsional oscillation with a single frequency, w,. The 
expression for X, describing the neutron scattering 
from such a torsional oscillator has been shown by 
Krieger®'’ to be 


X,=(exp[(K- &- K) f(w,,7,1) }), (8) 
where 


R=M'- M1, (9) 


and YM is the Sachs-Teller? mass tensor. This result, 
which is rigorous only for small torsional oscillations, 
goes over into the Sachs-Teller approximation in the 
limit of free rotation where 


f(w,,T,t) > —3(il+TP). (10) 
In the intermediate range of hindered rotation with 
motions of large angular amplitude, the form given by 
Eq. (8) will be less accurate. 

We will make the further approximation of aver- 
aging over molecular orientations in the same manner 
that was used previously for the scatiering by freely 
rotating molecules.* This gives as our final approxi- 
mation 

X,~exp[ (K?/m,) f(w,,T,t) ]. (11) 
This is just the x that would apply to an isotropic 
harmonic oscillator of frequency w, and mass m,. 

The choice of m, for a freely rotating molecule has 
been discussed previously.®!° It was shown in this 
earlier work that the replacement of the mass tensor 
by an equivalent scalar was quite accurate for the total 
cross section, and that the angular distribution in CH, 
was not seriously affected by this approximation. The 
best value of m, for the free molecule is very nearly 
the same as would be obtained from averaging Eq. (8) 
over orientation by averaging in the exponent. For 
H.O, the best fit to the free-molecule cross section 
calculated from the full mass-tensor approximation is 
obtained using m,=2.32.!° We will use this value for 
the torsional oscillations in the liquid. This corresponds 
to assuming that the bond angle of the H,O molecule 
is the same in liquid water as in water vapor. 

Recent measurements of the energy distribution 
after scattering through 90 deg of initially cold neutrons 
show a pronounced peak corresponding to an energy 


8 T. J. Krieger (private communication). 

®R. G. Sachs and E. Teller, Phys. Rev. 60, 18 (1941). 

0 T. J. Krieger and M. S. Nelkin, Knolls Atomic Power Labo- 
ratory Report KAPL-1597, August, 1956, and Addendum, April, 
1957 (Office of Technical Services, U. S. Department of Commerce, 
Washington, D. C.). 
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gain of 0.06 ev. This peak almost certainly corresponds 
to a characteristic excitation of the hindered rotation 
of the molecule. We will! therefore choose fw,=0.06 ev. 
This is the only parameter in the present model which 
will be taken directly from neutron scattering data. 
The observed peak is broader than that which would 
correspond to a single torsional frequency. Considering 
the crudity of the present model, however, we did not 
feel it was worthwhile to add the complication of 
including a distribution of torsional frequencies. 

A crude estimate of the validity of assuming small 
torsional oscillations can be obtained by calculating 
the mean-square angular displacement of a hydrogen 
atom from its equilibrium position. This is given 
approximately by (u,/r*); here m, is an average 
moment of inertia for the rotating molecule, and 


u;?>=[2m~w, tanh(w,/2T) |". 


For the present parameters this gives a root-mean- 
square angular displacement of 8 deg. The assumption 
of small torsional oscillations is therefore likely to be 
quite good at least for elastic transitions and for one- 
quantum transitions involving the hindered rotations. 
For the higher excited states of the hindered rotational 
motion, the approximation of small oscillations will be 
much less satisfactory. 

The neutron scattering will not, in any case, be 
sensitive to the details of the rotational wave functions 
in the higher excited states. For sufficiently large energy 
transfers, only small collision times will be important, 
and we can expand f(w,,7,t) in Eq. (11) in powers of ¢. 
A convenient approximate form for X, in the high- 
energy limit is thus obtained: 


K? 


+B.) (12) 


ee exp = 


2m, 
where 


E,=[n(w,/T)+} ]w,= 0.036 ev. 


This free-atom approximation conveniently expresses 
the condition that the asymptotic behavior of the cross 
section at high neutron energies is determined by the 
average kinetic energy of the target particles."-” 
This approximation is applicable when the collision 
time / is short compared with the characteristic period 
for the degree of freedom under study." Its use enables 


1G. Placzek, Phys. Rev. 86, 377 (1952). 

2G. C. Wick, Phys. Rev. 94, 1228 (1954). 

18 The asymptotic expansion for short collision times introduced 
by Wick in reference 12 yields a series of singular functions for 
o(Eo,£,@). If one also retains the # term in the exponent, ard 
then expands x in powers of ¢, an expansion in nonsingular 
functions will be obtained. For a harmonic system, this can be 
shown to be exactly the asymptotic expansion associated with the 
central limit theorem of probability theory. The approximate 
form in Eq. (12) is then the first term in an asymptotic expansion 
with corrections of the order of (m,/E,K?)4. This expansion is 
discussed in detail in the General Atomic report GA-1258, by 
Donald Parks and the present author. This report which has 
been submitted to the Physical Review for publication, is avail- 
able on request from the authors. 





744 


a considerable simplification of the numerical work in 
Sec. III. 

The energies of the molecular vibrations will be 
assumed to be the same in liquid water as in water 
vapor. These have been measured" to be 0.205, 0.474, 
and 0.488 ev. The average over molecular orientation 
will be carried out once more according to the same 
approximation procedure. We will further assume that 
the two higher-frequency vibrational modes are de- 
generate and that the vibrations are not thermally 
excited. This gives as our final expression 


K? 
6m,w 


K2 
(e 1), (13) 


3m ,w2 


xexn| 


where fiw,;=0.205 ev and hws 
mass for vibration m, 


0.481 ev. The effective 
1.95 is determined from the 
condition (6) that the scattering approach the free-atom 
scattering at high incident neutron energy. In terms 
of our approximate average over orientation this 
condition becomes 


1 


= 


| 


Mm, m, 


III. CALCULATION OF CROSS SECTIONS 
The differential energy-transfer cross-section 
o(£o, £9 
will be calculated from Eq. (1) with x approximated by 
X=X,X,X,, 


where X, is defined by Eq. (7), X, by Eq. (11), and X, 
by Eq. (13). For convenience in numerical calculation 
we will make the further approximation that the 
excitation of only one of the modes has to be treated 
properly for a given range of incident and final neutron 
energies. 

If the incident neutron energy is between 0.01 and 
0.15 ev, we will assume free translations and only 
elastic vibrational transitions. The appropriate expres- 
sion for X, becomes 


K* 7 1 2 
x= exp] — ( ——-+ )| exp(—}K%a,). (15) 
2m, \3w, 3we 


The cross section corresponding to this choice of x can 
be evaluated by using a result of Zemach and Glauber,’ 
4G. Herzberg, Molecular Spectra and Molecular Structure 


(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 
2nd ed., Vol. II. 
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which gives 


- 


apf E\is m , Kk? 
o( ko, £,0)=—{ -- ) ( — ) exp(- -) 
4rN\ Eo 2rE RK? 2A 
© — nw K? 
ee exp( raf ) 
n=—x a 2B 
K? 2 
+ ) | (16) 
2m 


where J,(x) is the usual Bessel function of imaginary 
argument, and 


m= M=18, 

E=T=0.0255 ev, 

A=a,'+[m,w, tanh(w,/2T) +’, 
A =0.0971 ev, 


B=m,w, sinh(w,/2T) = 0.206 ev, 


w=w,= 0.06 ev. 


An expression of this form is suitable for repeated 
calculation on a large digital computer, and it has been 
programmed for calculation on the IBM 704 by Brown 
and Sprague.'® 

For incident neutron energies between 0.20 ev and 
0.48 ev, we treat the excitations of the 0.2-ev vibra- 
tional level properly and use the approximate form 
(12) for the rotations. Only elastic transitions for the 
high-frequency vibrations are considered. The cross 
section is again given by an expression of the form of 


Eq. (16) with 
m*=M-"+m,"', 
m= 2.06, 
E=[(Tm,+E,M) 
T=0.0255 ev, 


(m,+M) ]=0.0350 ev, 


A=a,=0.65 ev, 
B= 3m, sinh (w;/2T) = 


w=w,=0.205 ev. 


Between 0.15 and 0.20 ev, we use the parameters of 
(17) for energy transfers less than 0.1 ev and the 
parameters of (18) for energy transfers greater than 
0.1 ev. 

Finally, for incident neutron energies above 0.48 ev, 
we also treat X, as free-atom motion with the appro- 
priate average kinetic energy, and we consider the 
excitation of the 0.48-ev vibrations. This again leads 
to an expression of the form of (16), with a choice of 

148A FORTRAN statement of this program is attached to the 


unpublished General Atomic Report GAMD-754 (Rev.), July 1, 
1959 (available on request). 
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TaBLe I. Theoretical and experimental values for the thermal 
neutron diffusion properties of water. 


Diffusion 

cooling, ¢ d(InDo)/dT 
(cm*/sec) (per °C) 
35 000+ 1000 4000+ 1000 0.0045+0.0005 
37 900 3000 0.0034 


Diffusion 
coefficient, Do 
(cm?/sec) 


Experiment 
Theory 


parameters given by 


m= M-'+-m,"+3m,", 
m= 1.522, 
E=[(T/M)+ (E,/m,)+ (E1/3m,) ] 
m <(M1+ m+ 3m}, 
E=0.0525 ev, 


T=0.0255 ev, 

A= (3m,w2/2) = 1.402 ev, 

B=3 mw: sinh (w2/2T) = 8744 ev, 
w=w2=0.481 ev. 


(19) 


In order to minimize the amount of computation, 
the cross sections are computed only for E<£. The 
cross sections for energy gain are determined from the 
detailed balance condition 


o(E,Eo,0) =0(Eo,E,9) (Eo/E) exp[(E—Eo)/T]. (20) 


This condition is satisfied by an exact calculation, as 
well as by the approximate models employed in this 
work. 

The most important numerical errors in the present 
calculation arise from the use of the free-atom approxi- 
mation (12) for the hindered rotations for incident 
neutron energies as low as 0.15 ev. The accuracy can 
be improved either by including the multiple excitations 
of the 0.06-ev level properly, in combination with single 
excitation of the 0.20-ev level, or by making use of the 
asymptotic expansion in (m,/E,K*)*, discussed in 
reference 13. The use of the free-atom approximation 
does not appreciably affect the computed total cross 
section, but it gives an average energy loss per collision 
that is somewhat too large. 


IV. COMPARISON WITH EXPERIMENT 


We expect the model outlined in the previous sections 
to describe well the low-resolution data on slow-neutron 
scattering but to become less applicable as the energy 
and momentum transfers become small enough that 
the hindrance of translational motion becomes impor- 
tant. We will consider first the total cross section as a 
function of energy. The cross section is computed by 
first determining the differential energy-transfer cross- 
section o(£o,E,9) from the equations given in Sec. IIT. 
This cross section is then integrated numerically over 
final energy and scattering angle. The total cross section 
so computed is compared with experiment in Fig. 1. 
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;. 1. The total cross section of water in barns per hydrogen 
atom as a function of incident neutron energy. 


The experimental points are those of Melkonian,’® as 
read from the cross-section compilation BNL-325." 
The agreement between theory and experiment in the 
range from 0.01 to 1.0 ev is good. The deviation in the 
neighborhood of 0.05 ev is probably due to the assump- 
tion of a single torsional frequency in the calculation. 
A small wiggle in the calculated cross section be- 
tween 0.15 and 0.20 ev has been smoothed out in 
drawing Fig. 1 since the origin of this wiggle is almost 
certainly in the numerical approximation used in this 
region, and not in the physical model employed. 

A second integral measurement of interest is the 
determination of the diffusion parameters for thermal 
neutrons. This information is usually obtained by 
measuring the mean lifetime of the thermal-neutron 
distribution following a pulse of fast neutrons.'* The 
dependence of the lifetime on the size of the sample 
determines the thermal-neutron leakage rate and thus 
the diffusion coefficient. For smaller samples, there will 
be transport corrections, and the equilibrium spectrum 
will be cooled with respect to the moderator tempera- 
ture because of the preferential leakage of fast neutrons. 
Both of these effects contribute to a second measurable 
quantity, the diffusion cooling coefficient. An essentially 
rigorous formulation for determining these coefficients 
from o(Eo,£,0) has been given by the present author.” 
A comparison of theory and experiment is given in 
Table I. The temperature dependence of the diffusion 
coefficient was obtained under the assumption that hw, 
remains equal to 0.06 ev independently of temperature. 

The experimental numbers are a_ subjectively 
weighted average by the author of the values summar- 


16 EF, Melkonian, Phys. Rev. 76, 1750 (1949). 

17 Neutron Cross Sections, compiled by D. J. Hughes and R. B. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), 2nd ed. 

18G. von Dardel and N. G. Sjéstrand, Phys. Rev. 96, 1245 
(1954). See also the review article by these authors in Progress 
in Nuclear Energy (Pergamon Press, New York, 1958), Ser. I, 
Vol. II. 

19M. Nelkin, Nuclear Sci. and Eng. 7, 210 (1960). 
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Fic. 2. The angular distribution for 0.065-ev neutrons scattered 
from water for two counters with different energy-dependent 
sensitivities. The normalization is arbitrary. 


ized in the review article by Von Dardel and Sjéstrand."* 
Since the calculated total cross section is in good 
agreement with experiment, the disagreement in Do 
indicates that the present model gives an angular 
distribution that is somewhat too steep. 

In Fig. 2 the calculated and measured angular 
distributions are compared for an incident neutron 
energy of 0.065 ev. The calculated distributions were 
obtained by integrating o(£»,£,9) over the energy- 
dependent sensitivity of the thick and thin counters. 
The experimental angular distribution and the counter 
sensitivity vs energy are taken from Brockhouse.? The 
thin counter is very nearly 1/v so that the uncertainties 
in its sensitivity do not appreciably affect the calculated 
angular distribution. For the thick counter, this is 
probably not the case. In addition, the calculations are 
not very accurate for angles less than 30 deg since the 
energy distribution of the scattered neutrons is too 
narrow for the energy mesh used in the computations. 

The agreement between calculation and experiment 
for the angular distribution is fairly good. Because of 
the uncertainties mentioned, it is not possible to derive 
any physical information from the deviation between 
the experimental and calculated curves in Fig. 2. 

Finally, we consider a direct comparison of theory and 
experiment for o(£o,£,@). We consider the measurement 
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3. The energy distribution of neutrons of incident energy 
0.065 ev after scattering through 90 deg by water. 


of Brockhouse? for Ey=0.065 ev and 6=90 deg. The 
comparison is shown in Fig. 3. The agreement is well 
within the large experimental error. We note that for 
this choice of incident energy and scattering angle, the 
present model should be applicable with good accuracy. 

There are also a considerable number of measure- 
ments? which show direct evidence, in their structure 
for small energy transfer, for the hindrance of the 
translational motions in the liquid. The present model 
does not show this structure because of the assumption 
of free translations. The agreement obtained with the 
low-resolution experimental data using this model is, 
however, quite good. It is therefore likely that the 
present work forms an adequate basis for the treatment 
of the hydrogen-atom motion at short times. It remains 
to study more carefully the nature of the hindered 
translations in the liquid, as well as the sensitivity of 
the high-resolution data for low-energy neutrons to 
these motions. The present model does give, however, 
an adequate basis for the quantitative calculation of 
neutron thermalization in water, a subject of consider- 
able practical significance in the design of water- 
moderated reactors. 
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A study of the ground-state coupling rules in odd-odd spherical nuclei reveals that in almost all cases where 
Nordheim’s weak rule is applicable both particles have spin and orbital angular momentum parallel rather 
than antiparallel. A semiclassical model is employed to indicate that an attractive n-p tensor force will tend 
to break down Nordheim’s weak rule. Examination of the quantum-mechanical formula substantiates this 


finding. 


RECENT article has surveyed our present 

experimental and theoretical understanding of 
the ground-state coupling rules in odd-odd nuclei.' As 
summarized there, studies with zero-range central 
forces have yielded a qualitative theoretical foundation 
for Nordheim’s coupling rules (we use the form of these 
rules as given in reference 1). The general feature of 
the situation is that the ground state of an odd-odd 
nucleus will be that state which maximizes a com- 
bination of (a) overlap of the wave functions of the 
two particles and (b) the amount of triplet state in the 
wave function. 

Such a physical picture predicts that in a situation 
where Nordheim’s strong rule is applicable (j;=/:-43, 
j2=lsF}) both (a) and (b) can be simultaneously 
maximized and the ground state will be J= | j;— je). 
(Calculations with zero-range central forces indicate 
that J=| 7:—je2| is the lowest in energy and there is a 
considerable gap between it and the next-higher J 
states.) In a case where Nordheim’s weak rule is appli- 
cable (f:=h+3, jo=l2+}), the situation is not so 
clear. We now find that (a) and (b) cannot both be 
maximized. Detailed studies with short-range central 
forces reveal that in general there will be several J 
values in close competition for the ground state. A 
decision as to which of these competing J values will 
be the ground state in any particular nucleus will 
require a more detailed study of the wave functions 
and interactions involved. It is the purpose of the 
present note to show that an #-p tensor force will act 
in such a way as to contribute to the breakdown of 
Nordheim’s weak rule. 

One reason that tensor-force effects have been neg- 
lected in studies of the coupling rules in odd-odd nuclei 
is the complexity of the general matrix-element for- 
mula.” In contrast to central forces, the tensor-force 
matrix-element expression does not contain a con- 
venient zero-range limit (at zero range, tensor effects 
vanish). Going to infinite-range also produces no 
simplification. 

In an attempt to investigate the qualitative features 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
1C, J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
(1958). 
2.N. Newby, Jr., and E. J. Konopinski, Phys. Rev. 115, 434 
(1959). 


of the tensor-force interaction, a semiclassical (SC) 
model has been used. This model exploits the similarity 
under rotations of the tensor interaction 


[3(o1-6)(o2-4) 
Vin)=Urin| - —av-e4), (1) 


r- 


and the interaction energy of two magnetic dipoles of 
magnetic moment M, and Mb, 


1 3(M,-r)(M.-r) 
-=)|- a —Ms-M] (2) 


r r. 
If one now examines the behavior of Eq. (2) with 
various particle distributions, it becomes apparent that 
a definite statement can be made regarding the ex- 
pectation value of Eq. (1) in certain quantum- 
mechanical states. 

As an example, consider the state 


AbA=L+4, bb je=b+4 ; I= fit jy) 
='(L=l+lh)s. (3) 


As indicated, this state is also pure in Z-S coupling. 
In a classical interpretation we may say that the two 
particles move in the same plane and have their 
intrinsic spins parallel to each other and perpendicular 
to the plane of their orbits (see discussion in reference 
1). In such a case, the first term of Eq. (2) is zero, and 
the average effect is a raising of the energy of the 
system by the interaction. Thus, even though U7(r) is 
less than zero (as in the deuteron), the tensor-force 
effect may be to raise the energy of a whole class of 
quantum-mechanical states. This is, perhaps, not 
surprising. The quantum-mechanical coupling displayed 
in Eq. (3) restricts the particles to move in such a way 
that the interaction (1) is largely repulsive. (A similar 
physical picture of the probability distributions can be 
constructed in the case of any n-p configuration that 
is pure in L-S coupling. In what follows we have only 
applied the model to such j-7 states.) This semiclassical 
procedure should at least give the correct sign of the 
diagonal matrix element and have increasing validity 
for high-angular-momentum quantum numbers. 

In order to investigate the above conclusions, a 
previously used approximation was employed.? This 
approximation yields an exact answer for the tensor- 
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force diagonal matrix element in the case of a certain 
long-range force which gives more weight to inter- 
actions at large rather than small distances. The SC 
model indicates, however, that in certain classes of 
two-particle states the sign of the matrix element is 
determined by the particle coupling and does not 
depend on details of well shapes. 

Use of this approximation procedure substantiated 
the prediction of the SC model that an attractive tensor 
force would raise the energy level of any state in class 
(3). The ability to make this statement depends on 
the fact that the Racah coefficients in the general 
matrix-element formula all have a “stretched”  tri- 
angular condition for all states of class (3). Such Racah 
coefficients are always positive. 

Examination of the tables of coupling schemes for 
odd-odd nuclei reveals several interesting points.'* In 
situations where the strong rule is applicable, we find 
a total of 52 cases. The strong rule fails in five cases. 
In two of these five cases we have evidence that the 
tensor interaction plays a vital role.? In the 47 cases 
where the strong rule holds, the SC model can be 
applied to 11 cases. In these 11 cases the model indi- 
cates that the tensor effect may be repulsive in the 
ground state. Actually the situation is not clear, for 

3K. Way, D. N. Kundu, C. L. McGinnis, and R. van Lieshout, 


Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, California, 1956), Vol. 6, p. 129. 
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in five of these cases one of the particles is in an S state. 
In the great majority of situations where the strong 
rule holds, the ground state is mixed in Z-S coupling, 
and the tensor-force effect is probably to lower the 
energy of the level. 

One can make a more definitive statement in the 
cases where the weak rule applies. Out of 23 cases 
where the weak rule is applicable, we find that 20 cases 
have j:=1,+3, jo=l2+} rather than spin and orbital 
momentum antiparallel for both particles. In these 20 
cases, the weak rule would predict that the ground state 
should be given by the coupling in Eq. (3). We find 
that in these cases the weak rule holds nine times and 
fails eleven times. Our discussion shows that an attrac- 
tive n-p tensor force will raise such a state [ Eq. (3) ] 
in energy and thus bias against it being the ground state. 

Calculations with zero-range central forces generally 
show a competition between J= j,+ j2 and J= | ji— je! 
for the ground state in a weak-rule situation. A recent 
study* has shown that in such a coupling situation the 
observed ground state is often J= | j:— j2| rather than 
J=jitJje (see also reference 1). The SC model de- 
scribed here shows that an attractive n-p tensor force 
would produce level shifts tending to move J= | j;— je! 
downward in energy with respect to J= j;+ je. 


*M. H. Brennan and A. M. Bernstein, Bull. Am. Phys. Soc. 
5, 20 (1960). 
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Photoproton and Photoneutron Production in Aluminum and Copper* 
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The ratio of proton to neutron yields from aluminum and copper irradiated with betatron x rays up to 
20.8 Mev in energy has been measured. Simultaneous detection of protons and neutrons is accomplished by 
placing two samples of the same element in series in the x-ray beam. Direct detection methods are used in 
each case, a shallow proportional counter for protons and a boron-lined detector for neutrons. A photon 
difference method has been used to reduce yield data to cross-section form. The proton and neutron yields 
for aluminum are found to be approximately equal at 20 Mev with cross sections of 19 and 21 millibarns, 
respectively. At 20.8 Mev a yield ratio of one proton to about 6 neutrons is found for copper, with a peak 
photoproton cross section of 23 millibarns. The results are compared to a calculation based on the assump- 
tion that these reactions proceed through the formation of a compound nucleus. 


I. INTRODUCTION the difficulties involved in the direct detection of 
photoprotons.' 

Further information concerning the characteristics 
of charged particle reactions would be of use for ex- 
ample in investigating the applicability of the com- 
pound nucleus concept to photonuclear reactions. The 
proton energy spectrum and the size of the photoproton 


cross section relative to the photoneutron cross section 


LTHOUGH an abundant literature relating to the 
subject of photonuclear reactions has been built 
up in recent years, the preponderance of the available 
material is concerned with neutron emission, owing to 


* This report is based upon a thesis submitted by one of us 
(R.E.C.) in partial fulfillment of the requirements for the degree 
of Doctor of Philosophy at Case Institute of Technology. This 
research has been supported by the U. S. Atomic Energy 
Commission. 

t Now at Brookhaven National Laboratory, Upton, New York. 


4 For a concise summary of earlier work in this field, see G. R. 
Bishop and R. Wilson, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1957), Vol. XLII, p. 332. 
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can indicate the extent to which the given reaction takes 
place by way of a compound nucleus. Bishop and Wilson 
(see reference 1) describe the experimental evidence for 
the existence of an additional process in which the pho- 
ton energy is imparted directly to a single nucleon. In 
high Z elements, the ejection of charged particles by a 
compound nucleus is inhibited by the large Coulomb 
barrier, so that in these elements the direct interactions 
account for most of the observed photoproton yield. 

The present investigation seeks to compare the photo- 
proton yield with the photoneutron yield from alumi- 
num and similarly from copper up to about 20 Mev. 
The experimental results are compared to a calculation 
of the relative size of these yields under the assumption 
that the reaction proceeds via the formation of a com- 
pound nucleus. The energy dependence of the proton 
counter efficiency poses several problems in this regard 
—these will be discussed later on. Photon difference 
calculations are used to deduce the (y,) and (y.p) 
cross sections over the same energy interval. 


II. DESCRIPTION OF EXPERIMENT 


The proton and neutron yields are measured at the 
same time with detectors arranged in the x-ray beam 
from the Case betatron as shown in Fig. 1. The proton 
counter consists of a pair of shallow proportional 
counters, spaced 7 in apart, between which are inserted 
sample foils having an area larger than the beam cross 
section. The counters are equipped with thin Mylar 
end windows to allow protons to enter the counters 
from the external sample foil with a small energy loss. 
The x-ray beam passes through the proton detectors, 
which are made thin to keep electron production to a 
minimum. Further details of the proportional counter 
construction are given in Sec. ITI. 

The proton counting system is followed in the x-ray 
beam by a neutron detector which consists of a B" lined 
counter embedded in a paraffin moderator. The paraffin 


block is surrounded by about 14 inches of paraffin and 
water shielding to reduce the background from ex- 
traneous photoneutrons produced in the betatron vault. 

Yield data for neutrons were taken at approximately 
0.5-Mev intervals for betatron energies from 20.8 Mev 
down to neutron threshold. Protons were counted to 
the lowest energy giving an appreciable counting rate 
above background. This limiting energy was 8.3 Mev 
for copper and 11.7 Mev for aluminum. Background 
runs were cycled with the sample runs at about 15- to 
20-minute intervals. 

For determining the ratio of proton to neutron yields, 
no beam monitoring is required since the same beam 
traverses both detection systems. A copper slug, how- 
ever, was cycled frequently with the sample in the 
neutron detection system, and the neutron counting 
rate from this copper standard was regarded as a moni- 
tor of beam intensity. This copper standard was used 
so that the yield data could be converted to cross-section 
form. The use of this standard assumes a known x-ray 
spectrum shape but not an absolute beam intensity. 
The cross sections for photoproton and photoneutron 
production in aluminum, and for photoproton produc- 
tion in copper are thus determined relative to an as- 
sumed copper photoneutren cross section. 

The principal difficulty in an attempt to count photo- 
protons during the betatron burst is caused by pile-up 
of electron pulses in the detector. Almost all of these 
electrons arise in the aluminum or copper sample foils, 
the contribution from the counter walls and grids being 
negligible. Electrons which traverse both counters pro- 
duce substantially identical signals at the two inputs of 
the preamplifier-subtractor circuit (see Fig. 3). These 
two signals are subtracted one from the other to give a 
null output. The main amplifier and scaler system re- 
ceives only the difference in signal between the two 
counters, so that a proton traversing one or other of the 
counters gives rise to an output signal whose polarity 
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directly implies the proton direction. At the photon 
energies of interest, electrons are ejected in the forward 
direction relative to the beam, so that pile-up will 
chiefly affect the counter furthest from the betatron. 
Since the photoproton production is expected to be 
equal in both the forward and backward directions, a 
consistent inequality in rates from the forward and 
backward detectors indicates pile-up. Comparison of 
these two rates can therefore be used as a method of 
finding the highest beam intensity at which pile-up 
effects are negligible. 

To keep the pile-up within manageable bounds, the 
betatron burst was lengthened to 15 microseconds by 
adding a series inductance in the expander circuit, and 
the proton channel pulse amplifier was set to give a 
clipping time of 0.2 sec. As a final check, several points 
on the yield curve were redetermined using a self- 
expanded betatron burst of about 150-microseconds 
duration for which pile-up should be vanishingly small. 
The counting rates were found to agree with the rest of 
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the data, indicating the absence of pile-up effects. With 
these safeguards it was found possible to expose the 
samples to a betatron beam having an intensity of about 
0.07 r/min. 

In order to reduce beam-independent background in 
both systems, it was found advantageous to gate the 
neutron and proton channel scalers so that they were 
on only during an interval around the x-ray bursts. A 
block diagram of the equipment for the proton and 
neutron channels and the gating time relationships are 
shown in Figs. 2 and 3. Calibration procedures for the 
counters is described below. 


Ill. DESCRIPTION OF DETECTORS 


A. Proton Detector 


Figure 4 shows a sectional view of one of the two 
shallow proportional counters used for proton detection 
in this experiment. The body of the counter is made up 
of the brass cup “‘A”’ fastened to the brass plate “B”’ 
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electronic apparatus for the 
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PROTON AND NEUTRON 
by Allen screws. A brass ring centered in the counter 
supports 8 collector grid wires of 0.001-inch diameter 
nickel. The grid ring is in turn supported by 3 feed- 
through terminals which provide the high-voltage con- 
nection to the collector. The terminals have guard rings 
to minimize spurious pulses. Aluminum-coated Mylar 
foil of 0.00025-inch thickness is used for the counter end 
windows. A very open grid of 4 wires, held at ground 
potential, is stretched across the inside of each window 
to minimize the sensitivity of the internal electric fields 
to end window movement or “breathing.” The axial 
thickness of the counter, due to gas, windows, and grids, 
is less than 6 mg/cm’. 

Commercial high purity (99.6%) argon diluted 5% 
by CO: flows continuously through the counters from 
a pressure regulator followed by a needle valve. The 
counter could be operated up to 1800 volts, with a gas 
multiplication up to 200. A solenoid operated arm 
inserts and removes sample foils from between the 
counters. Use of the two detectors closely spaced allows 
the achievement of large geometrical efficiency for 
counting of protons from the sample foil. 


B. Neutron Channel 


The neutron detection is accomplished by means of 
two B" lined proportional counters? embedded in a 
(10 10 18) inch block of paraffin clad with 0.020-inch 
cadmium. The apparatus has been used and described 
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Fic. 4. A cross section view of the proton counter. 
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‘1c. 5. The pulse-height response of the proton counter 
to protons of various energies. 


by Romanowski and Voelker,* and has been modified 
only by the addition of further shielding and a 3 position 
solenoid-operated target changer. 


IV. CALIBRATIONS 


The 5.3-Mev a particle from Po?’ is used to measure 
the response of the proportional] counter, and for a daily 
check on its stability. The counter response may be in- 
ferred from the observed pulse height produced by a 
particles with the aid of range-energy relations for 
protons and for a@ particles in air, corrected for the stop- 
ping power of argon relative to air.*> The relative re- 
sponse of the counter to protons is shown in Fig. 5. This 
calibration has also been verified with 2.0-Mev protons 
from the Brookhaven Van de Graaf. The decreasing 
sensitivity to higher energy is caused by the thinness of 
the counter. 

To determine a discrimination level high enough to 
bias out electron background, a counting rate curve was 
obtained with the betatron, using a self-expanded beam 
at 17.4 Mev on an Al sample foil as shown in Fig. 6. On 
the basis of this curve the minimum pulse height ac- 
cepted by the proton channel scaler was set at such a 
level that protons whose energies lie between 0.7 and 
5.0 Mev were detected. 

To determine an over-all detection efficiency, the 
proton energy spectrum must be known at least ap- 
proximately. Corrections for foil absorption are made 
by dividing the sample foil into 5 sublayers and com- 
puting energy losses for protons originating in the 
middle of each sublayer, including the angular effect on 
the path, length in the foil. A knowledge of the energy 
spectrum of protons as they leave the nucleus can be 
obtained from theory and experiment. Diven and Almy® 
give the following expression for the energy spectrum 


’T. A. Romanowski and W. H. Voelker, Phys. Rev. 113, 886 
(1959). 

4 Experimental Nuclear Physics, edited by E. Segre (John Wiley 
& Sons, New York, 1953), Vol. 180. 

5W. Aron, University of California Radiation Laboratory 
Report UCRL-121, November, 1948 (unpublished). 

®B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 
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Fic. 6. A bias curve for the proton counter. 


of photoprotons emitted from bremsstrahlung-excited 
nuclei: 


Ey 
F(e,) =e) oyn(E)P(E,Eo) 
B 


p 
Xwr(E—B,—e,) (dE I's), (1) 


Eo—Bn 
a -f €nonwr( E—B,—e,)de,, (2) 


where B, and B, are the particle binding energies, 
é, and e, the particle energies, ¢, and o, the particle 
capture cross sections, P(£,Eo) the bremsstrahlung 
spectrum with Eo the maximum photon energy, and 
wr the level density in the residual nucleus. Further- 
more, experimental data for the proton spectra from 
Cu and Al are available from the work of Diven and 
Almy on aluminum® and from Byerly and Stephens on 
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7. The photoneutron to photoproton yield ratio for 
aluminum as a function of betatron energy. 
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copper.’ In the case of copper (1) has been evaluated 
for wr=k exp(a£)', a= 1.6 (A—40)! for 16- and 19-Mev 
bremsstrahlung, and the resulting over-all proton de- 
tection calculated including self-absorption. These effi- 
ciencies are found to differ only slightly from that cal- 
culated from the experimental distribution of Byerly 
and Stephens for 24-Mev bremsstrahlung. It is con- 
cluded that the over-all detection efficiency for protons 
from the moderately thick foils used in this experiment 
is insensitive to the small differences between theoretical 
and observed spectra, and insensitive to the brems- 
strahlung maximum energy within reasonable limits. 
For the reduction of the present data, the observed dis- 
tributions of Diven and Almy for Al under 20.8-Mev 
bremmstrahlung and of Byerly and Stephens for Cu 
under 24-Mev bremsstrahlung are employed. The re- 
sulting efficiencies are 0.36 for Al and 0.29 for Cu. The 
approximate equality of these efficiencies demonstrates 
the counter insensitivity to photoproton energy dis- 
tributions under the conditions of this experiment. For 
the Ra-Be source, standardized 
against National Bureau of Standards source 38, with a 


neutron counter a 


TABLE I. Area densities, atomic numbers, and photon absorp- 
tion factors for the experimental samples, together with the 
corresponding particle detection efficiencies. 


Cu(neutrons) Cu(protons) Al(neutrons) Al(protons) 


34060 
63.57 

€ 0.0074 
k 1.667 


29.01 

27.0 
0.360 
1.000 


1290 
27.0 
0.0074 
1.124 


68.12 

63.57 
0.287 
1.000 


M (mg/cm) 
A 


strength of 658+67 neutrons/sec is used for calibration. 
An efficiency of 0.74% is obtained. Possible differences 
between the photoneutron and Ra-Be neutron distri- 
butions are ignored in view of the energy insensitivity 
of the Segré-Wiegand type of neutron detector. 

The betatron energy scale was calibrated at three 
energies, 10.6, 18.73, and 17.0 Mev. The first two points 
are the photoneutron thresholds for Cu® and C®, cal- 
culated from atomic mass data,’ while the third point 
was calculated by P. French of this laboratory from data 
taken with a Compton electron spectrometer. 


V. TREATMENT OF DATA 


The results of this experiment are in the form of 
ratios O,/O, where O, represents the sample counting 
rate (either proton or neutron) and O, represents the 
neutron rate from the copper standard. Since all target 
areas are larger than the x-ray beam area, the following 

7P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 


§W. H. Sullivan, ‘‘Trilinear Chart of the Nuclides,”’ U. S. 
Atomic Energy Commission, January, 1957 (unpublished). 
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relation holds, 


Eo 
Y ,(Eo) = (Oz on f Ocu(E)P(E,E)dE 
0 


X (Meu/Mz)(Az/Acu) (€cu/€z)(Rz/Reu), (3) 


where Y.(Fo) is the yield in particles/mole/100r, 
{NV focuPdE} is the assumed Cu neutron yield in neu- 
trons/mole/100r, M the area density in mg/cm’, A the 
atomic weight, ¢« the detection efficiency, and & is a 
correction for photon absorption in the thick neuron 
samples. For this latter correction the total absorption 
coefficient for 17.6-Mev photons is used. Table I lists 
these factors for the samples used in the experiment. 
The assumed copper yield is calculated from the cross 
sections for Cu® and Cu® of Katz and Cameron,’ and 
a bremsstrahlung spectrum modified by 2 inches of 
aluminum beam hardener, as calculated by Rose.”° The 
photon difference matrices of Penfold and Leiss, as 
tabulated by Rose, have been used to transform the 
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“1G. 8. The photoneutron to photoproton yield ratio for copper 
as a function of betatron energy. 


yield data to cross-section form, after the usual smooth- 
ing procedures on the yield curve and its first derivative. 
These calculations were programmed for, and carried 
out on the Case IBM 650 computer. 


VI. RESULTS AND DISCUSSION 


The neutron to proton yield ratios as a function of 
betatron energy are shown in Figs. 7 and 8 for aluminum 
and copper, respectively. The principal source of un- 
certainty in these ratios arises from the calculation of 
the proton detector efficiency which is influenced by the 
photoproton energy distribution. However the detection 
efficiency is not particularly dependent upon the exact 
shape of the proton energy distribution, as pointed out 
earlier. This is in part due to the “smearing” effect of 
the relatively thick samples used in the proportional 

*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 

0 P. F. Rose, M.S. thesis, Case Institute of Technology, 1956 
(unpublished). 
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Fic. 9. The photoneutron cross section and the photoproton 
cross section for aluminum as a function of photon energy. 


counter. The insensitivity of our proton detection effi- 
ciency to the proton energy spectrum forecloses an 
effort to measure this spectrum, while at the same time 
it makes possible a determination of the net yield ratio 
for comparison with theoretical models. 

It should be emphasized that these results are not 
dependent on beam monitoring since the same beam 
passes successively through the proton and the neutron 
samples. The errors shown here are derived from count- 
ing statistics only. Figure 9 shows the cross section as a 
function of photon energy for Al(y,z) and Al(y7,9), 
while the Cu(y,p) cross section appears in Fig. 10. These 
curves were obtained from the yield data in the manner 
described in the foregoing section. 

The results for Al may be compared to the earlier 
work of Diven and Almy® using an emulsion technique. 
The present work indicates approximately equal photo- 
neutron and photoproton cross sections at 20 Mev 
(21 mb for photoneutrons and 19 mb for photoprotons). 
Diven and Almy used bremsstrahlung of energies 13.9, 
17.1, and 20.8 Mev. Using a three-point photon dif- 
ference method they obtain an average photoproton 
cross section of 6 mb in the region from 12~-20.8 Mev. 
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Fic. 10. The photuproton cross section for copper as a 
function of photon energy. 
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TABLE II. Calculated ratios of photoproton to 
photoneutron cross sections. 


Ey, (Mev) Al? Cu® Cus Cu" 


12 cee 0.20 

13 ee 0.16 
14 0.83 0.16 
15 0.54 0.16 
16 0.44 0.18 
17 0.39 0.19 
18 0.35 0.22 
19 0.32 0.24 
20 0.30 0.26 
21 0.28 0.29 
22 0.27 0.29 


0.14 
0.11 
0.11 
0.12 
0.13 
0.14 
0.17 
0.18 
0.20 
0.22 
0.23 


0.014 
0.017 
0.021 
0.026 
0.032 
0.038 
0.046 
0.053 
0.062 
0.072 


The present experiment gives 7.6 mb, obtained by 
averaging the photoproton curve over the same energy 
region. Montalbetti!' has measured the aluminum 
photoneutron cross section by direct detection methods. 
The present experiment is in substantial agreement with 
this previously reported value. Halpern and Mann” 
have observed aluminum photoproton yields with a thin 
zinc sulfide scintillator. Their results are in agreement 
with the present experiment, although we have obtained 
the yield curve for photoprotons with considerably 
better statistical accuracy. 

For copper the present experiment indicates a peak 
cross section for photoproton production of 23 milli- 
barns in the neighborhood of 19 Mev with a yield ratio 
of about 6 neutrons to one proton at a betatron energy 
of 20.8 Mev. Copper photoprotons have been observed 
by Chastel'® and by Byerly and Stephens’ with the aid 
of nuclear emulsions. Chastel employs the lithium 
17.6-Mev gamma ray to deduce a photoproton cross 
section of about 1 mb at that energy, and therefore a 
photoneutron to photoproton ratio of about 77. Byerly 
and Stephens report a proton yield of 108/mole-100r at 
24-Mev betatron energy and a neutron to proton ratio 
of 4 at that energy. The present experiment is in dis- 
agreement with the work of Chastel. Allowing for the 
difference in betatron energies, the present experimental 
results seem consistent with those of Byerly and 
Stephens. The deuteron yield reported by Byerly and 
Stephens is not expected to be of importance below 20 
Mev and has not been taken into account in the present 
experiment. 

The observed ratio of photoproton to photoneutron 
cross sections may be compared to a calculation of the 
expected ratio assuming that these photonuclear re- 
actions proceed through the formation of a compound 

" R. Montalbetti, L. Katz, and J. Goldemberg, Phys. Rev. 91, 


659 (1953). 
2 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). 
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nucleus. Blatt and Weisskopf define a quantity, Fs, 
which is proportional to the branching ratio for the 
emission of particle b from the compound nucleus, 


F,= (2M, w) f eo. (e)wp| €m— e)de, (4) 


0 


where ¢,=E—B,, the notation being defined in the 
discussion following Eq. (1). If the emission is con- 
sidered to be made up of neutron and proton com- 
ponents only we have: 


a(y,p)/o(y,n)=F)/F o. (5) 


The calculation of F involves a knowledge of the 
neutron and proton cross sections, the respective bind- 
ing energies and the level densities of the residual nu- 
cleus. A level spacing formula due to Newton’ takes 
into account the change in effective excitation energy 
due to pairing effects and also the influence of nuclear 
shell effects on the level densities. This formula has 
been used to compute the expected proton to neutron 
ratios. The capture cross sections are taken from Blatt 
and Weisskopf, and the binding energies from the 
nuclear masses quoted by Sullivan,* and a recent com- 
pilation of Geller, Muirhead, and Halpern.'® The inte- 
gral expression is approximated by a finite summation 
over 0.5-Mev intervals for Al?’ (y,z)Al’®, Al?’ (y,p) Mg", 
Cu®(y,2)Cu®, Cu®(7,p)Ni®, Cu®(y,7)Cu®™, and Cu®- 
(y,p)Ni®*. The results of this calculation, to 2 significant 
figures, are given in Table II. 

For the case of copper, the agreement between this 
calculation and our results seems to be quite good, 
perhaps fortuitously so, considering the approximate 
nature of the level spacing formula, which has been 
fitted to nuclides over a wide range of mass numbers. 
The calculation for aluminum indicates a much lower 
photoproton to photoneutron ratio than is actually ob- 
served. Qualitatively, however, the result does bear out 
the general expectation that for the lower Z nuclides, 
with consequently lower Coulomb barriers, the photo- 
proton production is comparable to photoneutron 
emission. 
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The nuclide 6.3-min Br?’ has been made by the reactions 
(y,n), (n,2n), (p,m), (d,2n), and (a,n), and its decay properties 
have been investigated by positron decay-curve analysis, by 
application of a standard chemical isomer-separation procedure, 
by searching for conversion electrons, and by studying the 
gamma-ray and positron-gamma-coincidence spectra. The early 
portion of the positron decay curve exhibited a single 6.25+0.2- 
min component, and no active daughter of this species was 
chemically separable from active CBr,. Conversion electrons were 
not found, and soft gamma rays were shown to be absent. There 
are 12-kev x rays, of intensity about 0.05 relative to the positrons 
and therefore presumed to be K x rays of Se resulting from 
electron capture. These results show that 6.3-min Br’ has no 
daughter isomer and probably no >10-sec parent isomer. There is 


INTRODUCTION 


INCE the first characterization of Br’* as a nuclide 

emitting 2.3-Mev positrons with a half-period of 
6.4 min, there have been reports of conversion electrons? 
and Br K, x rays® emitted in its decay. On the basis of 
these reports, and in analogy with the known decay 
properties of Br®, a decay scheme for Br’® has been 
proposed by Way et al.t This decay scheme postulates 
that the 6.4-min species is an isomer of spin 5—, decaying 
via a 108-kev (M3)—49-kev (£1) cascade to a <6-min 
ground state of spin 1+, which in turn emits a 2.2-Mev 
positron to Se’® in the ground state. The proposal is 
supported by the calculation‘ that the half-period for 
a 100-kev M3 transition is 8 min based on the 4.5-hr 
19-key transition in Br®. The ground-state isomer in 
this decay scheme would be expected to have a half- 
period of at least 1 min. 

The present study was made in an effort to clarify the 
nature of the decay process. It was found that the 
ground state of Br’’ is the 6.4-min species discovered by 
Snell,' a conclusion which has been reached independ- 
ently by Goodman and Schardt.® This species decays 
87% to ground-state Se?’ and 13% to Se7® in the 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Presented in partial fulfillment of the requirements for the 
Ph.D. degree in the Department of Chemistry, Massachusetts 
Institute of Technology. Present address: Enrico Fermi Institute 
for Nuclear Studies, University of Chicago, Chicago, Illinois. 

‘A. H. Snell, Phys. Rev. 52, 1007 (1937). 

2G. E. Valley and R. L. McCreary, Phys. Rev. 56, 863 (1939) 

’P. Marmier and P. Preiswerk (unpublished); described by 
P. Stahelin and P. Preiswerk, Nuovo cimento 10, 1235 (1953). 

* Nuclear Level Schemes, A=40—A=92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic 
Energy Commission Report TID-5300 (U. S. Government 
Printing Office, Washington, D. C., 1955). 

5A. Goodman and A. W. Schardt (private communication). 
Also, from their measurement of the threshold for the Se78(p,n)Br7® 
reaction, one deduces a positron end point of 2.57+0.01 Mev 
for the main decay branch in Br”, and we have used this figure 
in our decay scheme (Fig. 3) and in our calculations. 


a 615-kev gamma ray, in coincidence with positrons, and of 
intensity 0.139 that of all positrons, representing decay of Br*® 
to Se?® in the 615-kev 2+ state. However, no evidence for decay 
to Se7* in the 1.32-Mev state could be found. From these data it 
was deduced that 6.3-min Br7® decays 81% by positron emission 
and 6% by electron capture to ground-state Se”, 11% by positron 
emission and 2% by electron capture to Se’* in the 615-kev 
state, and <1% to Se” in the 1.32-Mev state. The disintegrations 
of Br7® to Se?’ in the ground state and 615-kev state have log ft 
values of 4.8 and 5.2, respectively, indicating that the spin of 
ground-state Br’ is 1, with even parity. The absence of isomerism 
is discussed in terms of the locations of expected energy levels, 
with reference to the known locations of these levels in Br®. 


615-kev level, and the spin appears to be 1+. The 
conversion electrons? and x rays*® ascribed to Br’&™ 
are not found in the decay of Br’, and they are un- 
doubtedly associated with the recently discovered® 
4.2-min Br7’™, It seems quite probable that the expected 
5— isomer is the newly found 120-ysec species,®:7 and 
it is postulated that its short half-period is due to a 3+ 
level intervening below the 5— level. 


EXPERIMENTAL AND RESULTS 
I. Decay Curve Experiments 


If Br?’ should exhibit isomerism, with an upper state 
of disintegration constant \, (corresponding to 6.4-min 
half-period) decaying in fraction ; by positron emission 
and in fraction g; by isomeric transition to a short-lived 
lower state, the positron activity from the quantity 
A,’ produced in a short bombardment would be: 


A;(8t)= piAve™. (1) 


If the lower state should decay in fraction 2 by positron 
emission, the positron activity from the quantity A,° 
produced in the one short bombardment plus. that 
growing from the upper isomer would be: 


AopeoqiA Y 
2pod —(e-ut—¢ det) (2) 
Ao At 


A»(pt \=A po € rot 


The activity of the lower state would in time come to 
equilibrium with the activity of the upper state to give 
the asymptotic positron decay rate 


AspoqiA 

= -— —E 

: d Ao—Ay 
6A. Goodman and A. W. Schardt, Bull. Am. Phys. Soc. 4, 

56 (1959). 


7R. B. Duffield and S. H. Vegors, Jr., Phys. Rev. 112, 1958 
(1958). 


As(B*)ssympt - aie (3) 
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The difference A(§+) between the observed curve, 
which should be the sum of Eqs. (1) and (2), and the 
asymptotic curve, which should be the sum of Eqs. (1) 


and (3), is: 
AopoqiA -) 
eke e 
Ao—Ay 


A(sr)= (. o Po 


The difference A(8*) of the decay curve from a simple 
exponential decay of 6.4-min half-period should then 
be a positive exponential if A2°>A2qi41°/(A2—Ad), 
and a negative one (growth of activity) if the reverse 
inequality should hold. 

By using various kinds of bombarding particles at 
various energies and for various lengths of time, one 
should be able to find a set of conditions such that 
A(8*) is an observable positive or negative contribution, 
and thus determine A:. For equal cross sections for 
forming Br7*" and Br’® and for short bombardments, 
A,°/A,° would be equal to A2/A;. It can be said that if 
Ae should be, say, 5A,, the ratio of initial A(@*) to the 
asymptotic activities of Eq. (3) extrapolated to zero 
time would be 3 for equal cross sections and unit 
values for p2 and qi. 

The Br’® was produced by the following reactions: 
(1) Br7°(-y,2) Br?’ ; (2) Br7°(m,2n) Br®®; (3) Se78(p,n) Br’; 
(4) Se78(d,2n) Br7®; and (5) As’*(a,2) Br78. Bombardment 
conditions for these experiments were, respectively, 
as follows: 


(1) CBr, target, 15-sec and 1-min irradiations with 
17.0-Mev and 15.3-Mev electrons at the MIT Linear 
Accelerator ; 

(2) CBr, target, 30-sec irradiation with neutrons 
from reaction of 15-Mev deuterons with Be at the MIT 
Cyclotron ; 

(3) Se target, 1- to 7-sec irradiations with 6.4-Mev 
protons; 

(4) Se target, 1- and 5-sec irradiations with 15-Mev 
deuterons ; and 

(5) As target, 2- and 30-sec irradiations with 10-Mev 
alpha particles, and a 30-sec irradiation with 8.9-Mev 
alpha particles. 


Che alpha particles were degraded from 30 Mev to the 
desired energies* by means of foils of Dural and Ta, 
the latter being used to prevent contamination of the 
target by 2.55-min P® formed by the AP’(a,n)P® 
reaction. 

Three alternative arrangements were employed for 
selectively counting the positrons: 


(1) A 3 in.X3 in. or 2 in.X2 in. Nal(TI) crystal for 
detecting the annihilation radiation, a single-channel 
analyzer with the baseline set at 511 kev, and associated 
equipment ; 


8 W. A. Aron, and B. G. Hoffman, Raxge-Energy Curves, Second 
Revision, 1949, Atomic Energy Commission Report AECU-663 
(Technical Information Service, Oak Ridge, Tennessee, May 
28, 1951), 
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(2) Two 2 in.X2 in. NalI(TI) crystals at 180° 
relative to the source, two single-channel analyzers set 
at 511 kev, a coincidence circuit, and a motorized tape- 
punch readout system for recording 
rates; and 

(3) A gas-flow proportional counter. 


the coincidence 


Counting of electron-irradiated CBr, began about 10 


sec after bombardment; counting of other samples 


began 50 to 110 sec after bombardment. 

The data obtained in all cases could be fitted by a 
single exponential of 6.30.2-min half-period for 4 
or more half-periods (up to 12 half-periods in the case 
of activity produced by alpha bombardment of As). 
Figure 1 shows a treatment of the coincidence counting 
data for annihilation radiations on two runs for the 
reaction Br’*(y,m)Br7®. No evidence is present for 
growth or short-lived decay. It is felt that if 6.3-min 
Br’® decayed to a short-lived daughter isomer of half- 
period >10 sec, this would have been detected by 
such experiments. 

The results of the (y,) experiments also exclude the 
possibility of formation, with equal cross section, of a 
short-lived isomer of half-period of 5 sec or more 
decaying to the 6.3-min Br’*. The upper limit on the 
cross section for the formation of such an isomer falls 
inversely with the half-period assumed for it 

From the best of the As’5(a,7)Br78 and Br7°(y,) Br7® 
experiments, a half-period of 6.25+0.2 
determined for Br’®. 


min was 





) 
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Fic. 1. Positron decay of CBr, irradiated with 15.3-Me\ 
electrons for 1 min (top curve) and with 17.0-Mev electrons for 
15 sec (bottom curve). Drawn lines are for 6.4-min half-period 
There is no evidence for a A(8*) effect 
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II. Chemical Separation of Isomers 


The next set of studies involved efforts to extract 
chemically any Br’® isomer that might be formed by 
isomeric transition of 6.3-min Br’*. The chemical 
separation of the lower-state isomer depends on the 
rupture of covalent bonds as a consequence of internal 
conversion.’ The chemical procedure is based on 
those of DeVault and Libby,” using the Br’® retained 
in chemical combination as, say, CBr;Br’, in solid CBr, 
samples after irradiation with fast neutrons, the Br7® 
having been produced by the reaction Br7°(m,2m)Br7®. 
After the bombardment, the active CBry, is dissolved 
in pentane, and the bromine (Br’’, Br®, and Br) 
which has not been chemically retained is removed by 
extraction with aqueous bisulfite solution, using a 
small amount of Br, carrier. The Br7* daughter isomer, 
if any, then may be extracted by bisulfite after allowing 
a short period for growth in the presence of a trace 
of Bro. 

About 5 g CBr, was irradiated for 60-70 sec with fast 
neutrons from the (Be+d) reaction (about 40 ya of 
15-Mev deuterons). The target was then dissoived in 
30 ml pentane and about 2 drops Br, added. This 
solution was shaken with 15 ml aqueous solution of 
0.1M NaHSO; and 0.6M NaHCO;; more Bre was 
added and the extraction was repeated. Finally, the 
organic solution was washed with 15 ml water containing 
a drop or two of Bro. The preparation was then per- 
mitted to stand for 3.8-4.0 min in order to allow time 
for the growth of any possible ground-state Br’*. Two 
or three drops of Br2 were added and the solution was 
shaken with 15 ml NaHSO;-NaHCO; solution. The 
aqueous layer was drawn off rapidly and counted 
immediately (about 25 sec after the separation). The 
counting arrangement incorporated a 2 in.X2 in. 
NaI(TI) crystal with a single-channel analyzer set for 
511 kev in order to count selectively annihilation 
radiation of positrons from ground-state Br’®. 

The activity observed in the extract was chiefly 
6.3-min Br’, in the amount (a few percent of the total 
activity) to be expected, on the basis of exploratory 
experiments, from contamination. The organic layer 
exhibited the same components as the aqueous layer, 
in about the same relative amounts, showing that no 
observable enrichment in any species had been achieved 
by the separation. 

The effectiveness of this isomer separation was 
tested on the Br® isomeric pair. It was found that 
35-40% of the 18-min Br® grown in from 4.5-hr Br®” 
after the clean-up operation was extracted. The 18-min 
half-period persisted in the aqueous extract for about 
3 half-periods. Assuming the same chemical separation 
efficiency in the Br’® experiments, the activity of 
6.3-min Br’$ in the organic layer in these experiments 

9 E. Segré, R. S. Halford, and G. T. Seaborg, Phys. Rev. 55, 
321 (1939). 


1D. DeVault and W. F. Libby, Phys. Rev. 55, 322 (1939); 
58, 688 (1940); J. Am. Chem. Soc. 63, 3216 (1941). { 
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3-min 
was such that a > 15-sec Br’® daughter of 6.3-min Br’® 
would have been detected. 


III. Conversion Electrons 


Experiments were designed to detect the 95.5-kev 
conversion electrons reported by Valley and McCreary? 
and interpreted by them to be associated with a 108-kev 
isomeric transition in the decay of 6.3-min Br7*. The 
Br’ activity was produced by the reaction As”*(a,m)Br’®, 
by bombardment of As metal with alpha particles of 
about 10 Mev. The target was dissolved in hot con- 
centrated HNO; and the Br activity was isolated by a 
chemical procedure similar to that employed by Brady 
and Campbell" for separating Br out of the fission 
products. This procedure involved addition of carrier 
Br-, oxidation to Bre in the aqueous phase by means 
of KMnQ,, extraction with CCly, then reduction and 
extraction with aqueous NaHSO; solution, from which 
AgBr was then precipitated. The thin AgBr source 
prepared in this way contained substantial activity 
despite losses incurred in dissolving the target. The 
activity decayed with the 6.3-min Br’® half-period for 
the duration of the experiments. 

The AgBr was pressed directly onto the surface of a 
disk of Pilot B scintillation plastic (Pilot Chemicals, 
Incorporated, Watertown, Massachusetts) 0.3 cm 
thick X1.9 cm diameter. The detector, light pipe, and 
phototube cathode were then covered with a conical 
cap of Dural foil which acted as a light seal and reflector ; 
this made it possible to avoid having material between 
the source and the detector. 

Conversion-electron spectra were obtained with a 
256-channel analyzer” (Radiation Counter Labora- 
tories, Incorporated, Skokie, Illinois). No conversion- 
electron peak was seen. Sources of 4.5-hr Ru’ studied 
by the same technique showed plainly the 107-kev 
conversion electron’: (a=3, ax/az~1.5) from the 
130-kev isomeric transition of the daughter 42-sec 
Rh™™, even in the presence of the 1.15-Mev betas of 
Ru, From this, it was estimated that we must have 
ax <1 for any possible isomeric transition of 6.3-min 
Br’$, an unlikely situation. 


IV. X Rays and Gamma Rays 


For the experiments on x rays and gamma rays, the 
Nal(Tl) detector was located inside a Cu-lined thick 
Pb shield, 173 in.X193 in.X22 in. inside dimensions, 
and a 1.0-cm Be absorber was located between source 


4uE. L. Brady and G. W. Campbell, Radiochemical Studies: 
The Fission Products, edited by C. D. Coryell and N. Sugarman 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 231, National Nuclear Energy Series, Plutonium Project 
Record, Div. IV, Vol. 9. 

2 Provided by the Office of Scientific Research, U. S. Air 
Force, to the Laboratory for Nuclear Science. 

#3 P, Axel and R. B. Duffield, private communication to the 
authors of reference 14. 

4D). Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 
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and detector. For this as well as all other work in which 
phototubes were employed, u-metal magnetic shields 
were used. The spectra were obtained with the 256- 
channel analyzer” and decomposed into the component 
gamma rays after correction for Bremsstrahlung and 
annihilation in flight, by fitting previously determined 
single gamma-ray spectra, taken under identical 
conditions, to the resultant curve, starting at the high- 
energy end. 

Metallic As was bombarded with 10-Mev alpha 
particles and the Br’’ activity was separated as AgBr 
by the procedure described above." The precipitate 
was mounted on a 1.88-mg/cm? plastic window and 
counted with a } in. thickX1} in. diameter NaI(TI) 
crystal and DuMont 6292 phototube (resolution about 
39% for the composite K x rays of Ba). The spectra 
showed an x ray of energy about 12 kev, half-period 
about 6 min, and intensity about 0.025+0.002 that of 
the 511-kev positron annihilation radiation. Taking the 
K-shell fluorescence yield for Z=35 to be'® about 0.60, 
this means that the intensity of Br and/or Se K capture 
plus conversion is about 0.0830.007 relative to the 
total positron emission. It is not possible to determine, 
with the equipment used for this experiment, whether 
the x rays are those of Br or Se. However, the K/8* ratio 
for Br*™* has been estimated in connection with work 
reported later in this section, and the expected ratio is 
about 0.075+0.01. Thus, the x rays that were seen can 
all be attributed to Se resulting from electron capture. 

At the same time, the low-energy (<200 kev) region 
of the gamma-ray spectrum was examined in an effort 
to detect the 47-kev and 108-kev gamma rays which 
would be expected on the basis of the conversion- 
electron work of Valley and McCreary.2 No gamma 
rays were found; with the help of experiments with 
that 47-kev and 
108-kev gamma rays would have been detected if they 
were emitted in more than 0.57% and 0.7%, respectively, 
of the disintegrations of 6.3-min Br’® 

As the energy of the alpha particles bombarding the 
target was increased to 16-19 Mev and higher, the 
induced activity of the As targets began to show a 
110-kev gamma ray of half-period about 3 or 4 min. 
The alpha bombarding energy at which this new activity 
appears is about that expected for the As”*(a@,2m) Br77:77™ 
reaction. The same gamma ray was produced by 
bombardment of Se with 6.4-Mev protons, and therefore 
it presumably is associated with the decay of the 
recently reported® 4.2-min Br’’™, formed from Se by 
the reaction Se’’(p,)Br7™™. Br? 
activities studied by Valley and McCreary? and by 


standard sources, it was estimated 


Since the 6.3-min 
and Preiswerk® 
the 
x rays’ observed by them and attributed to 6.3-min 
Br7® were undoubtedly from 4.2-min Br7™™. 


Marmier were obtained by proton 


bombardment of Se, conversion electrons? and 


6 C. D. Broyles, D. A. 
89, 715 (1953). 


Thomas, and S. K. Haynes, Phys. Rev. 
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Fic. 2. Gamma-ray spectrum of 6.3-min Br? 
by bombardment of As with 10-Mev alpha particles 
9.3 cm from window of 3 in.X3 in. NaI(T1) crystal and s 
by Plexiglas (above) and Be (below) absorbers 
are in Mev. 


Activity produced 
source 
irrounded 


“nergies indicated 


The higher-energy region (> 100 kev) of the gamma- 
ray spectrum was examined by means of a 3 in.X3 in. 
NaI(T1) crystal mounted on a DuMont 6363 phototube. 
The resolution of this assembly was 8.0% for the 
661-kev gamma ray of Cs'’. Sources were either Se 
bombarded with 6.4-Mev protons, or As bombarded 
with 10-, 16-, 19-, and 22-Mev alpha particles. In all 
cases the only gamma rays observed which were 
associated with 6.3-min Br’ were 511 kev (annihilation 
radiation) and 615 kev; As bombarded with 10-Mevy 
alpha particles, since it produced an essentially pure 
6.3-min Br’ activity, gave only these two gamma rays. 
With the source close to the crystal, a sum peak at 
1.13 Mev (511 kev plus 615 kev) was observed, indicat- 
ing that the 615-kev gamma ray has positrons in 
coincidence with it. This gamma ray therefore rep- 
resents the transition from the first excited state!® of 
Se’§, a 2+ state at 615 kev, to the ground (0+) state. 

High-energy spectra taken for analysis were obtained 
with the source completely surrounded by enough low-Z 
absorber to stop all the positrons, thereby assuring 
positron annihilation essentially at the location of the 
source, so that accurate gamma-ray intensities relative 
to the positron could be obtained. Such a spectrum is 
shown in Fig. 2; analysis of this spectrum yielded the 
ratio 0.139 for intensity of the 615-kev gamma rays 
to the intensity of all positrons. Since conversion of the 
E2 615-kev gamma ray'® may be neglected, this is 
equivalent to saying that 


a/b=0.139, (5) 


146G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 
967 (1956). 
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where a=the total decays, both positron-emission and 
electron capture, to Se’® in the 615-kev state, and 
b=the total decays by positron emission only, to Se”® 
in all accessible states. Zweifel’s'’8 calculated K/@* 
ratios for allowed and first-forbidden transitions, and 
L/K capture ratios calculated by Brysk and Rose!*.!* 
were used to calculate the probability for (K+JZ)- 
electron capture relative to that for positron emission 
in decay of Br78 to Se’ in the !owest-lying states, with 
the following results: to ground state, 0.07; to 615-kev 
state, 0.16; and to 1.32-Mev™ state, 0.70. With these 
figures and the measured gamma-ray intensities it 
was calculated that 0.129 of ali disintegrations of 
6.3-min Br*® go to Se’® in the 615-kev state. From 
the same information it was calculated that 0.075+0.01 
of all Br’® disintegrations should take place via electron 
capture. 


V. Gamma-Gamma Coincidences 


Since the gamma-ray spectra of 6.3-min Br’® did 
not show the expected 700-kev and 1.32-Mev gamma 
rays” from Se’® in the 1.32-Mev state, an attempt 
was made to detect them by studying the gamma- 
ray spectrum in coincidence with the positron annih- 
ilation radiation. This was done by means of a coin- 
cidence sorter,*! which shows simultaneously, on an 
oscilloscope, all coincidences involved in the decay of 
a given source, and shows the approximate relative 
intensities of these coincidences. The two detectors were 
3 in.X3 in. NaI(TI) crystals positioned at a right angle 
from the source, with a Pb shield between them. A 
time-exposure photograph of the presentation provided 
a permanent record of the coincidences accumulated 
over any chosen period of time. An output of the 
coincidence unit also was fed to a scaler which registered 
the total number of coincidences over the chosen time 
interval. The activity was produced by bombardment 
of As with 9.2-Mev alpha particles, and spectra were 
taken, adding to the source as time elapsed in order to 
keep the activity high. A picture exposed for 80000 
coincidence events showed only coincidences between 
the 511-kev positron annihilation radiation and the 
615-kev gamma ray. This, together with experiments 
with various gamma-ray standards, sets an upper limit 
of 0.01 on the fraction of Br’§ disintegrations that go to 
Se7® in the 1.32-Mev state. 


CONCLUSIONS 


The positron decay-curve analyses and efforts at 
chemical isomer separation have set an upper limit of 


17 P. F. Zweifel, Phys. Rev. 107, 329 (1957). 

18 A. H. Wapstra, G. J. Nijgh, and R. van Lieshout, Nuclear 
Spectroscopy Tables (Interscience Publishers, Inc., New York, 
1959). 

9H. Brysk and M. E. Rose, U. S. Atomic Energy Commission 
Report ORNL-1830, 1955 (unpublished). 

» B. L. Schram, H. L. Polak, W. Schoo, R. K. Girgis, and 
R. van Lieshout, 1957 (unpublished); reported in reference 14. 

21. Grodzins, Rev. Sci. Instr. 26, 1208 (1955). 


6. 


3-min Br? 

about 10 sec on the half-period of any Br7* daughter of 
6.3-min Br’8, much shorter than would be expected for 
a 2.6-Mev allowed beta transition for Z=35. The 
absence of conversion electrons and the low intensity 
of x rays on the one hand, and the absence of soft 
gamma rays on the other, can only be explained by 
concluding that there is no isomeric transition in the 
decay of 6.3-min Br’’. These results constitute ample 
evidence that the 6.3-min species is the ground state 
of Br78, Moreover it appears that this species has no 
> 10-sec parent isomer. 

One may ask why Br’® does not exhibit isomerism 
like that of Br®, for there is good basis for expecting 
that the two nuclei should have similar properties.”:* 
We offer the following explanation : Of the four low-lying 
states predicted by the shell model” and by Nordheim’s 
rules® for Br®, namely Psj2P12(1+), fs2@0/2(2—), 
Ps/289/2(6—, probably 5—; see pp. 84 and 85 of 
reference 22), and fs2p12(<3+), only the fo2p1/2 
(<3+) cannot be said to have been observed. The 
fact that the 5— state of Br® has a half-period of 4.5 
hr®5.26 indicates that in Br® the fs2Pij2(<3+) state 
lies above the 5— state. We postulate that in Br’ the 
foy2p12(<3+) state lies below the 5— state, thus 
allowing Br’® nuclei in the 5— state to undergo a 
rapid M2 or E3 transition. This idea is reinforced by 
recent work by Duffield and Vegors’ and Goodman and 
Schardt. By bombarding Br with gamma rays, 
Duffield and Vegors’ produced a 127-usec Br activity, 
tentatively concluded from threshold measurements to 
be an isomer of Br’’, which decays by emission of a 
149-kev gamma ray. On the basis of the half-period 
and energy, they suggest that the transition is M2. 
The only way an M2 transition in Br’® can be accom- 
modated within the framework of the four predicted* 
low-lying levels is to postulate that the f52p1/2(<3+) 
level has a 3+ configuration and that in Br’® it lies 
149 kev below the 5— level. Goodman and Schardt® 
also have reported this isomer, of half-period 11545 
usec, emitting 150-kev and 32-kev gamma rays, and 
have established that the species is Br7’. Thus one is led 
to speculate that the 120-usec isomer of Br’® is the 
expected 5— isomer, lying about 150 kev above a 3+ 
level; the 32-kev transition might then be an F1 transi- 
tion from the 3+ state to the 2— state or from the 2— 
state to the 1+ ground state, or it might be an E2 
transition directly from the 3+ state to the ground 
state.'’ A 3— or 4+ state could have been invoked 
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Fic. 3. Decay scheme of Br’. 


instead of a 3+ state in these arguments, but the data 
of Duffield and Vegors’ and the predictions of the shell 
method”: favor 3+. 

In support of these speculations, Mayer?’ has pointed 
out the following: Se’? (V=43) has a ground-state 
spin™*8 of $ (presumably 1,2), and a state at 161 kev 
with a spin* of 7/2 [presumably (go/2°)z/2], whereas 
Se”® has a 7/2 ground state? [presumably (go9/2”)z/2 J, 
and a spin } state at 96 kev. Therefore, imagining 
Br7®-™ as Se7’-7* plus a proton, a state with a (g9/2*"5:°F”) 7/2 
neutron configuration might be expected to lie 257 kev 
higher in the case of Br7® than in Br™, referred to some 
state with a p;,2 neutron configuration. Similarly, Br” 
is believed*-” to have a 5/2 state (presumably fs,2), 
at 217 kev above the 3/2 (presumably 3/2) ground 
state,*' whereas in Br” the /5,2 state appears to be only 
131 kev above the 3/2 ground state,** so that, imagining 
Br7§® as Br’’79 plus a neutron, a state with a fs/o 
proton configuration might be expected to lie 86 kev 
lower in the case of Br’® than in Br™, referred to some 
state with a p32 proton configuration. Thus, relative 
to the ps op 2(1+) ground state, the P3/289 2(5—) 
state*®26.# at 84 kev® in Br® would lie 257 kev higher 
in Br’*; the /s2P1/2(3+) state would lie 86 kev lower 

27M. G. Mayer (private communication). 
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CORYELI 

in Br*® than in Br®; the /s/2g0/2(2—) state® at 36.3 
kev® in Br® would lie 171 kev higher in Br78; and the 
separation between the fs2g9/2(2—) and p3/2g9/2(5—) 
states would be 86 kev larger in Br?’ than in Br®™®. Of 
course the simple picture just drawn is quite crude, but 
it does serve to make plausible the idea that a 3+ state 
could lie well above the 5— state in Br® and yet lie 
below the 5— state in Br’’, perhaps even below the 
2— state. 

It is not necessary to postulate the intervention of a 
3+ state in Br’ if one makes the hypothesis that the 
separation between the 5— and 2— states is some 
250-350 kev or more, which is perhaps a greater 
separation than one might expect. The half-period of 
the 5— isomer might then be 5 sec or less,**** too short 
to have been detected by us. However, the data of 
Duffield and Vegors? and Goodman and Schardt® do 
not support this hypothesis. 

Calculated log f values*® and the branching ratios 
obtained in Secs. IV and V of the experimental work 
were used to determine log /f values for decay of 
6.3-min Br7® to Se’* in the various levels: ground (0+ 
state, 4.8; 615-kev (2+) state, 5.2; and 1.32-Mev state, 
>5.5. This supports the 1+ assignment predicted* for 
the ground state of Br7’, and does not conflict with the 
2+ assignment tentatively 1.32-Mev 
state of Se7®. 

In accordance with the foregoing, the decay scheme 
shown in Fig. 3 is proposed. 
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The polarization of protons elastically scattered from carbon in the energy region between 4.65 and 5.0 
Mev has been measured by double scattering from carbon targets. These results, together with the findings 
at Harwell by Evans and Grace, show that the polarizations predicted from the phase shift analysis are 
somewhat in error. This disagreement may be explained by making small changes in the splitting of the P- 
and D-wave phase shifts without seriously affecting the fit to the angular distributions. It was found that 
in the energy range from 3.0 tc 4.0 Mev the D-wave phases required from 1° to 4° additional splitting, while 


in the range from 4.0 to 5.0 Mev the splitting of the P-wave phases ha: 


to be reduced by 4°. These modified 


phase shifts give a revised contour map of spin polarization versus energy and angle 


INTRODUCTION 


gece the phase-shift analysis of the elastic scat- 
tering of protons from C” by Reich ef al.,' the 
polarization of the scattered protons has been calcu- 
lated. Subsequently, the results of these calculations 
have been used in other experiments where C” was 
used as an analyzer for proton polarization.*:* Since 
the angular distributions, from which the phase shifts 
were deduced, are not as sensitive to the spin-orbit 
splitting of the phase shifts as is the polarization, it is 


FARADAY 
cuP 


winpnow ——_ 


FIRST 


necessary that these calculations be checked experi- 
mentally. For this purpose a double scattering experi- 
ment has been performed using a carbon polarimeter in 
the energy region between 4.65 and 5.0 Mev. 

This paper will discuss the method employed to 
measure the spin polarization by the double scattering 
of protons from C”. The results of these measurements 
Harwell results> make it 
possible to obtain a more accurate set of phase shifts 


in conjunction with the 


and thus a more accurate contour diagram of the 


‘a 


TARGET MONITOR 





TARGET 


ROTATING 
SEAL 





BEAM FROM 
VAN DE GRAAFF 
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Fic. 1. Construction of the polarimeter showing the two scattering chambers. The second chamber has the second target, monitor 
detector, and the two asymmetry detectors and may be rotated about the monitor detector axis to allow variation of the azimuthal 


angle ¢2. 
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Cypical pulse-height distributior 
from carbon at a bombarding er 


polarization as a function of the energy and the scat- 


tering angle. 


THEORY 


lor the scattering of spin 5 particles from spin zero 


nuclei the cross section and the polarization are: 


and 


Here @ is the sc: ering angle in center-of-mass 
system, & is the wave number of the incident beam, 
k, and k» are unit vectors in the direction of the incident 


and f 


mie. 


| 


and scattered beams, respectively, and are 


} 
{ 
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bic. 3. Azimuthal angular distributi otons twice scat 
tered from carbon at 4.78-Mev primar rhe asymmetry 
ratio A is plotted versus the azimuthal angle ¢2. The dot 
ted curve show rve passed through the data points 


energ 
see text 


s a sinusoidal cu 
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defined by: 


= (—n/2k) csc?(0/2) exp|in In sin?(6 


+¥ [(/+1) exp(ié;+) 


l=0 


10) 


sind;++/ exp 
4 P, COSG }é 


and 


siné;* 


wn 
> [exp(i6,-) siné;-— exp 
l=1 


uZZ'e?/h?k, o; is 
Coulomb phase shift, and the 6, 
phase shifts.! 

If two detectors are placed symmetrically wit 
to the direction of the first scattered beam and coplanar 
with the beam, then the asymmetry in the ‘Tl 
from the second target is: 


the /t} 
Lilt il 


In the expressions above 7 


are the scattering 


h respect 


A = P(0,)P2(82) sind». 
P;(0;) and P3(05 
first and second scatterings and ¢ 


are the polarizations resulti 


1S ie 


plane of the first scattering. 
asymmetry is: 


1= (R—L)/(R4+1 


where R is the counting rate for the counter 
right and Z the counting rate for the con 


left. The first scattering is taken to be to t 


APPARATUS 


The polarimeter and scattering chamber are shown 


in Fig. 1. The polarimeter is designed so that it 


is free 





‘s 
Fic. 4. Variation of the asymmetry ratio, A, 
energy for the double scattering of protons fro 
=9)°. The dotted curve is the prediction (see 
employing the phase shifts derived by Reich 
the solid curve employs small deviations from th 
(see text) 





-POLARIZATION OF 


to rotate about the first scattered beam, in order that 
differences in counter efficiency may be eliminated. 
The alignment of the components of the polarimeter is 
insured by the axial symmetry of recesses machined in 
the front and rear faces of the center section as is shown 
in Fig. 1. 

The three detectors use CsI(T]) scintillation crystals 
with DuMont 6292 photomultipliers. The two asym- 
metry detectors have large solid angle (~ 0.10 steradian) 
and employ 1.75-inch diameter 0.005-inch thick crystals. 
The pulses from these detectors were sorted and re- 
corded by a RCL 256 channel pulse-height analyzer 
and an Atomic Instruments 20 channel analyzer. 


ALIGNMENT 


In an experiment where an asymmetry is measured, 
any misalignment can obscure the effect to be measured. 
The precision construction of the polarimeter insures 
the correct alignment of its components, so that the 
only possible misalignment can be in the positioning of 
either the first target foil or the beam upon the target. 


Fic. 5. Reanalysis of the 
angular distribution at 4.0 
Mev. The experimental points 
of Reich ef al. of absolute cross 
section versus center-of-mass 
scattering angle for C?(p,p)C® 
are compared to the prediction 
of the phase shift analysis. The 
derived values of Reich et al. 
and three deviations from them 
are shown. 
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FROM C?? 763 
The alignment of the target is greatly simplified by the 
small window in the first scattering chamber. The 
target holder is put in position with a clear plastic film 
instead of the target; by sighting through the monitor 
slit of the polarimeter it can be determined if the center 
of the target is on the center line of the polarimeter. 
The beam is then centered on the target by replacing 
the Faraday cup with a quartz plate and then centering 
the beam with the target in place. 

Another source of possible error is the asymmetry 
due to the angular distribution of particles over the 
first scattering solid-angle. At 90° this effect will, in 
general, be small because the variation of the cross 
section across the solid-angle is relatively small. How- 
ever, at more forward angles this effect may become 
more pronounced and can completely obscure the 
asymmetry due to the polarization. This fundamental 
asymmetry cannot be avoided, but its effect may be 
estimated from the angular distribution data. In the 
experiment that is described below the errors due to 
this effect were calculated and found to be +1%, 
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which is negligible in comparison with the statistical 
uncertainty of the data. 


EXPERIMENTAL 

Both the first and second scatterings take place 
about 90°(lab). The first target was a carbon foil with 
a thickness of 1.0 mg/cm’, while a sheet of 0.00025-inch 
Mylar was used as the second target. The Rice Institute 
5.5-Mev electrostatic accelerator was employed as a 
source of protons. 

The counting rates were very low (about 6 counts 
per minute for a 2 microampere beam current); but 
since there was no appreciable background at this 
energy, the pulses due to the doubly-scattered protons 
were easily resolved. Typical pulse-height distributions 
are shown in Fig. 2. After each data point the polar- 
imeter was rotated through 180° and the measurement 
repeated. No was observed 
between the two measurements, and in all instances 
the results agreed to within the statistical uncertainty. 


systematic deviation 


At 4.78-Mev bombarding energy the asymmetry was 
measured as a function of ¢2, and as is shown in Fig. 3, 
the results show the sinusoidal behavior that is pre- 
dicted by the theory. The asymmetry was measured 
as a function of energy for bombarding energies between 
4.65 and 5.0 Mev. Since carbon was used for both 
scatterings, the calculation of the polarization from 
the measured asymmetry involves two unknown 
quantities: the polarizations, P; and P2, for the two 
scatterings. For this reason the predicted polarizations 
are used to calculate the asymmetry so that the pre- 
dicted and experimental results might be compared. 
As seen in Fig. 4 the agreement between the two is good 
with respect to sign and the general behavior, but is 
poor with respect to the magnitude of the effect. 


CONCLUSIONS 


This lack of agreement between the predicted and 
observed polarizations has also been observed by Grace 
and Evans at Harwell,® who for first scattering at 60° 
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Fic. 7. Reanalysis of the 
angular distribution at 4.964 
Mev. See Fig. 5 for symbols for 
smooth curves. 
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60° 


have observed that the polarization is about twice the 
predicted value’ in the energy range of 3.0 to 4.0 Mev. 

Since P.'(cos@) is zero at 90°, the chief contribution 
to the polarization at this angle comes from the splitting 
of the P-wave phase shifts. This is not the case at 60°, 
where it has been observed that the polarization is 
insensitive to the P-wave splitting but is strongly 
dependent on the splitting of the D-wave phase shifts. 
Because of these two facts it is reasonable to suppose 
that the observed polarizations, as well as the angular 
distributions, may be fitted within the experimental 
accuracy by causing further splitting of the D-wave 
phase shifts, while at the same time reducing the 
P-wave splitting. 

In the study of the elastic scattering of protons by 
Reich ef al., complete angular distributions were taken 
at 4.613 and 4.964 Mev.' At other energies only ex- 
citation curves were taken at several angles. For the 
purpose of phase shift modification, the complete 
angular distributions have been reanalyzed to determine 
how small phase-shift modifications affect the fit to the 
experimental*data. 


100° Bem'2o* 140° 


To explain the data found in this experiment it was 
necessary to decrease 5,;+ by 1.5° and increase 6,;— by 
2.5° over the energy range from 4.0 to 5.0 Mev. This 
modification produces a fit to the angular distributions 
that is within the experimental and statistical error. 
These revised fits to the data of Reich et al. are shown 
in Figs. 5, 6, and 7. To fit the angular distributions at 
4.613 and 4.964 Mev it was impossible to add any 
additional D-wave splitting. However, at 4.0 Mev the 
effect due to decreasing 6+ by 2° and increased 6- by 
2° is within the experimental and statistical uncertainty. 
This is sufficient to explain the Harwell data, if, starting 
at 3.0 Mev, 62* is gradually decreased and 62~ is gradu- 
ally increased: From 4.0 to 4.5 Mev this trend is 
reversed so that the phases return to their derived 
values at 4.6 Mev. These small phase shift deviations 
are given on Figs. 5, 6, and 7. 

When these modifications are taken into account, 
the measured polarization asymmetries reported above 
agree both in magnitude and general behavior with the 
predicted result, as is shown by the solid curve in Fig. 
4. A revised contour map of the polarization is shown 
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lic. 8. Contour map of spin polarization for C®(p,p)C™. Lines of equal spin polarization are shown versus bombard 


ng energy and 


center-of-mass angle. This map employs phase shifts modified slightly from those of reference 1 and is to be compared to the earlier 


map of reference 2 


in Fig. 8 where the phase shift deviations discussed 
above have been employed. Caution should be employed 
in using this map for the determination of spin polari 
zation: although it is believed that the map gives the 
correct polarization to about +10% of the indicated 
values, there still remains the possibility that the phase 
shifts in certain energy regions are in error due to in- 
accuracies in the elastic scattering data or to non- 
uniqueness of the phase shift fit. 

It should be noted that only very small phase 


Below 3 Mev the above map and that of reference 2 are supposed to be identical. 


shift deviations from the earlier values were necessary 
to produce a reasonable fit to the polarization data 
without destroying the quality of fit to the angular 
distributions. Thus the determination of spin polari- 
zation from elastic scattering angular distributions 
requires much greater precision than is usually ob- 
tained. However, rather crude polarization measure- 


ments provide an extremely sensitive method of 
determining phase shifts when used in conjunction 
with the elastic scattering data. 
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Energy levels of the stable isotopes of silicon, Si?*, Si?®, and Si®, up to 6.5-Mev excitation have been in- 
vestigated by studying the inelastic scattering of 7.5-Mev to 8.5-Mev protons from a thin silicon-dioxide 
target with a broad-range magnetic spectrograph. Several new levels are reported, and the significance of 
the Si** results is discussed in regard to a previously proposed interpretation of the level spectrum. 


I. INTRODUCTION 


T was suggested in 1957 by Bromley ef al.' that, 

since on a pure j-j coupling picture the Si** core 
corresponds to the closing of the d; shell for both protons 
and neutrons and may, therefore, have a spherical 
shape, its energy-level spectrum might be expected to 
exhibit features characteristic of collective vibrations. 
Such a spectrum should show almost equally spaced 
levels with a spin sequence 0*, 2+, (0+2+4+), where the 
last three bracketed levels form a closely spaced triplet. 
At the time this proposal was made, accurate measure- 
ments were available only for the first excited state of 
Si®§ at 1.77 Mev with a spin of 2+.2 The second excited 
state had been reported at 4.64+0.02 Mev with J>3 
with a possible further level at 4.62 Mev with J<2.! 
This gave the ratio of the energy of the second to first 
excited states as 2.5 with a possibility of the correct 
spin sequence except for the absence of a O* state at 
4.6 Mev. More recently, Araujo* has again suggested that 
the 1.77-Mev state may be a quadrupole vibrational 
State. 

The experiment to be described was aimed initially at 
clarifying the Si** level sequence and especially the 
structure of the 4.6-Mev state by observing protons 
inelastically scattered from Si?* with a broad-range 
magnetic spectrograph having an energy resolution of 
better than 1 part in 1000. It quickly became apparent 
that, using targets of natural SiO., proton groups were 
also being observed corresponding to excited states in 
Si? and Si® which have abundances of 4.7 and 3.1%, 
respectively. The scope of the work was therefore 
extended to include a study of the excited states of all 
three isotopes up to about 6.5-Mev excitation. Prior to 
this, levels had been observed up to 6.380 Mev in Si* 
and to 5.622 Mev in Si® with high accuracy through 
the magnetic analysis of the appropriate (d,p) re- 


actions. The present work has revealed new states in 
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by the U. S. Atomic Energy Commission, by the Office of Naval 
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both nuclei below these energies, as well as some states 
at higher excitations. 


Il. EXPERIMENTAL DETAILS 


Thin targets of natural SiO, were prepared by 
evaporating highly purified silicon dioxide from a 
tantalum boat in vacuum onto thin Formvar films. 
Some difficulty was experienced in getting sufficient 
silicon dioxide to evaporate because of its high boiling 
point, and relatively large amounts, 40 to 50 milligrams, 
of SiO. had to be used in each evaporation. However, 
despite the fact that the boat and its contents were 
heated to white heat, almost no tantalum was found 
in a mass analysis of the resulting targets, so that it 
proved to be a very satisfactory boat material in this 
instance. Targets used, which were 2-kev thick for 
8.59-Mev protons, were exposed to proton beams from 
the MIT-ONR Van de Graaff accelerator. The beam 
covered a rectangular area 0.75-mm high by 2.25-mm 
wide, the exposed area of the target being smeared out 
into a ring by continuous rotation to improve heat 
dissipation. 

Bombarding energies of 8.588, 8.001, and 7.446 Mev 
were used, and the resulting proton spectra were 
observed at angles of 30, 50, 90, and 130 degrees with 
the MIT broad-range magnetic spectrograph® and 
recorded on nuclear-track plates. Details of the experi- 
mental arrangement have been published previously.® 
In nearly all cases the incident energy was determined 
from the observed energy of protons elastically scattered 
by Si?*. If this was not possible, the energy of a proton 
group corresponding to a Si** excited state was used. 
The spectrograph can only focus particles over a range 
of energies varying by a factor of about 2.5, for example 
7 Mev to 3 Mev and 3 Mev to 1.2 Mev, so that to 
cover the range of excitation up to 6.5 Mev, at least two 
exposures were necessary at each angle. 

Exposures were also made at 90 and 130 degrees with 
a target enriched to 64% in Si® prepared for earlier 
experiments in this laboratory. This target had a gold 
backing which gave rise to a considerable background 

*W. W. Buechner, A. Sperduto, C. P. 
Bockelman, Phys. Rev. 91, 1502 (1953). 

5C. P. Browne and W. W. Buechner, Rev. Sci. Instr. 27, 899 
(1956). 

®W. W. Buechner, M. Mazari, and A. Sperduto, Phys. Rev. 
101, 188 (1956). 
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Fic. 1. Typical spectra of proton groups observed from the bombardment of a natural SiO, target with protons. Peaks corresponding 
to Si excited states are numbered and are identified in Tables I, IT, and ITI. Peaks corresponding to excited states of an impurity nucleus 


are marked with the symbol for that nucleus. 


of scattered protons increasing in intensity at lower 
proton energies. Results obtained with this target were 
therefore only used to confirm Si** levels up to 5-Mev 
excitation. 


Ill. RESULTS 


Figure 1 shows typical proton spectra observed in 
this experiment. The distance along the plate scale 
refers to the distance at which proton tracks were 
observed on the emulsion plates relative to a fixed 

ras.e I. Si** excited states 


Peak 


number 


Previous 
results 


Present work 
FE. Mev 

| 1.775+0.006 1.771+0.010 

1.777+0.010 

4.614+0.006 4.617+0.010 

1.975+0.006 

6.270+0.006 


(4.617 
+.975+0.010 
6.276+0.010 


S. Hinds and R. Middleton 
Normalization value 


zero, and the intensity scale gives the number of tracks 
originating in each strip of emulsion 0.5-mm wide along 
the distance axis and 8.5-mm high. The distance scale 
is related to the radii of curvature, and hence the 
momenta of the various proton groups in the magnetic 
field of the spectrograph. All excitation energies quoted 
below are based on a calibration of this distance scale 


using natural polonium alpha particles of known 
momentum corresponding to an energy of 5.2988 Mev. 
Recently, a higher value of 5.3042 Mev has been 
suggested for this energy on the basis of some new 
measurements.’ If we adopt this new value, the effect 
can be allowed for by increasing all excitation energies 
by 0.1%. Numbered peaks in Fig. 1 correspond to 
silicon excited states, while impurity states are marked 
according to their parent nuclei. The numbers 2604, 
etc., identify the emulsion plates used. 

The group marked C” 4.438* is assumed to arise 


and R. van Lieshout, Nuclear 
Holland Publishing Company, 


7G. J. Nigh, A. H. Wapstra 
Spectroscopy Tables (North 
Amsterdam, 1959), p. 128. 





ENERGY LEVELS 
from a thin film of carbon deposited during the exposure 
on the face of the target illuminated by the beam. Such 
a film would produce groups of slightly higher energy 
than the carbon in the target backing, since to reach 
the backing, the incident protons had first to pass 
through this film and the SiO, layer. A similar structure 
was observed on the high-energy side of the carbon 
elastic group measured during the same exposure, and 
the relative intensities of the small and large groups 
were similar for both the elastic and the 4.438-Mev 
state groups. This structure associated with C® groups 
was observed several times in the course of this work 
and has also been found by other workers doing 
similar experiments in this laboratory. The structure is 
not associated with the Si*® 4.975-Mev state group, 
since this group was seen to be single in measurements 
at other angles where it was well resolved from the C” 
4.438-Mev state group. 

Excited-state energies determined in this experiment 
are listed in Tables I, II, and III for Si**, Si, and Si*®, 
respectively. Also given there are previous results 
taken from reference 2 and any new results since 1957 
of high accuracy. The most important new measure- 
ments for Si** are those of Hinds and Middleton® who 
have observed twenty-nine states up to 10.4 Mev 
through the Al*?(He’,d)Si?* reaction using 9.16-Mev 
He*** ions and a broad-range magnetic spectrograph. 
Their values, normalized to 4.617 Mev for the second 
excited state, agree well with those determined here. 
They have studied the Al?’(He*,p)Si® and 
Si*8(d,p)Si®® reactions and find states up to 7.1 Mev. 
The values found here up to 6.6 Mev are in good agree- 


also 


TABLE IT. Si® excited states. 


Peak Previous 


number Present work 


Fig. 1 


Con UI et 


“Our 


Ez Mev 


+0.006 
+0.006 
+0.006 
+0.006 
+0.006 
+0.006 
+0.006 
+0.006 
+0.006 
+0.007 
+0.007 
+0.007 
+0.007 
+0.007 
+0.007 
+0.007 
0.007 


5.804 
5.937 
6.098 
6.189 
6.380 


6.482* +0.007 
6.515% +0.007 
6.609% +0.007 
6.695% +0.007 


+0.006 


Si?*(d, p) Si” 
Ez Mev” 

1.270+0.010 
2.028 +0.010 
2.426 +0.010 
3.067 +0.010 
3.621 +0.010 
4.074+0.010 
4.735 +0.010 
4.833 +0.010 
4.890 +0.010 
4.924 +0.010 
5.251 40.010 
5.280 +0.010 
5.644 +0.010 
5.806 +0.010 
5.942 +0.010 
6.101 +0.010 
6.186 +0.010 
6.370 +0.010 
6.414 +0.010 
6.490 +0.010 
6.512 +0.010 
6.606 +0.010 
6.689 +0.010 


AF? (He’, p) Si* 
Ez Mev” 


4.736 40.010 
4.837 +0.010 
4.887 +0.010 
4.920 +0.010 
5.250 +0.0106 
5.280 +0.010 
5.646 +0.010 
5.808 +0.010 
5.945 +0.010 
6.102 +0.010 
6.184 +0.010 
6.371 40.010 
6.412 +0.010 
6.487 +0.010 
6.512 +0.010 
6.606 +0.010 
6.685 +0.010 


results Ez 
Mev? 


1.278 +0.007 
2.027 +0.007 
2.426 +0.007 
3.070 +0.007 
3.621 +0.007 
4.078 +0.008 


4.840 +0.008 


4.897 +0.008 
4.934 +0.008 


5.946 +0.009 
6.105 +0.009 


6.380 +0.009 


® Observed at 90 degrees only and identified only by comparison with 


levels reported in (b 
+S. Hinds and R. 


© See reference 2. 


). 
Middleton, see reference 8. 


8S. Hinds and R. Middleton, Atomic Weapons Research 


Establishment, 


communication). 


Aldermaston, 


Berkshire, 


England 


(private 
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TABLE ITI. Si* excited states. 


Peak 
number Present work Al? (a, p)Si® 


Fig. 1. E, Mev Ez Mev® E, Mev* 


3 2.232 +0.006 2.258+0.006 2.239+0.020 
6 3.493 +0.006 3.518+0.007 3.515+0.016 
8 3.765°+0.006 
9 3.785 +0.006 
13 4.805 +0.006 
14 4.827 +0.006 


Previous results 


3.798+0.009 3.786+0.020 


83 +0.02 
5.075+0.015 


4.85 +0.010 
19 5.220°+0.007 

5.28 +0.02 

5.365 +0.007 

5.477 +0.007 

5.610 +0.007 


5.497+0.015 
5.622+0.015 


* Still tentative. 
» See reference 9. 
© See reference 2 


ment with their results. De S. Barros ef al.° report values 
for the first four states of Si® from the Al’(a,p)Si® 
reaction, but there is a significant discrepancy between 
their results and the values found here. 

It can be seen from Fig. 1 that the proton groups 
corresponding to excitations in Si® and Si® above 5 
Mev were very weak, and it is possible that not all the 
states have been observed. The 6.414-Mev state in Si?® 
reported by Hinds and Middleton was obscured at 90 
degrees by an O'* excited-state group, and, since this 
excitation was not reached at any other angle, this 
state was not identified. No attempt has been made so 
far to study these higher excitations with enriched Si” 
or Si® targets as they are currently being investigated 
through (d,p) reactions. 

The errors quoted in the tables are mostly systematic 
errors arising from uncertainties in the polonium 
calibration. Excitation energies calculated from different 
measurements usually agreed to within 3 kev. Efforts 
are being made in this laboratory to reduce both the 
uncertainty in the alpha energy and some uncertainties 
which at present exist regarding possible effects of the 
preparation method of polonium sources on the ob- 
served energy. As in previous measurements, the third- 
height point on the high-energy side of each group was 
taken as representing the corresponding particle energy. 


IV. DISCUSSION 


From the present work it appears that the 4.614-Mev 
state in Si** is single. The solid curve in Fig. 2 shows the 
proton group, observed at 30 degrees to the incident 
beam, which corresponded to Si?’ being left in this state. 
The proton intensity is plotted against proton energy 
and against excitation energy in Si**. The 30-degree 
results were chosen because at forward angles the 
groups are considerably narrower than at backward 
angles as a result of the target geometries used in these 
measurements. At forward angles the incident and 

*F. de S. Barros, P. D. Forsyth, A. A. Jaffe, and I. J. Taylor, 
Proc. Phys. Soc. (London) A73, 793 (1959). 
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Fic. 2. Peak shape for Si?* 4.614-Mev state group. The solid 
curve shows the proton group observed at 30 degrees which 
corresponded to the formation of the Si?* 4.614-Mev excited state. 
The bombarding energy used was 8.000 Mev. Statistical errors 
are indicated by vertical bars. The crosses and circles correspond 
to counts for the Si** 4.975-Mev state group and the C® 4.438-Mev 
state group, respectively, observed in the same measurement. 
Their significance is explained in the text. 


scattered protons entered and left opposite faces of the 
target so that, for all groups, the target and backing 
had to be traversed. The rate of energy loss of protons 
in the target and backing does not change very quickly 
in the energy range 3 to 8 Mev so that all groups on the 
plates should have had very nearly the same width 
no matter in what part of the target or backing the 
nuclei giving rise to these groups were situated. This 
was useful in the 30-degree case, since it allowed the 
shape of the Si** 4.614-Mev group to be compared with 
any strong proton group of well-defined shape whether 
it corresponds to a Si** state or not. The dispersion 
varies slowly along the plates so that there is a super- 
imposed slow variation of peak widths as may be seen 
in Fig. 1. For this reason, only two strong groups in the 
neighborhood of the 4.614-Mev state group, one 
corresponding to the Si?’ 4.975-Mev state, the other to 
the C” 4.438-Mev state were considered. Assuming that 
both of these groups correspond to single states, plots 
of these groups were superimposed on the 4.614-Mev 
state group by normalizing them to the maximum of 
this latter group and plotting them on the same distance 
scale. The corresponding points are shown in Fig. 2 
as crosses and circles for the Si** 4.975-Mev state group 
and the C” 4.438-Mev state group, respectively. 
It is seen that the three groups do have very nearly 
the same half-width, equivalent to 7.5 kev in proton 
energy, and the same detailed shape. It seems probable 
therefore that the 4.614-Mev state group also corre- 
sponds to a single state, unless any superimposed group 


WHITE 


is very weak or has an energy only a few kev different 
from 4.614 Mev, since the resolution was about 5 kev. 

At angles of 90 degrees or more, it is customary to 
observe scattered protons from the same face of the 
target as is exposed to the beam. This reduces energy 
losses in the target for the highest energy protons in 
each group. This is important since the leading edge of 
the group defines the energy assigned to the group. It 
also increases the widths of the groups because, in 
extreme cases, reactions may now occur at the illumi- 
nated face of the target with zero energy loss in the 
target, or they may occur deep in the target with an 
energy loss for both the incident and scattered protons. 
At 90 degrees the groups now have a width greater than 
that observed at forward angles by an amount equal to 
twice the target thickness in kev times the secant of the 
angle of incidence. The latter product is given by the 
difference in input energies calculated using the Si*® 
elastic group and the main C” elastic group from carbon 
in the target backing, since these C” elastically scattered 
protons have to pass through the silicon before and after 
scattering. This difference was about 6 kev, and indeed 
the mean width of the groups near the 90-degree 
4.614-Mev Si?’ state group was just 13 kev as it should 
have been. The half-width of the 4.614-Mev state 
group was also 13 kev (No. 11 in Fig. 1), indicating that 
there was no strong second group nearby. 

If the Si?* 4.614-Mev state is a member of a vibra- 
tional triplet, its spin J should be 0*, 2*, or 4°, as 
stated previously. The information available as to the 
spin of this state is conflicting. Rubins" assigns a value 
between 1~ and 4~ from angular-distribution measure- 
ments on the Al?7(d,n)Si?* reaction, but Hinds and 
Middleton find that the proton captured into this state 
in the Al??(He’,d)Si?* reaction carries in two units of 
angular momentum so that the spin of the state is 
between 0+ and 5*. An experiment is in progress in this 
laboratory to determine this spin from Si**(p,p’y) 
angular-correlation measurements. 

If the observed 4.614-Mev has J=0, it is 
possible that protons leaving Si** in this state emerge 
with /=0. If protons leaving the 2+ and 4+ members of 
the triplet would have to have /=2 and /=4, respec- 
tively, the intensity of the corresponding proton groups 


state 


would be no more than 9 and 0.03%, respectively, of 
the intensity of the /=0 group because of angular- 
momentum barrier effects" doubtful 
whether this experiment would have resolved a second 


alone. It is 


group within a few kev of the main one and with only 
9% relative intensity, so that, if these conditions 
prevail, the present measurements do not rule out the 
vibrational interpretation of the Si’* states. In the 
Al? (He®,d)Si?* reaction, however, it is possible to form 
J=0t, 2+, and 4* states in Si?* by capturing /=2 


1” A. G. Rubin, Phys. Rev. 108, 62 (1957). 
1 W. T. Sharp, H. E. Gove, and E. B. Paul, Atomic Energy of 
Canada Limited, Report No. AECL 268, 
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protons so that, unless there is some other factor 
strongly inhibiting the formation of two members of 
the triplet, three groups should be observed at about 
4.614-Mev excitation. Hinds and Middleton report that 
the group they observe is single. High-resolution 
studies of the P*'(p,a)Si** reaction” also reveal only a 
single group corresponding to this excitation, but here 
again angular-momentum barrier effects could reduce 
the intensity of groups from nonzero spin states. The 
present evidence seems to indicate that there is probably 
only a single Si** state at 4.614-Mev excitation with no 
other states between 4.614 and 4.975 Mev. 

One state tentatively assigned to Si® at 5.075 Mev 
from investigations of the Si?°(d,p)Si® reaction"™ has 
not been observed here. It would be obscured in Fig. 1 
by the tail of the C” 4.438-Mev state group, but the 
corresponding region of a spectrum taken at 130 
degrees is shown in Fig. 3. In no case was a group seen 
at the appropriate distance for 5.075-Mev excitation 
in Si® of intensity comparable to adjacent Si® or Si” 
groups. Preliminary analysis of recent Si**(d,p)Si® data 
taken at 7.5 Mev also shows no Si® state at this energy, 
although it does confirm the existence of states at 
excitations near all of those listed in column 2 of 


Table III. Accurate values for the energies of these 
states from the (d,p) results are not yet available. 

An attempt was made to check on a recent suggestion 
by Sheline ef a/." that it might be possible to obtain 


some indication of the J values of the states of residual 
nuclei observed in the type of experiment described 
here from the measured intensities of the corresponding 
particle groups. The suggestion is that, after correction 
for Coulomb effects, the most significant factor govern- 
ing the intensities of the various groups should be a 
(2J+1) statistical weight factor, where J refers to the 
residual nucleus state. Intensities divided by (2/+1) 
should then give nearly the same quotient for all groups 
when the correct J values are chosen. 

It seemed feasible to apply this to groups corre- 
sponding to states in Si’, since spins are known for 
several states. It soon became apparent that agreement 
between values of intensity divided by (2/+1) was 
very poor, unless it was assumed, as is almost certainly 
correct, that the various proton groups could be 
associated with different / values. If this has to be 

2 P. M. Endt and C. H. Paris, Phys. Rev. 106, 764 (1957). 


13D. M. Van Patter and W. W. Buechner, Phys. Rev. 87, 51 
(1952). 


4 R. K. Sheline, H. L. Nielsen, and A. Sperduto, Nuclear Phys. 
14, 140 (1959). 
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Fic. 3. The section of a proton spectrum observed at 130 
degrees to an 8.584-Mev proton beam incident on a natural 
SiO, target, which should contain the proton group corresponding 
to the formation of Si® at 5.075-Mev excitation. The expected 
position of this group is indicated by an arrow. Group numbers 
correspond to those in Fig. 1. 


allowed, it is felt that it is not justifiable to test the 
method in this case, because the barrier penetrability 
for the scattered protons is strongly / dependent for all 
observed groups, and the true / values are not known. 
It should be pointed out that this is a general criticism 
of the method, especially for alpha particles, unless the 
outgoing particle energy is well above the barrier 
maximum, in which case the penetrability is almost 
independent of /. 
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Note added in proof.—The spin of the 4.975-Mev state 
in Si** is now known to be 0* (H. E. Gove, private com- 
munication), while there is some evidence from studies 
of the Al’?(p,y)Si?* reaction (P. M. Endt and A. 
Heyligers, to be published) that the spin of the 4.612- 
Mev Si** state is 4*. 





PHYSICAL REVIEW VOLUME 


119, 


NUMBER 2 JUL 


Evidence for Small Deviations in the Allowed Positron Spectrum of Zr°°} 
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The decay of Zr® has been carefully studied with magnetic and scintillation spectrometers with special 
emphasis on the detailed shape of the positron spectrum. The decay scheme has been verified. The positron 
decay is by a single, allowed group followed by a single 915-kev gamma ray. The Zr® spectrum has a non 
statistical shape corresponding to an excess of low-energy beta particles. Theoretical refinements for screen 
ing and finite deBroglie wavelength were applied but were found to be much too small to explain the observed 
deviation from a statistical spectrum. The same shape factor that was found to fit the In", Y®, P®, and 
Na® data (in addition to the once forbidden, unique shape factor for Y™) also fits the Zr® data, i.e., (1+5/W) 
with 0.2<b<0.4. It is significant that the deviation has the same direction and approximate magnitude as 


was found for the electron spectra. 


INTRODUCTION 


MALL deviations from the predictions of the present 
theory of beta decay have been reported’ in the 
electron spectra of In'“, Y*, and P® and the positron 
spectrum of Na®*. The measured shape factors of these 
four spectra were fitted with an empirical equation of 
the form (1+6/W) with 0.2<)<0.4. W is the total 
electron energy. The sign of 6 is the same for both posi- 
trons and electrons. The dependence of the sign of 6 on 
the type of the beta particle is significant. Any theoret- 
ical explanation of this effect must account for this 
similarity in the spectra of positrons and electrons. 

The above correction term has until now been ob- 
served in only one allowed positron spectrum, that of 
Na”. To interpret the observed Na” shape factor as 
arising from the same origin as that responsible for the 
other three spectra may be questioned somewhat be- 
cause of the high log ft value of 7.4 for this allowed 
transition. It was pointed out, however, that it appears 
extremely unlikely that even cross terms of the allowed 
with the second forbidden matrix elements could con- 
tribute significantly even with the high ft value. 

The allowed positrons, Ey>=543 kev, emitted in the 
decay of Na” populate a level at 1.28 Mev in Ne”; this 
level is de-excited by the emission of a prompt 1.28-Mev 
gamma ray. Recently, Steffen found a small anisotropy 
in the beta-gamma directional correlation.* Steffen sug- 
gested that the directional correlation may be explained 


t Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission and by a grant 
from the Research Corporation 

1Q. E. Johnson, R. Johnson, and L. M 
112, 2004 (1958). 

2 J. H. Hamilton, L. M. Langer, and W. G. Smith, Phys. Rev. 
112, 2010 (1958). (Other references on these effects listed here.) 
[ Also see H. Daniel, Nuclear Phys. 8, 191 (1958). ] 

*R. M. Steffen, Phys. Rev. Letters 3, 277 (1959). 


Langer, Phys. Rev. 


by cross terms of the allowed matrix elements with the 
twice forbidden ones and that this might be related to 
the nonstatistical shape. 

These two effects may well be related but their origin 
is uncertain. It is possible that the deviation from the 
present predictions observed in Na™ may arise from an 
origin other than that responsible for the effect observed 
in In'4, Y®, and P*. 

Because of the importance of establishing whether a 
shape correction factor such as (1+6/W) is required 
for allowed positron spectra with a 6 of the same sign 
as observed for the above electron spectra, other decay 
schemes were examined as to their suitability for pro- 
viding definitive measurements of a positron spectrum. 
One stringent requirement is that the source be uniform 
and thin. Zr®, which has been reported‘ to have a single 
allowed positron spectrum of reasonably high energy, 
meets the requirements of source preparation, since it 
can be prepared carrier-free. 

The decay of Zr® has been carefully investigated. 
The accepted decay scheme*® has been verified. The 
positron spectrum was measured with precision and a 
nonstatistical shape was observed. The experimental 
shape factor may be fitted with an equation of the form 
(1+6/W) with 0.2<6<0.45. Fits were also obtained 
with an equation of the form (1+c,;W+c,W?). The 
direction and magnitude of the deviation from the sta- 
tistical shape is the same as observed in the other 
spectra.!? 


4F. Shore, W. Bendel, and R. Becker, Phys. Rev. 83, 688 


(1951); F. Shore, W. Bendel, H. Brown, and R 
Rev. 91, 1203 (1953). 

5D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 50. 585 (1958); B. S. Dzelepow and L. K. Peker, 
Decay Schemes of Radioactive Nuclei (Academy of Sciences of the 
U.*S. S. R. Press, Moscow, 1958). 


Becker, Phys. 
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DEVIATIONS IN ALLOWED 

This result not only gives support to the previous 
work!” that there are deviations from theory in allowed 
beta spectra but offers more definitive proof that these 
deviations are independent of the sign of the emitted 
beta particles. 


EXPERIMENTAL PROCEDURES 
Magnetic Spectrometer 


The positron spectrum of Zr® was measured in a 
40-cm radius of curvature, 180-degree focusing, shaped 
magnetic field spectrometer.® Modifications of the equip- 
ment and the procedures of operation have been dis- 
cussed in detail previously.!:?:? The question of possible 
instrumental distortions of a spectrum has been care- 
fully considered and no evidence for such has been 
found,!?.7 

The loop anode proportional counter with a thin, un- 
supported, aluminum-coated Zapon window (cutoff~6 
kev) was used as the detector. The normal beam defining 
baffle was used with a source width and counter accept- 
ance slit each of 5 mm. 


Scintillation Spectrometer 


The gamma spectrum was examined with a 100- 
channel analyzer. A 14 in.X1 in. Nal crystal mounted 
on a Dumont 6292 photomultiplier was used as the 
detector. Na® and Ce™ were used as calibration sources. 
The gamma spectrum was also measured on a single- 
channel analyzer. 


Sources 


Zr® was made by the reaction Y®(d,2n)Zr® with 
11-Mev deuterons in the Indiana University cyclotron. 
After bombardment, the Y,O; target material was dis- 
solved in concentrated HCl. The target solution was 
passed through a Dowex 1 anion exchange resin column. 
The Zr® was retained on the column at this high HCl 
concentration ; the yttrium was not retained under these 
conditions. The Zr® was then eluted with 4M HCl. The 
separation of zirconium and yttrium was checked by 
eluting with concentrated HCI the 16 sec isomer of Y*, 
the daughter of Zr®, from the Zr® parent which was 
retained on the column. 

The sources were prepared from different cyclotron 
bombardments. The same chemical procedure was fol- 
lowed in each case. Source number one was prepared by 
depositing the separated Zr® in liquid form on an alumi- 
num-coated laminate of Zapon and LC600 (~150 
ug/cm® thick). The source was carrier-free with no 
visible mass. The source thickness was estimated as 
<10 ug/cm*. It was covered with a <10 yug/cm? 
Zapon film. 

After the initial measurements, procedures were de- 


6 L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948). 
7J. H. Hamilton, L. M. Langer, R. L. Robinson, and W. G. 
Smith, Phys. Rev. 112, 945 (1958). 
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veloped for the thermal evaporation of the Zr*®. Source 
number two was prepared by evaporating the activity 
onio a 180 wg/cm* aluminum foil. The chemistry gave 
carrier-free Zr® which yielded an invisible source after 
thermal evaporation in vacuum. The source thickness 
was <10 ug/cm”. It was also covered with a <10 ug/cm? 
film. 

Previous studies? have shown that source backings of 
180 ywg/cm* will produce distortions in beta spectra 
below ~100 kev. Also these studies indicate no other 
measurable distortions should be expected from sources 
prepared in the above manner. Repeated attempts to 
evaporate Zr onto thinner backings (~20 yg/cm’*) 
failed because of the very high evaporation temperature 
required. 

TREATMENT OF DATA 


Five measurements of the positron spectrum were 
made from 100 to approximately 840 kev (two with 
source one and three with source two). Each measure- 
ment consisted of two sets of data which covered the 
above energy range and which were obtained on differ- 
ent cycles of the magnetic field. All of these measure- 
ments were made under similar conditions. Almost 
every experimental point has a one percent statistical 
accuracy in the counting rate. 

The average reported half-life of Zr® is 78.5 hours.‘:§ 
A fraction of source one was followed for over 9 half- 
lives and decayed with a half-life of 79.0+0.5 hours. 
Source two was followed for over 2 half-lives with the 
same result. The data were corrected for a half-life of 
79.0 hours. 

Fermi-Kurie (F-K) plots of the data were made with 
the aid of tables. The data were corrected for outer 
screening which arises from the modification of the 
nuclear electrostatic potential by the orbital electrons. 
These corrections were made for Z=40 and an “outer 
screening potential” of V»=3.9as well as for Vp=6.5, the 
upper limit (see reference 9). The effect of finite 
deBroglie wavelength was considered but is negligible 
over the entire range covered by the measurements. 


RESULTS 


The Fermi-Kurie plots of the data from source one 
(runs one and two normalized) and from source two 
(runs one and two normalized) are seen in Fig. 1. The 
straight lines are least squares fits for W>1.95 moc?. 
The screening correction has been applied for Vo=3.9. 
The F-K plots exhibit an excess of low-energy electrons. 
However, the high-energy region is only slightly non- 
linear. From the individual least squares fits of the 
high-energy data (W > 1.95), a Wo value of 2.75540.005 
moc? was obtained. This corresponds to an endpoint 


8 L. Katz, R. G. Baker, and R. Montalbetti, Can. J. Phys. 31, 
250 (1953). 

® Tables for the Analysis of Beta Spectra, National Bureau of 
Standards Applied Mathematics Series No. 13 (U. S. Government 
Printing Office, Washington, D. C., 1952). 
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Fic. 1. Fermi-Kurie plots of the Zr® data, A from 
source 1 and B from source 2. 


energy of 897+7 kev.This value includes possible uncer- 
tainties in the absolute calibration of the spectrometer. 

Measurement three with source two was made ap- 
proximately one half-life after measurement two. This 
was done to check that all parts of the spectrum were 
decaying with the same half-life. The statistical devia- 
tions in the counting rates were slightly more than 1% 
on many of the points of run three so these data were 
not included in the further analysis. 

The outer screening correction is in the right direction 
to explain the excess of low-energy beta particles in 
positron decay (but in the wrong direction for the 
electron spectra reported in reference 1). However, the 
correction is much too small to account for the observed 
results. Even when the maximum possible correction 
(Vo=6.5) is made, the low-energy data are changed only 
slightly. 

The nonlinear F-K plot indicates an energy dependent 
shape factor. The energy dependence is seen more clearly 
in Fig. 2 where C(W) « N(n)/7?-F(W.—W*)? is plotted 
against W for Wo=2.755 myc’. The error bars represent 
the 1% standard deviation in the counts per unit 
momentum interval, and are the same for almost every 
point. 














Fic. 2. Shape factor, C(W)=N/PF(W,—W*), plot for Zr 
(source 2 data). Wo=2.755 mogc*. The dashed curve is &(1+0.37 
W ) and the solid curve is £(1—0.39W+0.09W?). The coefficients 
were determined by least-squares fits to the data. 
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The deviation in the F-K plot was considered as if it 
were a possible second beta group. A straight line fit to 
the high-energy data was subtracted from the total. 
The endpoint energy of such a second group would be 
between 1.7 and 2.1 m,c* with an intensity of 3 to 5% 
relative to the intensity of the total positron spectrum’ 
If this assumption were correct, one should expect to 
find gamma radiation or internal conversion electrons 
which correspond to a transition energy of 0.34—0.55 
Mev. 

The gamma spectrum of Zr**, as measured on the 
100-channel analyzer, is seen in Fig. 3. A similar spec- 
trum was also obtained with a single-channel analyzer. 
A single gamma ray at 915 kev and annihilation radia- 
tion are clearly seen. The annihilation radiation of Na”’, 
with a very small flat Compton distribution from the 
1.28-Mev gamma ray subtracted, is also given for com- 
parison. The gamma spectrum below 700 kev was 
studied in greater detail with the 100-channel analyzer 
(Fig. 4). Here the Na® gamma spectrum does not have 
the Compton distribution from its 1.28-Mev gamma ray 
subtracted. No evidence for a gamma ray with energy 
different from 511 kev was observed. An upper limit of 
1% was set for the intensity of such a gamma ray rela- 
tive to that of the annihilation radiation. 

The electron spectrum from 300 to 550 kev was care- 
fully examined in search of possible conversion lines 
from transitions in the above energy range. No evidence 
was found for any conversion lines in this region. 


DISCUSSION 


The definitive establishment of the decay scheme is 
essential to an analysis of the data. Figure 5 gives the 
reported decay scheme.*:> Previous evidence for the 


correctness of this scheme is well determined. The 
ground-state spin of Y® has been measured” as 3 and 
the shell model predicts odd parity. Shore, Bendel, 
Brown, and Becker have carried out probably the most 
thorough investigation of the decays of Zr*® and Zr®™ 
and have discussed the decay scheme in detail.* From 
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Fic. 3. Gamma spectrum of Zr*(A) and Na*(B) for energies 
less than 1.15 Mev as measured on a 100-channel analyzer. The 
Compton distribution from the 1.28-Mev gamma ray of Na” is 
subtracted from the Na” data. 


J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 





DEVIATIONS IN ALLOWED 
measurements of the K to L ratios of the 915-kev tran- 
sition in Y* and the 588-kev transition in Zr” as well 
as the conversion coefficient of the 915-kev transition, 
the branching ratios of the positron spectra from Zr 
and Zr”, the spins and parities of the 9.5-kev level in 
Y*, the ground state of Zr® and the 588-kev level, 
Zr®™, are uniquely obtained‘ as 9/2+,9/2+, and 1/2—, 
respectively (see Fig. 5). The analysis which leads to 
these assignments is given in reference 4 and a review 
here is unnecessary. 

The log ft value for the allowed positron decay from 
Zr® to the 915-kev level is 6.1. This is only slightly 
above the range of log ft values for normal allowed 
transitions. It would be extremely unlikely for cross 
terms between allowed and twice forbidden matrix 
elements to contribute to this decay. 

Another important question is whether any levels 
higher than 915 kev are populated, since the observed 
low-energy deviation in the F-K plot might then corre- 
spond to a second group. If such were the case, the ap- 
proximate endpoint energies and intensities of possible 
positron transitions to such levels would be 350-560 kev 
and 3-5%, respectively, as determined from an analysis 
of the F-K plot as two groups. 

To populate levels above 915 kev with any observable 
intensity, the beta transition should be allowed or 
possibly once forbidden, nonunique. The unique tran- 
sition which is several orders of magnitude slower than 
allowed transitions would not compete favorably here 
even if the decay energy were the same, but with the 
decay energy lowered by a factor of approximately two, 
this possibility can be ruled out. This would indicate 
that only high spin states would be populated from the 
9/2+ ground state of Zr**. Transitions from these high 
spin states would be expected to go through the 9/2+ 
level to the ground state rather than to the 1/2— ground 
state directly. It is worth noting that if a low spin state 
such as 5/2+ were populated this should decay directly 
to the ground state by M2 radiation but with some com- 
petition from £2 radiation to the 9/2+ level. An upper 
limit of 1% has been set for any gamma ray with energy 
between 0.95 and 2.0 Mev in the Zr* decay.‘ Such high- 
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Fic. 4. Gamma spectrum of Zr**(A) and Na*(B) for energies 
less than 0.7 Mev as measured on a 100-channel analyzer. The 
Compton distribution from the 1.28-Mev gamma ray of Na” is 
not subtracted from the data. 
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energy transitions would be weakly converted so 1% isa 
good upper limit for the total intensity of depopulation 
of such levels to the ground state. The possible lower 
energy £2 transition is ruled out below. 

The measurements of the gamma spectrum indicated 
no gamma rays with energy between 100-430 kev with 
an intensity >1%. The conversion electron spectrum 
offers more conclusive evidence that, indeed, no levels 
above 915 kev are populated. Even in the complicated 
decay of Nb®’, K and L conversion electrons from a 90% 
E2 transition with gamma-ray intensity ~1% and 
energy 372 kev were easily observed in this spectrom- 
eter." Hence, the limit of 1% for the intensity of popula- 
tion of levels above 915 kev is lowered still further. 

Moreover, the positron decay from Zr® to such levels 
in Y* would be accompanied by large amounts of K cap- 
ture. (There is 75-80% K capture to the 915-kev level 
and higher percentages would be expected for lower 
energy transitions.) Thus, the 3-5% population from 
the positron intensity should be increased by 8-15% or 
more for the K capture contribution in order to estimate 
the total population of such a level. This makes the 
evidence quite conclusive that there are no levels popu- 
lated above 915 kev which could make any contribution 
to the present measurements, and that there is therefore 
only one positron group and it is allowed. 

These data were analyzed in the same manner as were 
the earlier results.’ There, a correction of the form 
(1+6/W) with 0.2<6<0.4 for both positrons and elec- 
trons was found to fit the experimental shape factor. 
The original choice of this form for the shape factor was 
motivated by the earlier test for Fierz interference. 
However, these results'? cannot be explained by the 
Fierz effect which predicts a different sign for 6 for 
positrons and electrons because the experimental 6 has 
the same sign for both positrons and electrons. 

Least-squares fits of (1+b/W’) were made to the Zr® 
data by the IBM 650 electronic computer at Vanderbilt 
University. The result of the fit to the four individual 
sets of data was b>=0.37. When the maximum possible 
screening correction was used, the least-squares fit to 
the data gave b=0.30. This is not a significant change 
when one considers the limits on 6 which correspond to 
reasonable fits to the Zr® data, 0.25<b<0.45. Figure 2 
shows the least-squares fit of the curve k(1+0.37/W) to 


"N. H. Lazar, G. D. O’Kelley, J. H. Hamilton, L. M. Langer, 
and W. G. Smith, Phys. Rev. 110, 513 (1958). 
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3. 6. Fermi-Kurie plot of the Zr® data corrected 
with C=k(1+0.37/W). 


the data. The Zr® positron spectrum with this shape 
factor included is given in Fig. 6. 

Another possible fit to the data was considered. The 
equation k(1+c,W+c.W*) was least-squares fitted to 
the data by the computer. This gave possibly an even 
better fit as is seen in Fig. 2. The best values for c, and 
¢, are —0.39 and 0.09, respectively. The equation 
(1+¢c,W+c.W?) will also fit the earlier results on Na”, 
In™, Y®, and P®. 

The Zr® results are further evidence that there are 
deviations from the predictions of the present theory 
in beta spectra. More important, it establishes more 
definitely that the deviations have the same form and 
direction for both positron and electron decay. The four 
spectra studied previously'* are pure Gamow-Teller 
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transitions. In the positron decay of Zr® there are both 
Fermi and Gamow-Teller radiations. The Zr® results 
may suggest but do not constitute proof that the ob- 
served deviations are present in Fermi transitions. The 
measured shape factor of all five transitions may be 
fitted by some combination of (1+¢c,\W+)/W+c.W?). 
It is stressed that this shape factor is not to be confused 
with that expected for forbidden transitions although 
the form is the same as that suggested” for once for- 
bidden, nonunique decays. 

There is still no satisfactory explanation for these 
observed deviations from the present predictions of the 
theory of beta decay. The formulation of the theory 
undoubtedly provides room for suitable refinements. 
So far, attempts’ at an explanation have either 
been based on unattractive assumptions or lead to un- 
attractive consequences. 
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Natural and enriched magnesium targets were bombarded with 14.8-Mev deuterons from the University 
of Pittsburgh cyclotron. The reaction products were magnetically analyzed and detected in a scintillation 
counter. Angular distributions from 10° to 60° (in some cases to 90°) were obtained for most of the following 
reactions: Mg*(d,p) to the O-, 1.61-, and 1.96-Mev levels of Mg™*, Mg**(d,t) to the 0-, 1.37-, 4.12-, 4.24-, 
5.24-, 6.01-, 7.33-, and 7.60-Mev levels of Mg*, and Mg**(d,t) to the 0-, 0.58-, 0.98-, 1.61-, 1.96-, 2.56-, 
2.74-, 2.80-, 3.40-, and 3.90-Mev levels of Mg*®. The level at 7.60 Mev in Mg” has not been reported before. 
The observed angular distributions are compared to stripping theory, and / values and absolute reduced 
widths are extracted. An anomaly in the angular distribution was found for the transitions between the 
Mg™ and Mg* ground states and was studied as a function of incident deuteron energy. The reduced widths 
obtained are compared to the predictions of the rotational model, and, in general, good agreement is found; 
however, an admixture (of ~15%) of higher rotational bands was found in the Mg** ground-state wave 


function. 


I. INTRODUCTION 


HE low-lying states of nuclei with mass number 
25 have been extensively studied experi- 
mentally,' and many of the properties of these nuclei 
have been explained satisfactorily on the basis of the 
rotational model.?* Rotational properties are expected 
for other nuclei in this mass region as well, but the data 
are not so numerous and the interpretation of the 
spectra is not so simple as for the A = 25 cases. 

The present work was undertaken in order to obtain 
additional information on the magnesium nuclei. Also, 
since (d,/) reactions have not as yet been used very 
extensively in nuclear spectroscopy, some of our data 
should be valuable for purposes of a systematic study 
of (d,/) reactions.‘ In particular, the comparison 
between the Mg*(d,p)Mg* ground-state (g.s.) and 
the Mg**(d,t)Mg*™ ground-state reactions determines a 
numerical factor which allows one to extract absolute 
stripping reduced widths from the (d,/) angular distri- 
butions for nuclei in this region. 

Angular distributions for the Mg™(d,p) Mg** reaction 
have been obtained previously by Hinds ef al.° and 
Holt e al.6 The Mg*5(d,t)Mg™* and Mg®(d,/)Mg* 
reactions have not been reported previously, although 
the ground-state and 1.37-Mev angular distributions 


* Work done at Sarah Mellon Scaife Radiation Laboratory and 
assisted by the joint program of the Office of Naval Research and 
the U. S. Atomic Energy Commission. 

+ Now at Departamento de Fisica, Faculdade de Filosofia, 
Universidade de Sao Paulo, Sao Paulo, Brazil. 

1P M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

2 A. E. Litherland, H. McManus, E. B. Paul, D. A. Bromley, 
and H. E. Gove, Can. J. Phys. 36, 378 (1958). 

3A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 20, No. 16 (1953). 

4A. I. Hamburger (to be published). 

5S. Hinds, R. Middleton, and G. Parry, Proc. Phys. Soc. 
(London) 71, 49 (1958). 

6 J. R. Holt and ‘T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 258 (1953). 


from the analogous Mg”*(p,d)Mg™ reaction have been 
obtained.’ 

In the following sections we outline our experimental 
procedure, and present and discuss the results for each 
reaction studied. 


Il. EXPERIMENTAL PROCEDURE 


Deuterons from the University of Pittsburgh cyclo- 
tron are magnetically focused and analyzed, producing 
in a shielded scattering room a ~lywa, ~14.8-Mev 
beam, whose energy spread is =50 kev. (For details of 
the scattering system see Bender ef al.8 and Ham- 
burger.*) The reaction products produced in the target 
are analyzed by a magnetic spectrometer, which can be 
rotated about the target, and are then detected in a 
thin CsI(Tl) scintillator. Different reaction particles 
are distinguished by their different pulse heights, as 
determined with the aid of a 6-channel pulse-height 
analyzer and a 256-channel pulse-height analyzer. 
Detection may also be accomplished by means of a 
nuclear emulsion system.® 

Although several kinds of target material were used 
in the present experiment, most of the work was done 
using self-supporting metallic magnesium foils, each 
with a thickness of =2 mg/cm’. One of these foils was 
prepared by evaporating natural magnesium onto a 
polished stainless steel plate, then peeling off the foil; 
two other foils, enriched to =~99% in Mg* and Mg?*, 
respectively, were obtained from the Oak Ridge 
National Laborgtory. 

For scattering angles greater than 6°, the deuteron 
beam was monitored by a Faraday cup mounted behind 
the target. For smaller scattering angles, the Faraday 
cup was removed and the beam was monitored by a 
scintillation counter set at an angle of ~=50° to the 


7E. F. Bennett, Ph.D. thesis, University of Princeton, 1958 
(unpublished). 
R. S. Bender, E. M. Reilley, A. J. Allen, R. Ely, J. S. Arthur, 
and H. J. Hausman, Rev. Sci. Instr. 23, 542 (1952). 
°E. W. Hamburger, Ph.D. thesis, University of Pittsburgh, 
1959 (unpublished). 





W. HAMBURGER AND A. G. 





MILLIBARNS / STERADIAN 





fe) l j jl 
o° 20° 60° 








Ocm. 

Fic. 1. Angular distribution for the Mg™*(d,p)Mg®® 1.61-Mev 
reaction. The error bars indicate estimated upper limits on the 
errors. If the level is }* only /=4 is allowed. The slope below 30° 
cannot be fitted by /=4 Butler curves. Only /=3, with ro=6f, 
fits this slope; with this fit, (27+ 1)#=0.03, and the level would 
have negative parity. 


direction of the incident beam. The latter monitor 
system introduced an estimated uncertainty of 10% in 
the small angle data (see Fig. 3). 

In the angular distribution plots shown, the un- 
certainty in the relative cross sections other than the 
statistical error is estimated to be less than +10%. 
The absolute cross section scales (given in the c.m. 
system) in the figures are estimated to be accurate to 
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Fic. 2. Angular distribution for the Mg*(d,p)Mg*® 1.96-Mev 


reaction. The errors shown are statistical. 
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within +25%. These scales were obtained by comparing 
the Mg*(d,p) Mg*® ground-state cross section with the 
C®(d,p)C™ g.s. cross section (both at ~14.8-Mev 
incident deuteron energy) using carefully weighed 
targets of magnesium and polyethylene. The above 
carbon cross section has been measured recently to be 
15.5+20% millibarns per steradian at the peak of its 
angular distribution.” 

The angular spread of the incident beam and of the 
particles accepted by the detector was ~1°. The 
direction of the incident beam and the scattering angles 
were known to within +0.5°. 


Ill. Mg*‘(d,p)Mg® REACTION 


Because this reaction already has been carefully 
studied® (with deuteron energy of 8.9 Mev), angular 
distributions of only a few states were obtained in the 
present experiment. We studied the Mg” g.s. in order 
to compare it with the Mg?*(d,/)Mg*™ g.s. reaction, the 
1.61-Mev level because it did not show a stripping 
pattern at Ea=8.9 Mev,® and the 1.96-Mev level. The 
three angular distributions are shown in Figs. 1, 2, and 
3. Table I gives the reduced widths obtained from a fit 
of stripping curves to the distributions. 


A. Mg’> 1.61-Mev Level 


The angular distribution for the 1.61-Mev level looks 
quite different from that obtained at Ea=8.9 Mev,® 
but neither can be fitted by a stripping curve. By 
analogy with the 1.61-Mev level in the mirror nucleus 
Al**, the present level should have a spin and parity 
of $+, in which case only /=4 stripping would be 
allowed by conservation of angular momentum and 
parity." An /=4 curve does not fit the slope of the 
distribution on the small-angle side; this slope can be 
fitted with an J/=3 curve only (which would imply }- 
or $~ as the spin and parity of this state), but even 
such a curve does not fit the @>30° region. If the level 
is 3+, however, it could be assigned to the rotational 
band based on the intrinsic configuration of the ground 
state (see Fig. 11), so that the odd neutron would be in 
a state of orbital angular momentum /=2. In this case, 
no stripping should be seen, since it can proceed only 
by /=4 for the transferred neutron ; the relatively small 
cross section found for this level is consistent with such 
an explanation. 


B. Mg” 1.96-Mev Level 


The angular distribution for this level, which is well 
known to have a spin and parity of }*, can be fitted 
well with a Butler curve having /= 2, in agreement with 
the Ey=8.9-Mev data. The reduced width is ®=0.0031, 


10S. Mayo and E. W. Hamburger, Appendix A in reference 9. 

11 A 3+ level could be reached by neutron capture with /=2 
by means of spin-flip. We have not attempted to fit a spin-flip 
curve to the present data. For treatments of spin-flip, see reference 
13 and 14. 
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again in reasonable agreement with the value of 
& =0.0043 extracted from the data of Hinds ef al.® by 
Macfarlane and French.” 


C. Mg*® Ground State 
a. Results at Ea= 14.8 Mev 


An /=2 stripping curve fits the data of Fig. 3 only 
in the region 20°<@,.m.<40°; below 20° the experi- 
mental distribution continues to rise while the theo- 
retical curve drops sharply. The data suggest a mixture 
of J=0 and /=2 and can, in fact, be fitted with such 
a mixture if one takes #@(/=2)=8@(/=0). However, the 
spins and parities of the Mg** and Mg*® ground states 
are known to be 0* and $+, respectively, so that only 
1=2 is allowed. Even if one considers the possibility of 
spin-flip,"*"* and includes the effect of nonspherical 
boundary conditions,'® no /=0 is permitted. 

Although it is common for simple stripping theory to 
disagree with experiment at small angles, the large 
discrepancy evident in Fig. 3 is most unusual. Moreover, 
the same reaction does not show any anomaly at a 
deuteron energy of 8.9 Mev (see Fig. 4). Careful checks 
were made to insure that no experimental errors were 
involved. The fact that the angular distribution for the 
1.96-Mev level (Fig. 2), obtained at the same time, 
looks ‘‘normal,”’ indicates that the scattering system 
was properly aligned. Data taken using nuclear emul- 
sions to detect the analyzed protons (triangles in Fig. 3) 
confirm the electronic data. Finally, the possibility that 
some nucleus other than Mg”™ was responsible for the 
high cross section at small angles was checked by 
bombarding several targets. One of these was made by 
depositing magnesium oxide powder, enriched to 
99.7% in Mg”, on a thin gold foil. This target was not 
very uniform, and the data points obtained with it 
(open circles in Fig. 3) show some scatter. The only 
nuclei lighter than calcium having known energy levels 
which might be undistinguishable from the Mg” g.s. 
in our experiment are P® and Cl**. A target of chemically 
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Fic. 3. Angular distribution for the Mg™(d,p)Mg** g.s. reaction 
at Ez 14.8 Mev. The filled circles represent data obtained with 
a metallic target of natural magnesium. The open circles were 
obtained from a powder target of enriched Mg™O. The triangles 
were obtained from a separate run with a natural metallic target 
and were used to determine the absolute cross-section scale. The 
statistical errors are indicated for these two points. The statistical 
errors on all other points are less than 3% (and less than 2% for 
most of the closed circles). The errors shown for the points at the 
three lowest angles are due to inaccuracies of the beam monitor 
and are estimated errors. 


80° 


pure magnesium carbonate, containing less than 
0.001% of Cl and of PO,, was also bombarded. The 
results (not shown) agree with the distribution of Fig. 3. 
We conclude that the forward maximum in the angular 


TABLE I. Mg*-Mg?> reduced widths, / and r, values. 


Reaction 


Mg"(d,p)Mg> 


To 
(10-8 cm) 


Final level 


g.s. 
1.96 


Mg?*(d,t)Mg*4 g.s. i 
1.368 6.0 
4.122 6.0 
4.24 6.0 
7.60 (6.0) 


#&, present 
experiment 
0.0085 
0.0031 


0.0085 
0.017 
0.0028 
0.00075 
(0.001) 


P(d,p)* #(p,d)> ®, predicted* 
0.0096 (0.0085) 
0.0043 0.0018 


(0.0085) 
0.015 
0.0018 


0.0079 
0.022 


® The reduced widths in this column are extracted in reference i2 from the data of reference 5. 
> The reduced widths in this column are extracted in reference 12 from the data of reference 7. 
¢ The reduced widths in this column, taken from reference 12, are those predicted by Eq. (3) in the present paper, normalized to the value 0.0085 for the 


g.s. transition. 


2M. H. Macfarlane and J. B. French (to be published). 

18 J. E. Bowcock, Phys. Rev. 112, 923 (1958). 

4 4. P. French, Phys. Rev. 107, 1655 (1957). 

18 J. Sawicki and G. R. Satchler, Nuclear Phys. 7, 289 (1958). 
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Fic. 4. Angular distribution for the Mg*(d,p)Mg* g.s. reaction 
at several incident .beam energies. The solid line is obtained from 
the data of Fig. 3 by drawing a smooth line through the experi- 
mental points. The results obtained with the beam energy de- 
graded to ~13.9, ~12.4, and ~10.2 Mev, and the results of 
Hinds et al., reference 5, are also shown. The errors given are the 
statistical errors. 


distribution is a property of the Mg™(d,p)Mg” g.s. 
reaction at the deuteron energy of 14.8 Mev. 


b. Results at Lower Energies 


Because the results at Ea=8.9 Mev show no anomaly 
in the angular distribution we decided to determine the 
energy dependence of the anomaly observed at 14.8 
Mev. The incident deuteron energy was varied by 
inserting tantalum foils of different thicknesses in the 
beam path, ~7 cm in front of the target. Collimating 
slits prevented deuterons scattered by more than 2° 
from reaching the target. The degraded beam had an 
energy spread of = 200 kev at 12.4 Mev and ~300 kev 
at 10.2 Mev (full width at half maximum).'¢ 

Figure 5 shows the proton spectra at three energies. 
At the lower energies the Mg” g.s. group cannot be 
completely resolved from the groups corresponding to 
the Mg*®* 0.58-Mev and Mg’® 3.97-Mev levels. Conse- 
quently, the Mg*® g.s. cross section cannot be deter- 
mined as precisely as at full beam energy, particularly 
at small scattering angles where the Mg®® 0.58-Mev 
group is very intense. (At 10° it is ~6 times as intense 
as the g.s. group.) However, the data are good enough 
to show whether there is a substantial change in the 
Mg” g.s. cross section at small angles. 


16 Details of the energy degrading method will be published 
elsewhere. ; 
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The results are given in Fig. 4, where the data of 
Hinds ef al.5 are also reproduced. The inverse reaction 
Mg**(p,d)Mg™ has been studied in this energy region’ 
at a proton energy of 17 Mev, corresponding to Ez= 11.9 
Mev. Bennett’s’ angular distribution agrees with the 
12.4-Mev data of Fig. 4 except at his smallest angle, 
6..m.= 16°, where his data yield a cross section =75% 
of the 29° cross section. 


c. Discussion 


The data of Fig. 4 show that at forward angles, 
6<30°, the cross section does not change appreciably 
with deuteron energy between 14.8 and 12.4 Mev, but 
decreases rapidly for lower energies until at 8.9 Mev 
there is a deep forward minimum in the angular distri- 
bution. At these angles the cross section obviously 
behaves very differently from the predictions of simple 
stripping theory, while for 9>30° the disagreement is 
not so great. 

The theory predicts’? that the section 
should be a function only of the transfer momentum 
g= |K,—(24/25)K,|, where K, and Ky are the wave 
vectors of the final and incident particles, respectively. 
Figure 6 shows the measured differential cross section 
plotted versus g. The 8.9-Mev data are again included, 
but have been normalized to the present data by 
multiplication by a factor 0.75; since the quoted error 
on the absolute cross sections of Hinds ef al. and of the 
present experiment is +25% for each, such a factor 
is consistent with the experiments. 
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Fic. 5. Proton spectra from a natural magnesium target at 
Oia» = 20° at (a) full beam energy (14.8 Mev), and at two degraded 
energies, (b) 12.4 Mev, and (c) 10.2 Mev. 


17 The factor K,/Ka appears in the theoretical expression for the 
cross section, but this factor does not affect the relative angular 
distribution and will be neglected in the following discussion; it 
increases by ~9% when Ey decreases from 14.8 to 8.9 Mev. 





(d,p) AND (d,t) 





—-— &9 Mev (x0.75) 
— l48Mev 


o 12.4 Mev 
« 10.2 Mev 


MILL IBARNS/ STERADIAN 








i 
0.4 1210" cm"! 





Fic. 6. Differential cross section for the Mg™(d,p)My** g.s. 
reaction at several incident energies as a function of transfer 
momentum gq. The solid line is obtained from the data of Fig. 3 
by drawing a smooth line through the experimental points. The 
dashed line is obtained in a similar way from the data of Hinds 
et al. shown in Fig. 4, but the whole curve has been multiplied by a 
factor of 0.75. 


The figure shows that agreement with theory is 
reasonable for g>0.4, although the cross section at 
constant g seems to increase slightly with decreasing 
energy. The 10.2-Mev data agree within experimental 


error with the 8.9-Mev curve. 

The behavior of the cross section at small angles 
shows that the reaction mechanism is more complex 
than that assumed in simple stripping theory, which 
is based on the plane-wave Born approximation. One 
possible explanation for the anomaly is that distortion 
effects are important. The distortion responsible for the 
effect may be in the deuteron wave function, in the 
proton wave function, or in both. It does not seem 
plausible that distortion of the deuteron wave is the 
important part. If it were, one might expect other proton 
groups produced by the same beam to show similar 
effects, yet the Mg” 1.96-Mev level seems to have a 
normal angular distribution. 

Another possible cause of the anomaly is interference 
between compound nucleus and direct reactions. To 
simulate such an interference, an attempt was made to 
fit the 14.8-Mev distribution by adding to the Butler 
stripping amplitude a partial wave whose amplitude 
and phase could be adjusted. It was found that the 
low-angle peak is no sharper than that obtained with 
the inclusion of an /=2 partial wave. 

The Mg?(d,t)Mg™ g.s. reaction discussed in Sec. IV 
is a pickup reaction between the same two levels in- 
volved in the Mg*(d,p)Mg”® g.s. reaction. The (d,t) 
cross section also lies above the stripping curve at small 
angles (see Fig. 7), but the disagreement is much less 
striking than in the (d,p) case. This is not inconsistent 
with the idea that the anomaly is not due to a particu- 
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larity of the nuclear levels involved but is essentially a 
reaction mechanism effect. 

Angular distributions similar to that of Fig. 3 have 
been observed previously, but have been interpreted as 
mixtures of /=0 and /=2. The present case is the only 
one in which the initial and final spins and parities 
are well known and are such as to forbid the mixture. 
However, it is possible that in some of the previous 
cases the forward maximum does not correspond to a 
mixture of /=0 and /=2 but to a reaction mechanism 
effect. To test whether the distribution is a true mixture, 
one could perform the experiment at several incident 
energies. For example, the Mg**(d,p) reaction to the 
1.83-Mev level in Mg?*® showed® a distribution of the 
type in question at Ea=8 Mev; we are presently 
studying the reaction at Ega=15 Mev. 

It would be very interesting to obtain the angular 
distribution of the Mg™(d,p)Mg*® g.s. reaction out to 
180° (at Ea=15 Mev), to determine whether a back- 
angle peaking also occurs. One would also like to obtain 
at least the forward-angle distribution with more 
precision for deuteron energies between 10 and 14 Mev, 
and to extend the measurements to higher energies. 


IV. Mg”(d,t)Mg** REACTION 


Triton angular distributions for eight states in Mg™ 
were obtained. A search for further states was made 
at O1a»= 22°; one new level was found. 


A. Experimenta! Results 
a. Mg>(d,t)Mg* g.s. 


Figure 7 shows the angular distribution for this level. 
The Butler curve fits the data very well from 15° to 
35°, but at small angles the experimental points lie far 
above the theoretical curve, as mentioned in the 
preceding section. 

In order to extract absolute reduced widths from 
the data of (d,t) pickup reactions which can be com- 
pared to the reduced widths obtained from (d,p) 
stripping reactions, it is necessary to know the value of 
the triton normalization constant B*.4 This constant is 
chosen so as to make the reduced width of the Mg” 
g.s. relative to the Mg™ g.s. core the same, whether it is 
extracted from the data for the Mg**(d,t)Mg*™* reaction 
or for the Mg**(d,p) Mg®® reaction. The value obtained 
in the present experiment is B?=0.74X 10" cm‘ This 
value will be adopted for all (d,t) reactions described 
in the present article. 


b. Other Levels 


Angular distributions to the seven other states 
studied in this reaction are shown in Figs. 8 and 9. We 
have fitted with Butler curves those distributions which 
look somewhat like stripping curves. The corresponding 
reduced widths are given in Table I, column 5. 

At @1a»= 22°, we obtained a complete triton spectrum 
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Fic. 7. Angular distribution for the Mg?5(d,t)Mg™ g.s. reaction. 
The errors shown are statistical except at the two lowest angles 
where (as a result of the use of a different beam monitor) they 
are estimated upper limits on the errors 


for energies corresponding to Mg™ excitations from 
4.1 to 7.6 Mev. This spectrum is shown in Fig. 10. The 
data points in the figure are counts recorded in the 
particular channel of the 6-channel pulse-height 
analyzer set to record scintillation pulses which had 
heights appropriate to reaction tritons appearing at 
the detector. There are background counts in this 
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Fic. 8. Angular distribution for the Mg**(d,t)Mg™ 1.368-Mev 
reaction. Typical statistical errors are shown, except for the point 
at 7°, where the upper limit on the error is shown. 
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channel corresponding to deuterons which have lost 
energy by scattering inside the analyzing magnet. Other 
background counts occur because of anomalously small 
scintillator pulses produced by a small fraction of the 
deuterons elastically or inelastically scattered from 
various states of the target nuclei. Also, gamma rays 
produce a few pulses recorded in this channel. 

These phenomena account for most of the constant 
background and for the larger count rates in the regions 
of Fig. 10 labeled B. For example, the relatively large 
count rate in the neighborhood of 44 Mc/sec is produced 
by deuterons from the intense H'(d,d)H' scattering. 
The background at each point was determined from an 
analysis of the counts in the adjacent channels, and in 
every case of a suspected triton group a careful analysis 
also was made of the 256-channel analyzer data. 
Tritons could be recognized by their sharp pulse-height 
distribution (~ 10% full width at half maximum). 

We estimate that we would have identified any triton 
group having a cross section larger than 0.03 mb/sr. 
Several levels reported previously! between 4.3 and 
7.3 Mev were not found. On the other hand, the level at 
7.60 Mev has not been reported before. 
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Fic. 9. Angular distributions for the Mg**(d,t)Mg™ reaction to 
the 4.12-, 4.24-, 5.24-, 6.01-, 7.33-, and 7.60-Mev levels. Typical 
statistical errors are shown. The distributions for the 4.12- and 
4.24-Mev levels have been fitted with Butler curves. The 7.33- and 
7.60-Mev distributions have too few points to fit, although an 
l=1, ro=6f curve is not inconsistent with the 7.60-Mev points. 
The remaining distributions cannot be fitted with Butler curves. 
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Fic. 10. Triton spectrum for the Mg**(d,t)Mg™ reaction at 0},)= 22°, for triton energies corresponding to Mg” excitations from 4.1 to 
7.6 Mev. Most of the constant background is due to deuterons which have produced a pulse in the triton channel. In regions marked B 
the high count rate is due to an unusually high deuteron background. For example, the deuterons from the H'(d,d)H!' reaction account 
for most of the counts in the 2-Mc/sec region centered around 44 Mc/sec. The counts in the peak at 47.2 Mc/sec and (off scale)in the 
region between the vertical lines at ~43 Mc/sec come from deuterons scattered within the analyzing magnet. 


The excitation energies measured in the present 
experiment for the levels up through 5.24-Mev exci- 
tation agree with the values given by Endt and Braams.! 
For the three remaining levels, the energies and their 
estimated errors are, in Mev, 6.007+0.020, 7.330 
+0.020, and 7.600+0.020. 


B. Discussion 


As we have noted in Sec. I, the rotational model has 
been applied with success to the A4=25 nuclei. Mg” 
also has an approximately rotational spectrum; thus, 
it is natural to compare our experimental results with 
those predicted by the rotational model. Let us assume, 
then, that the Mg*® g.s. can be well described by the 
configuration shown in Fig. 11 in which the odd (13th) 
neutron is in Nilsson orbit'*:"’ No. 5 and all orbits below 
this one are filled, with the nuclear deformation 
parameter » having a value of =3. From Fig. 11 it is 
clear that in the Mg*(d,t)Mg™ pickup reaction, only 
certain Mg” states should be excited. By picking up 
the unpaired neutron in orbit No. 5 one would expect 
to reach only the Mg” g.s. and the rotational states in 
the band based on the g.s. configuration. At somewhat 
higher excitation energies, one would expect to see the 
band based on the configuration of one neutron in each 
of orbits No. 5 and No. 7, as a result of the removal of a 
No. 7 neutron, and so on. 

The reduced width @ of a transition between states 
of two nuclei of masses A and A+1 can be written as a 


18S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

” B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 


product of two factors, 
P= $6. (1) 


The factor 60? is the single-particle reduced width.” 
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Fic. 11. Nilsson diagram for the Mg® g.s. Only those orbits 
(numbered at the right of the diagram) arising from the 1d and 
2s states are shown. The 12 protons (denoted by crosses) and the 
first 12 neutrons (denoted by circles) fill the Nilsson orbits up 
through No. 7; this is taken to be the g.s. configuration of Mg™. 
The extra neutron of Mg** is in orbit No. 5, so that the spin and 
parity of the Mg*® g.s. is $+. ‘The deformation parameter n has a 
value of ~3. 





2” J. B. French, Nuclear Spectroscopy, edited by F. Ajzenberg- 
Selove (Academic Press, Inc., New York, to be published). 
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Fic. 12. Angular distribution for the Mg**(d,t) Mg*® gs. 
reaction. Typical statistical errors are shown, except for the point 
at ~7°, where the upper limit on the error is shown. The points 
are fitted with an /=2 Butler curve 


We assume in the present experiment that it has the 
same value for all transitions between two nuclei for 
which the transferred orbital angular momentum is 
the same. The spectroscopic factor S is given, for the 
rotational model, by"! 


Jott 
Si; r( 7 )u jK.Q\IK)°c,; 
2I+1 


where J» is the angular momentum of nucleus A, J 
is the angular momentum of nucleus A+1, Ko and K 
are the projections of the respective angular momenta 
along the nuclear symmetry axis, and 7 is the total 
angular momentum of the transferred nucleon, with a 
projection 2 along the symmetry axis. p?=2 if either 
K or Ko is zero, and is 1 otherwise. The Clebsch- 
Gordan coefficient (Jo7KoQ2)/K) is a projection factor, 
occurring as a result of the nuclear rotation. The 
coefficients c,; can be given in terms of coefficients 
tabulated by Nilsson'’; c;; is then the probability for 
finding a nucleon with orbital angular momentum / 
and total angular momentum 7 in a given Nilsson orbit, 
and is a function of 7. 

In the present case of removal of the orbit No. 5 
neutron from the even-odd target nucleus, the relative 
reduced widths to different levels within the rotational 
band differ only in the projection factors and the final 


1G. R. Satchler, Ann. Phys. 3, 275 (1958) 
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angular momenta. We have, from Eqs. (1) and (2), 


62 f2To +1 F (Jo'$08|§ 3 

e tee Me 508 | 3 
where the primed and unprimed quantities refer to the 
two different states. In column 8 of Table I are shown 
the reduced widths predicted from Eq. (3) for the two 
excited states of the lowest rotational band, normalized 
to the g.s. reduced width of 0.0085. The agreement with 
the experimentally determined reduced width is good 
for the first (2+) excited state, but for the second (4*) 
excited state there is disagreement by a factor of 1.5, 
far outside the experimental uncertainty. This dis- 
agreement is probably a result of admixtures of states. 
Other evidence points to such admixtures, e.g., the ratio 
of the excitation energies of the 4+ state and the 21 
state is 3.01 instead of the predicted 10/3. 

At higher excitation energies the states are weakly 
excited, but the 4.24- and the 7.60-Mev levels, in 
particular, show some anisotropy in their angular 
distributions. The first can be roughly fitted with an 
l/=2 curve. In the second case there are too few experi- 
mental points to justify one’s fitting a stripping curve, 
although an /=1, ro=6f curve fits the three points 
better than any other /-value curve; assuming such a 
fit, one obtains the reduced width shown in parentheses 
in Table I. Pickup transitions to these higher states 


indicate admixtures in the Mg® g.s. or in the Mg” 
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Fic. 13. Angular distribution for the Mg**(d,t)Mg?> 0.58-Mev 
reaction. Typical statistical errors are shown, except for the 
points at the two lowest angles, where the upper limits on the 
errors are shown. The points are fitted with an /=2 Butler curve. 
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TABLE II. Mg*¢(d,t)Mg** reduced widths, and mixture probabilities of Nilsson configurations for the Mg** ground state. 
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states themselves. Not enough is known about the 
higher excited states of Mg™ to permit further con- 
clusions to be drawn from the data. 


V. Mg**(d,t)Mg® REACTION 
A. Experimental Results 


Triton angular distributions for eight levels in Mg” 
are shown in Figs. 12, 13, and 14. A complete triton 
spectrum was obtained at 6),,=25° for triton energies 
corresponding to Mg** excitations from 0.58 to 4.5 Mev; 
in addition to the eight states for which the angular 
distributions are shown, the 2.74-, 3.90-, 3.97-, and 
4.05-Mev states were observed. The 3.90-, 3.97-, and 
4.05-Mev levels were not well resolved; their cross 
sections appear to be of the same order of magnitude at 
this angle, and also at 6¢.m.=17.6°, where the combined 
cross section for the three levels is 0.09 mb/sr +15%. 
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Fic. 14. Angular distributions for the Mg**(d,/)Mg*® reaction 
to the 0.98-, 1.61-, 1.96-, 2.56-, 2.80-, and 3.40-Mev levels. Typical 
statistical errors are shown, except for the points at the two 
lowest angles of the 2.56-Mev distribution, where the upper limits 
on the errors are shown. The distributions for the 0.98-, 1.96-, 
2.56-, and 2.80-Mev states have been fitted with Butler curves; 
the distributions for the 1.61- and the 3.40-Mev states cannot be 
so fitted. 
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The 2.74-Mev level was not well resolved from the 
2.80-Mev level, and appears to be much smaller than 
the latter at small angles. The largest cross section 
observed for the 2.74-Mev level was 0.030 mb/sr +20%, 
at Oc.m.=28.6°. We estimate that in the survey at 25° 
any additional triton group having a cross section larger 
than 0.07 mb/sr would have been identified. 

For each case in which the angular distribution 
looked somewhat like a stripping curve, the points were 
fitted with a Butler curve. Because the spin and parity 
of the Mg*® g.s. are 0, and the spins and parities of all 
the observed Mg*® states are well known,’ the / values 
of the transferred neutron are uniquely determined. 
From these curves the reduced widths were extracted, 
and are given in Table IT, column 7. 


B. Discussion 


The pickup reaction from Mg** to Mg*® yields 
information primarily on the wave function of the 
Mg” g.s. Figure 15 shows the assignments of the low- 
lying states of Mg” to various rotational bands based 
on Nilsson’s orbits (Fig. 11), as made by Litherland 
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Fic. 15. Known low-lying energy levels of Mg®®. The spin and 
parity J* of each state is shown. The value of K, the projection 
of J along the nuclear symmetry axis, is given in the next column, 
and the corresponding Nilsson orbit No. of the last neutron (see 
references 2 and 12) is given in the last column. 
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et al.,2 and Macfarlane and French." The value of 7 
is taken to be =3. Using this model, one could then 
make the simple assumption that the g.s. wave function 
of Mg** consists of two neutrons in orbit No. 5 with all 
orbits below this filled, the same value of 7 being 
appropriate. The prediction for the Mg?*(d,t)Mg?® 
pickup reaction would then be that only the Mg” g.s. 
and the rotational states based on this orbit could be 
formed. The fact that observe pickup angular 
distributions for Mg?® states belonging to bands based 
on higher Nilsson orbits, in contradiction to this 
prediction, implies that there is band mixing in the 
Mg’* gs. 

A better approximation to the Mg”* g.s. wave function 
is to consider it as a mixture of three Nilsson con- 
figurations for the last two neutrons, i.e., both neutrons 
in orbit No. 5 (probability of a’), both neutrons in 
orbit No. 9 (probability of 6°), and both neutrons in 
orbit No. 11 (probability of y?). One may write this 
wave function symbolically as 


we 


Mg* g.s.=a(No. 5)?+8(No. 9)?+7(No. 11)?. (4) 


Because the two neutrons must couple to spin zero, 
configurations in which only one of them is in orbit No. 
5 are not allowed. The configuration in which one 
neutron is in orbit No. 9 and one in orbit No. 11 is 
allowed, however; we neglect it on the grounds that 
pairing effects favor configurations in which 
neutrons are in the same orbit.” 

The experimental results allow the determination of 
a, 8, and y. Thus, for example, the reduced width for 
the transition the Mg® gs. P=a?S;6? (1d) ; 
for the transition to the Mg* 0.58-Mev level it 
= 87S 87(2s) ; for the transition to the Mg*® 0.98-Mev 
level it is ®@=62S,'A2(1d); and so on. Here, S is calcu- 
lated for the appropriate transition from Eq. (2), using 
Nilsson’s wave functions, and 6,?(2s) and @7(1d) are 
the single particle reduced widths for /=0 and /=2, 
respectively. One thus has the values of (#/60") cate 
given in columns 5 and 6 of Table II, in which we have 
calculated each S for n»=2 and n=4. By equating each 
(P/O?)eate to the corresponding (@/60?)exp, we obtain 
values for a’, 6’, and y?. We have chosen 6;:7(1d)exp 
=0.018 for the n=2 case in order to make the experi- 
mental and the calculated values of #/6:? agree for the 
transition to the Mg* g.s.% Macfarlane and French" 
find, from an analysis of the Mg*(d,p)Mg?> reaction, 
that @0?(2s)/@c?(1d)=5/4. We have adopted this ratio 
to obtain the results shown in the table. 

In the discussion above, we have neglected rotation- 
particle coupling (RPC)™ between the states in the 


two 


is 


to 


is 


21D. M. Brink and A. K. Kerman, Nuclear Phys 
(1959). 

%The value of 0.018 for @?(1d) is rather small. From the 
Mg" (d,p)Mg*® experiment, Macfarlane and French extract an 
average value of @:°(1d) ~0.034, while the Mg™(d,p)Mg® g.s. data 
of Fig. 3 yield 60?(1d) ~0.025. 

*A.K. Kerman, Nuclear Reactions (North-Holland Publishing 
Company, Amsterdam, 1958), Vol. 1, Chap. X. 
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band based on orbit No. 9 and those in the band based 
on orbit No. 11. The coupling occurs because both these 
bands have K =}. An estimate of the amount of mixing 
produced may be made by using the relations given by 
Kerman”; from this estimate one determines that, for 
the lower states in the bands, the values of 8? and y? are 
changed at most by a few percent, so that the neglect 
of RPC effects is justified for our purposes. 

When the values of 8? or +? in Table II obtained from 
different levels of the same band differ from each other, 
this means that the relative reduced widths are not 
given correctly by our simple model. For example, the 
large value of 6° obtained for the 1.96-Mev state is 
probably due to an admixture of orbit No. 5 in its 
wave function. This can occur the inter- 
action of this state with the g.s., which is also a 3? 
state. A probability of 0.04 for this admixture would be 
sufficient to bring the value of 6° extracted from the 
data for this state down to ~0.1. The values of 6? and 
7 for the lowest states (J=4) of the respective rota- 
tional bands are perhaps the most reliable. From them 
we extract the “most probable” values and estimated 
uncertainties, 


through 


a’ =(0.83+0.( )5, 
B?=0.13+0.05, 
7° = 0.04+0.03. 


C. Pairing Energy 


The admixtures found in the Mg” g.s. show that, for 
this nucleus, it is not sufficient to consider a Hamil- 
tonian of the type used by Nilsson. There is a pertur- 
bation of this Hamiltonian which produces the ad- 
mixtures present in the g.s. wave function. We remark 
that rotation-particle coupling cannot be the responsible 
perturbation because RPC (in the first order) mixes only 
bands whose K’s differ by one, or have the value 3. 
The admixture can, however, be due a pairing 
energy; calculations with a pairing Hamiltonian have 
had considerable success in accounting for the proper- 
ties of heavier nuclei,?* and have also been considered 
for the light nuclei.” We therefore attempt to account 
for the values of a, 8, and y given in (5) by using such a 
Hamiltonian. 

We consider only the last two neutrons in Mg®® and 
neglect the possible excitations of the 24 
particles; we also neglect the pairing energy between 
particles in different intrinsic states.” Our set of basis 
states is obtained from the intrinsic spectrum of Mg”, 
comprising the e=0 ($*), e=0.58-Mev (3*), and 
€3;= 2.56-Mev (3*) levels. Two particles can then be in 
four possible states: (a) both in the g.s., (b) both in the 
0.58-Mev state, (c) both in the 2.56-Mev state, and (d) 
one in the 0.58-Mev state and one in the 2.56-Mev 


to 


core of 


25 A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 30, No. 15 (1956). 
26 L. S. Kisslinger and R. A. Sorensen (to be published). 
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state. Our Hamiltonian will be*® 


H= ; €,d pa o—G 
# =1,2,3 i 
Pp =Q(2), —Q(s) 


> diac 
- 
X diaiy'ajacjajau), (6) 


where the djo¢;)' and aig,;) are creation and annihilation 
operators, respectively, for a particle in orbit 7 whose 
angular momentum along the symmetry axis is 2). 
The constant G measures the strength of the pairing 
energy; it has been assumed to have the same value for 
all orbits. The matrix of the Hamiltonian (6) in the 
representation of the four basis vectors (a), (b), (c), 
and (d) is 


—s 

—G 26.—G —G 
—G —G 26;—G 
0 0 0 


—G 


The matrix (7) was diagonalized for various values 
of G. It was found that for G=0.6 Mev the following 
admixture occurs in the ground state: a?=0.82, 6°=0.16, 
y°=0.02, in reasonable agreement with (5). This value 
of G=15/A, where A is the mass number, is of the 
order of magnitude expected from the analysis of 
heavier nuclei; in the Pb region Kisslinger and 
Sorensen*® find G=30/A, and for A=60 they find 
G=20/A. 

Other properties of the Mg’® nucleus do not agree, 
however, with the Hamiltonian (6) with G=0.6 Mev. 
The spectrum of 0* levels prescribed by this Hamil- 
tonian is shown in Fig. 16 for G=0 and for G=0.6 Mev. 
One sees that another 0* level is predicted at = 1.8 Mev 
above the g.s., and that the g.s. is depressed by 0.97 
Mev, for G=0.6. Both features disagree with experi- 
ment: (a) No 0* level except the ground state is known 
in Mg?®, as can be seen from Fig. 16, which also shows 
the known spectrum up to 4.5-Mev excitation. (b) 
The binding energy of Mg*® relative to Mg is 18.45 
Mev, and that of Mg*® is 7.33 Mev. The depression of 
the Mg** g.s. due to pairing is therefore 18.45— (27.33) 
= 3.79 Mev, and not the predicted =1 Mev. 
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Fic. 16. Predicted 0* levels of Mg*®. (a) shows the relative 
positions of the g.s. and the first two excited 0* levels for a pairing 
energy parameter value of G=0; (b) shows the same levels for 
G=0.6. In column (c) the known levels of Mg**, with their spins 
and parities, are shown for comparison. 


Both disagreements (a) and (b) seem to call for a 
stronger pairing energy than G~0.6 Mev, but a larger 
value of G would introduce too much admixture into 
the Mg”* g.s. It therefore appears impossible to account 
for the properties of Mg** with such a simple model. A 
better treatment would probably take into account the 
excitations of the core. 
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Samples of Dy'®* were produced by successive neutron capture in stable Dy'™. This isotope decays by 
beta-ray emission with an 80.2-hr half-life to states in Ho'®*. This isotopic assignment of previous authors is 
confirmed. Separations of the parent and daughter activities were carried out by use of an ion-exchange 
column. Scintillation studies were made with a 256-channel scintillation coincidence spectrometer. Internal 
conversion electrons were measured in magnetic spectrographs with permanent magnets and the continuous 
beta spectra were observed with a 180° magnetic spectrometer with a variable field. The seven gamma-ray 
transitions observed had energies of 28.1, 54.2, 82.5, 288, 344, 375, and 428 kev. Beta-ray branches of 481 
and 402 kev were observed with the magnetic spectrometer; two others of 114 and 56 kev are postulated 
for the decay scheme. The decay scheme presented indicates the existence of five levels in g;Ho!® at 0(0 


54(2 


, 82(1~), 370, and 428(1*) kev. The ground state and first two excited states are interpreted as 


members of a rotational band with K=0. This interpretation implies that in odd-odd nuclei the level 
sequence can be inverted for the first two excited states of such a band 


INTRODUCTION 


N 81-hr @ 
dysprosium 


activity was reported in samples of 
that had been with 
Ketelle, using sources separated in an 


irradiated 
neutrons.!? 
ion-exchange column, found that this activity was 
associated with the precursor of a daughter exhibiting 
a period of 27 hr. For the latter activity, both the 
half-life and the end-point energy of the beta spectrum 
(measured by aluminum absorption methods) agreed 
with those reported for the 27-hr activity of Ho'®*. The 
81-hr activity was therefore assigned to Dy'®*, which 
would be produced by double neutron capture. Using 
a chemically separated sample of Dy'®*, Ketelle found 
the end point of the beta spectrum to be 0.4 Mev. The 


165 


neutron-capture cross section in Dy'® was estimated to 
be 5000 barns. 

Independently, Butement investigated this activity 
and arrived at the same assignment. Butement also 
found that the yield of the 81-hr activity was approxi- 
mately proportional to the square of the neutron flux. 
In addition, he found that the neutron capture in 
Dy'® takes place mainly, if not entirely, in the 2.3-hr 
ground state. Using an unseparated dysprosium source, 
he found the end point of the Dy'® beta spectrum (by 
aluminum absorption methods) to be 0.22 Mev. By 
the usual technique of absorption measurements in 
aluminum, copper, and lead, some low-energy (less than 


66 


50-kev) gamma radiation was found in Dy 


Relationship of Activities 


From the above information, the activities of interest 
in this study were presumed to be related as follows: 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission 
1B. H. Ketelle, Phys. Rev. 76, 1256 (1949). 
?F.D.S. Butement, Proc. Phys. Soc. (London 


A63, 532 (1950). 
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For simplicity and because of the results of Butement, 
the 1.2-min isomeric state of Dy'® has been omitted 
from this diagram. In this report references to Ho!®, 
except where otherwise refer to the 27-hr 
ground state; the long-lived isomer (half-life > 30 hr) 
was not observed. The conclusions of the previous 
authors concerning the isotopic assignments of the 
various related activities are confirmed by this study. 
Discussion of this evidence is deferred until all of the 
experimental data have been presented since many of 
the results bear indirectly upon this issue. 


noted, 


Apparatus 


In this investigation, an Argonne 256-channel 
scintillation coincidence spectrometer The 
gamma-ray detectors are 2}-in. cubic NaI(T1) crystals; 
an anthracene crystal ;°¢ in. thick by 1} in. in diameter 
is used as a beta-ray detector. In order to be able to 


vas used. 


detect low-energy beta rays, the light shield on the 
latter crystal is constructed so that the source can be 
placed next to the crystal with no intcrvening absorbers. 
For coincidence experiments, a single-channel pulse- 
height analyzer and ‘‘fast-slow’ coincidence circuit 
(2r=40 mysec) are used to gate the 256-channel 
analyzer. Internal-conversion electrons were measured 
photographically in 180° uniform-field magnetic spec- 
trographs. Continuous beta-ray spectra were studied 
with a 180° magnetic spectrometer with a variable 
uniform field. This spectrometer uses an anthracene 
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crystal detector and has an automatic field-control 
system. 


Chemical Separation and Source Preparation 


In order to obtain better data for the Dy’ activity, 
it was desirable to separate the Dy'®* as completely as 
possible from its daughter, Ho'®*. This was done by use 
of standard ion-exchange-column techniques.‘ In the 
separations made during this investigation, Dowex-50 
resin was used in a column 4 mm in diameter. The 
elutrient was 0.2M a-hydroxyisobutyric acid; its pH 
was adjusted to approximately 4.0 with ammonium 
hydroxide. The length of the resin column, which 
depended upon the exact pH used, was varied between 
3 and 6 cm. The column was maintained at approxi- 
mately 76°C (the boiling point of methyl chloroform). 
With the column operating under these conditions, the 
peak of the holmium activity was eluted after approxi- 
mately 35 min and the dysprosium activity after 
about 60 min. 

The source material used throughout this investiga- 
tion was dysprosium oxide enriched to 90% in Dy'* 
(supplied by the Stable Isotopes Division, Oak Ridge 
National Laboratory). The irradiations were made in 
the Argonne CP-5 reactor in a flux of 310" and at 
the Materials Testing Reactor, Arco, Idaho in a flux 
of 2X10"! neutrons cm~ '. In order to make a 
separate study of the daughter activity, Ho'®*, samples 
of holmium oxide were also irradiated. 

For the studies of the continuous beta-ray spectra, 
the source backing consisted of polyester film with 
aluminum vacuum coated on both sides (total density 
about 1 mg/cm’).° The first of two dysprosium sources 
(in equilibrium® with the holmium daughter) and the 
holmium source were made by preparing a slurry of 
the active powder in alcohol and depositing it on the 
backing. A second dysprosium source was made from 
dysprosium that had been separated in an ion-exchange 
column. The active material was removed from the 
elutrient by solvent extraction into a solution of TTA 
in benzene.’ This solution was then placed on the 
backing and dried a drop at a time in an oven at 
approximately 120°C. 

For studies of internal-conversion electrons, holmium 
sources and some dysprosium sources were made by 
placing the powdered source material on the adhesive 
side of commercial cellulose tape; this backing has a 


sec 


3S. B. Burson, D. W. Martian, and L. C. Schmid, Rev. Sci. 
Instr. 30, 513 (1959). 

4B. H. Ketelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 
(1947); G. R. Choppin and R. J. Silva, J. Inorg. & Nuclear Chem. 
3, 153 (1956). 

5Obtained from Alexander Vacuum Research, 
Madison Avenue, New York, New York. 

6 “Equilibrium” is here used in reference to a source which has 
aged for a sufficiently long time so that the Ho daughter no 
longer exhibits its own characteristic 27-hr period, but rather de- 
cays with the 80-hr period of the Dy’ parent. 

7B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
114, 1082 (1959). 
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density of about 8 mg/cm?. Other dysprosium sources 
were made from chemically separated material; these 
were prepared by drying a portion of the active fraction 
of the elutrient on an aluminum backing (5 mg/cm?). 


EXPERIMENTAL RESULTS 
Studies of Internal-Conversion Electrons 


The internal-conversion-electron lines observed are 
listed in Table I along with our interpretations and 
some relative intensities. Although the decay of the 
lines was not measured quantitatively, all the lines 
appeared to decay with the same half-life (within 
about 30%). 

The intensities were calculated from the areas under 
the line profiles on densitometer traces of the photo- 
graphic plates. The errors in the relative intensities 
arise from two sources; first, the error in the correction 
for the sensitivity of the photographic emulsion; and 
second, the decomposition of the superimposed line 
profiles. We estimate that the combined error resulting 
from these uncertainties is approximately 30%. The 
energies of the lines are accurate to about 0.3 kev. In 
particular, as a criterion of accuracy, we refer to the 
work of Chupp ef al.§ who reported a gamma-ray 
energy of 80.57 kev for the transition in erbium which 
we measure to: be 80.6 kev. 

All of the observed lines are assigned to three of the 
transitions in Ho!®* (the ones at 82.5, 54.2, and 28.1 
kev) and to the 80.6-kev transition in Er'®*, For the 
82.5-kev transition, the K, Ly, and N lines are observed. 
Its M line is merged with the V line of the 80.6-kev 
transition. The K/L ratio of the 82.5-kev transition 
is found to be 7+3. 


TABLE I. Data relating to gamma-ray transitions. 


Internal-conversion lines 

Gamma 

energy 
(kev) 


Relative intensities 
Conver- 
sion> 
electrons 


Transition 
energy 
(kev) 


Inter- 
pretation 


Energy 


Transi- 
(kev) 


tion 


Photons» 


Lines in holmium 
28.1 

$4.2 

54.2 

54.1 

54.2 

82.2 

82.6 

(82.4) 

82.5 


~12 


16 


14¢ 


Son UUS Re 
MOWDAaBNAWO 


minwamwhr war 


+0.05 
0.1 —0.08 
+0.1 
0.3 9.2 
1.1+0.1 
1.4+0.1 


s in erbium 
80.3 
80.7 
80.7 
80.7 
(80.8) 


Line 


Te) 


oss 
PNR nN 
ou 


i 
si 


* These two lines are not resolved. 
The data on photon and conversion-lire intensities are normalized by 
use of the experimental value ax® =4.0. 
e All other photon intensities are measured relative to this value. 
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Fic. 1. Beta-ray spectra of Dy’ (in equilibrium with the 


holmium daughter) and Ho'**. The statistical uncertainties are 
less than the dimensions of the experimental points. 


The Ly, List, M, and N lines are observed for the 
54.2-kev transition. The multipolarity of this transition 
is deduced from the relative intensities of the L conver- 
sion lines (see Table II). The two Z lines are observed to 
be of equal intensity. Of the four possible multipoles 
(E£1, £2, M1, M2), £2 is the only one for which the 
L; line is not predominant. The observed intensity 
ratios can, therefore, be produced only by a transition 
which has either pure or primarily £2 character. 
However, the conversion coefficients are such that a 
substantial admixture of M1 could be present without 
being observed. As will be seen in the discussion of the 
decay scheme, the 0~ assignment for the ground state 
of Ho'® requires that the 54.2-kev transition be pure. 

We have interpreted the 18.7-kev internal-conversion 
line as an ZL, for a 28.1-kev transition. This conclusion 
is supported by several facts. If this were the K conver- 
sion line of a 74.3-kev transition, accompanying L 
lines would have been visible, but none were observed. 
Considering the line to be the Ly line of a 28.1-kev 
transition leads to an excellent energy fit to the 82.5-kev 
transition when combined with the 54.2-kev transition 
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Fic. 2. Fermi plot of the beta-ray spectrum of Dy'®*. The 
statistical uncertainties are less than the diameter of the circles 
indicating the experimental points. 
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TABLE II. Relative intensities of conversion lines of the 28 
and 54-kev transitions compared with the theoretical values for 
various multipole orders. 


Transi- 
tion 
energy Experi- 
(kev) mental Ei 


Char- 
M2 acter 


Ratio 11: Lu: Lin Theoretical 
E2 M1 


28.1 1:0:0 
$4.2 O:1:1 


1:0.7:1 


-l 1:110:140 = 1:0.09:0.02 
1.9:0.7:1 


0.03:0.9:1 67:5.7:1 


1:0.07:0.55 Mi 
2.9:0.3:1 E2 


* See reference 9. 


(28.1+54.2= 82.3). The failure to observe the M and 
N lines is probably due to the fact that they are masked 
by the K line for the 82.5-kev transition. Since only the 
L; line is observed, the transition must have pre- 
dominantly M1 character. An Ly; line with an intensity 
no greater than one-fourth of that of the Z; line would 
have been observable. From this fact it is possible to 
place an upper limit of 1% for the possible £2 content 
of this transition. 


Beta-Ray Spectrum 


The beta-ray spectrum of the first dysprosium source 
(Dy'® in equilibrium with the holmium daughter, 
Ho'®) is shown in Fig. 1. Normalized to this, is the 
spectrum of a pure 27-hr Ho'® source. These spectra 
indicate the relative intensities of the two activities in 
a dysprosium source in equilibrium with holmium. 
In order to obtain a more accurate Dy'® spectrum, 
another dysprosium spectrum was recorded for a source 
that had been separated in an ion-exchange column. 
In the latter source, the relative intensity of the 
holmium was about 1/7 of that in the original dyspro- 
sium source. 

The Fermi plot of the Dy'® spectrum frem the 
separated sample, after subtraction of the Ho'® 
spectrum, is shown in Fig. 2. For the higher energy 
component, the straight line represents a least-squares 
fit to the seven points between 475 and 405 kev. 
Because of the small number of points for this compo- 
nent, no conclusion about its shape could be reached; 
therefore, it was assumed to be linear. For the lower 
energy component, the straight line represents a least- 
squares fit to the seven points between 400 and 240 kev. 
The deviation from linearity below 240 kev is probably 
due to scattering in the source and from the backing. 

The decay scheme which is proposed later in this 
report requires two additional beta-ray branches; these 


TaBLe III. Summary of beta-ray components 
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Fic. 3. Gamma-ray spectra of 
Dy'* (in equilibrium with the 
holmium daughter) and Ho'**. The 
statistical uncertainties are less than 
the dimensions of the experimental 
points. 
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components are both below 120 kev and _ therefore 
would not be observed in this spectrum. For complete- 
ness these two components are included in Table ITI 
which summarizes these data. 

A measurement of the half-life of Dy'®* was made with 
the original dysprosium beta-ray source. A set of four 
points (n=0.98, 1.47, 2.55, and 2.74 on Fig. 1) was 
followed for a period of one month. In order to minimize 
the effect of any drifts in the apparatus, each of these 
four points was selected where the counting rate is a 
slowly varying function of the momentum. Initially 
these data showed a small amount of 27-hr activity 
that resulted from the production of an excess of Ho'® 
by neutron capture in Ho!®. [See Eq. (1)..] No indica- 
tion of impurities of longer half-life was observed at 
the end of one month. An average of the four determina- 
tions gives a value of 80.2+0.5 hr for the half-life of 
Dy!66, 


esDy'!*6 
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Scintillation Studies 


The scintillation spectrum for a dysprosium source 
(in equilibrium with the holmium daughter) is shown 
in Fig. 3. Normalized to this in the region above 500 kev 
is the spectrum of a pure holmium source. In Fig. 4 is 
shown a Dy'®* spectrum with the holmium subtracted. 
This spectrum was obtained from a source in which the 
relative holmium activity had been reduced by a factor 
of six by means of a separation in an ion-exchange 
column. The dashed lines in the figure show the energies 
and relative intensities of the individual components 
that are presumed to be present. Of the energies 
reported (Table I, column 1) for the four higher 
energy transitions, the values for the 428- and 375-kev 
radiations were obtained from this decomposition of 
the “‘singles” spectrum. The energies for the 344- and 
288-kev gamma rays were taken from the coincidence 





Fic. 4. Gamma-ray spectrum of 
Dy'**. The dashed lines show the 
individual photopeaks presumed to be 
present. The solid curve represents the 
sum of the components shown. All 
statistical uncertainties are less than 
the diameter of the circles indicating 
the experimental points. The experi- 
mental arrangement is the same as 
in Fig. 3. 
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TABLE IV. Values of ax and K/L for the 82- and 80-kev transitions compared with theoretical predictions for various multipole orders. 


Transition OK 
energy 
(kev) 


Theoretical 
Experimental £1 
82.5 
80.6 


4.0+0.6 
1.7+0.3 


0.44 
0.46 


data discussed below. The spectral shapes of single 
gamma rays were approximated by those of Au’®* (412 
kev), Cr®! (323 kev), and Ho'® 
48-kev K The which is to be 


compared with the experimental points, represents the 


80-kev gamma ray and 
X-rays). solid curve, 
sum of the individual components as they are shown. 
A summary of the relative photon intensities calculated 
from this scintillation spectrum is presented in column 
6 of Table I. 

As can be seen in Fig. 4, the scintillation spectrum 
for Dy'® does not show any evidence of the 54-kev 
lines were observed 
Table I). Hence, since the transition energy of 54 kev 


transition whose conversion (see 
is too low to produce A conversion in holmium, the 
K x-ray peak must be due almost entirely to K conver- 
sion of the 82-kev transition. (The A x rays following 
internal conversion of the four higher energy transitions 
should be completely negligible in view of the low 
intensity of these gamma rays.) Thus the A conversion 
coefficient for the 82-kev transition, ax, can be 
calculated from the spectrum in Fig. 4. After correcting 
for detector efficiency and fluorescence yield, a value 
4.0+0.6 results Table IV 
presents a comparison of this value with the theoretical 
values’ of ax for transitions of various multipolarities ; 
the K/L ratio calculated from the data in Table I is 
also included in Table IV along with the corresponding 
theoretical values. 


of ax™= from these data. 


These data indicate that the 82-kev 
transition has primarily M1 character. 

In order to check the accuracy of the calculation of 
ax™ made above, the data in Fig. 3 were used to carry 
out a similar 
in erbium. This transition is from the first excited state 
to the ground state of an even-even nucleus and is 
thus presumed to have pure £2 character. The £2 
character has been verified by gamma-gamma angular 
correlation experiments.” The this 
transition gives a value ax™”=1.7+0.3; the comparable 
theor.) 


computation for the 80.6-kev transition 


calculation for 
theoretical value is ax™® 1.60. This agreement 
indicates that there is probably no large error in these 
calculations. The value of ax and the A 
transition are included in Table IV 
The results of the most interesting gamma-gamma 


L ratio for this 


coincidence measurements are shown in Fig. 5. These 

SE. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C 
and H. Mark, Phys. Rev. 112, 518 (1958 

*M. E. Rose, Internal Conversion Coefficients (In 
Publishers, Inc., New York, 1958 

J. S. Fraser and J. C. D. Milton, 


1955) 


Jopson, 
terscie 
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Rev 


K/L 
rheoretical 
Experimental £1 E2 3 V1 M2 Character 


7+3 6.3 


0.45+0.15 6.0 


0.04 3.2 
3.1 


0.03 


spectra were obtained with a separated dysprosium 
sample; the holmium content at the time of these runs 
was only one-fourth of the equilibrium amount. 
Figure 5(a) shows a coincidence run with the single- 
channel analyzer set to accept pulses from the 82-kev 
photopeak. Figure coincidence 
spectrum taken when the single-channel analyzer was 
moved to the low-energy side of the x-ray peak. This 
side of the x-ray peak was selected in order to minimize 
any coincidences due to the 54-kev radiation. In 
contrast, Fig. 5(c) shows the spectrum obtained when 
the single channel was moved to the high-energy side 
of the x ray in order to enhance any effects due to the 
54-kev transition. It was found that the number of 
coincidences in the 288- and 344-kev photopeaks per 
single-channel count was nearly the same for these three 
experiments. On the other hand, the 375-kev peak, not 
present in (a) and barely observable in (b), is approxi- 
mately as intense as the other two when the single 
channel is set at the energy at which the 54-kev 
radiation is expected to be found. From these experi- 
ments, it can be concluded that the 375-kev gamma ray 


5(b) represents a 


is in coincidence with the 54-kev radiation (unobserved 


in the “singles”? spectrum), but not with the 82-kev 
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gamma ray. The 288- and 344-kev gamma rays are in 
coincidence with the 82-kev radiation and the A x rays 
which (as mentioned earlier) arise primarily from 
internal conversion of the 82-kev transition. 

In addition to the experiments described above, a 
thorough survey of the entire spectrum was made with 
the single-channel analyzer in a search for other 
coincident relationships, but none were found. (In all 
cases it was necessary in the analysis to take into 
consideration the effects of the daughter activity.) 

From beta-gamma coincidence measurements, it was 
possible to determine the total decay energy. Standard 
aluminum absorption methods were used to measure 
the end-point energies of the beta-ray components in 
coincidence with each particular gamma ray. It was 
found that the 82-kev gamma ray is in coincidence 
with a beta-ray branch whose maximum energy is 
400+20 kev (half-thickness=10 mg/cm?); this is 
assumed to be the 402+5-kev component found with 
the magnetic spectrometer. None of the higher energy 
gamma rays were found to be in coincidence with this 
beta-ray branch. 

With no absorbe between the source and anthracene 
crystal, except about § in. of air, there were some 
beta-gamma coincidences with the 375- and 428-kev 
gamma rays. No definite conclusions could be inferred 
from the coincidences with the 375-kev photopeak, 
since these events could as well be attributed to internal- 
conversion electrons as to beta rays. However, the 
coincidences with the 428-kev gamma ray can be 
ascribed to beta rays, since as has been seen, this 
radiation is in coincidence with no other gamma tran- 
sitions from which conversion electrons might originate. 
Although the coincidence rate was low, the attenuation 
in aluminum (half-value thickness=0.6 +0.3 mg/cm?) 
corresponds approximately to an endpoint energy of 
55 kev. 


VERIFICATION OF ASSIGNMENT OF 
THE 80-HR ACTIVITY 

Those aspects of the experimental results which 
substantiate the isotopic assignment originally made 
by Ketelle and Butement are summarized here. Table I 
lists the internal-conversion electron lines observed in 
the Dy'® sources. Over a period of 15 days, these lines 
all appeared to decay at the same rate (half-life= 80 hr). 
One set of these lines is interpreted as representing the 
80.6-kev transition in erbium, following the decay of 
Ho'®*, This interpretation is corroborated by the fact 
that a pure Ho'® source (made by neutron capture in 
stable holmium) exhibited a set of lines with identical 
energies and relative intensities. Furthermore, this set 
of lines was reduced (by a factor of 4 to 5) in intensity 
relative to the other lines on plates obtained with a 
source of Dy'® from which holmium had been removed 
by means of the ion-exchange column. Thus, the 27-hr 
holmium could only be produced as the decay product 
of some other activity, which could only be Dy'®. 
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The same arguments hold for the data on the beta-ray 
spectrum. Figure 1 shows that the portion of the 
dysprosium spectrum above 500 kev is identical with 
that of the pure Ho! source. In the dysprosium source 
the entire spectrum decays with an 80-hr half-life in 
contrast to the characteristic 27-hr half-life of Ho'®. 
Also, when the dysprosium is chemically separated from 
the holmium, one observes that the portion of the 
dysprosium spectrum above 500 kev grows back in at 
the rate predicted from the half-lives and parent- 
daughter relationships. 

Again from the scintillation data (Fig. 3), the 
similarity of the two spectra, the apparent half-life 
of the Ho!'®* radiations, and the growth of the Ho!® 
gamma rays after chemical separation are facts which 
confirm the isotopic assignment of the 80-hr activity 
to Dy'®, 


DECAY SCHEME 


The proposed decay scheme is shown in Fig. 6. It is 
consistent with all of the experimental data. The 
428-kev transition was not observed in coincidence with 
any other gamma ray and the 375-54, 288-82, and 
344-82 kev cascades were all observed. The energy 
fits between the cascades and the cross-over transitions 
agree within experimental uncertainties. 

As noted in Table I, in order to obtain relative 
transition probabilities, the two sets of relative- 
intensity data (scintillation and spectrographic) are 
normalized by using the experimentally determined 
value of ax*”’=4.0. These transition probabilities (the 
numbers in parentheses on the decay scheme) have 
been reduced to percentages of the total number of 
decays by incorporating the beta-ray branching data 
from the magnetic spectrometer measurements (Table 
III). 

The log ft values of 7.4 and 6.0 for the 481- and 
402-kev beta-ray branches indicate that these transi- 
tions are first forbidden. The log ft value of the branch 
to the 428-kev level is determined" by use of a relative 


FE. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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intensity of 3% as calculated from the intensities of 
the gamma transitions. The latter log ft value of about 
4.8 is significant in that it suggests that this branch is 
allowed. 

For any character which might be assigned to the 
28-kev transition (except £1), the relative transition 
intensity is very nearly equal to that of the internal- 
conversion lines. Although 
uncertainty in this transition intensity, the value 
calculated (considered together with that of the 
54-kev transition), is consistent with this cascade. 

There are three other gamma-ray transitions which 
might occur between the levels indicated: 58, 316, and 
370 kev. If the 58-kev transition, between the 428- 
and 370-kev levels, were present and highly converted, 
it could be sufficiently intense to obviate the beta-ray 
branch to the 370-kev level and still be unobservable. 
If a 316-kev transition occurs between the 370- and 
54-kev levels, it must have an intensity less than about 
25% of that of the 288-kev transition. The possible 
370-kev transition to the ground state would be indistin- 
guishable from the 375-kev gamma ray in the “singles” 
spectrum. However, interpretation of the coincidence 


there is considerable 


experiments indicates that this ground-state transition, 
if present must be weak compared to the 375-kev 
gamma ray. 

Since s«sDy'® is an even-even nucleus, its ground-state 
spin and parity are assumed to be 0*. On the basis of 
the analysis of the beta spectrum and beta-gamma 
angular correlation measurements of Graham ef al.,” 
the spin and parity of the 27-hr ground state of ¢;Ho!® 
is assumed to be 0-.”* It follows from the latter spin 
assignment, that the gamma-ray transitions to the 
Ho'® ground state must be pure transitions (i.e., they 
can not be mixtures of different multipole order). 
Thus, the predominantly £2 character of the 54-kev 
transition indicates that the first excited state has 
spin and parity 2~. Similarly, the M1 character of the 
82-kev transition indicates that the 82-kev level is a 
1~ state. The only possible assignments which are 
consistent with the character of the beta decay to 
the 428-kev state (log ff=4.8) are 0* and 1*. The fact 
that this level does decay to the ground state by 
gamma-ray emission eliminates the 0* possibility (since 
monopole photons do not exist). 


2R. L. Graham, J. L. Wolfson, and M. A. Clark, Phys. Rev. 
98, 1173(A) (1955); see also J. M. Cork, M. K. Brice, R. G. 
Helmer, and R. M. Woods, Jr., Phys. Rev. 110, 526 (1958). 

28 Note added in proof.—During the preparation of this report, 
atomic beam experiments were carried out at our request by Dr. 
L. S. Goodman and Dr. W. J. Childs of the Argonne National 
Laboratory in order to establish more firmly the ground-state spin 
of Ho'*. A similar study has been conducted at the University 
of California, Berkeley. Both investigations concur in supporting 
the zero spin assignment to this state. The results were presented 
in a joint paper [L. S. Goodman, W. J. Childs, Richard Marrus, 
Ingvar P. K. Lindgren, and Amado Y. Cabezas, Bull. Am. Phys. 
Soc. 5, 344 (1960)]. 
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INTERPRETATION OF ENERGY LEVELS IN Ho'* 


Holmium-166 lies in the region 155<A<185 in 
which nuclear deformations might be expected. In 
this region there are numerous cases in which experi- 
mentally observed properties conform to the predictions 
of the “unified” model of Bohr, Mottelson, Nilsson, 
and others. Most of the experimental and theoretical 
work has been concerned with even-even and odd-A 
nuclei. Except for some treatments relating to ground- 
state spins, there is a dearth of both theoretical work 
and experimental data on odd-odd nuclei. 

As previously noted, the properties assigned to the 
excited states are predicated on the assumption that 
the ground state of Ho'® has spin and parity 0-. 
Although this assumption is based on good experimental 
evidence, this spin has not been directly measured. It 
is possible to present an interpretation of the first two 
excited states which is consistent with this assumption. 

The spin 0~ for the holmium ground state is consistent 
with the spins measured for neighboring odd-A nuclei, 
Ho'® with 67 protons and Er'® with 99 neutrons. The 
spin of s7Ho'® has been measured as $'*; Mottelson and 
Nilsson have interpreted this as the Nilsson level 
3-[523].'4 (The notation used here for the asymptotic 
quantum numbers is the same as in reference 14, namely, 
Qx[Nn.A].) The spin of Er'®, which has 99 neutrons, 
has been measured as $'°; this has been interpreted as 
the $*+[633] level."* Apparently, in Ho'® these two 
odd particles couple to produce a state of zero spin 
and odd parity. A long-lived (230 yr) isomer of Ho'® 
also exists. The high spin necessary for this metastability 
presumably results from a different coupling of these 
same two particles to produce a state of spin 7. The 
existence of this pair of states is in agreement with the 
theory that predicts the spin of the ground state of an 
odd-odd nucleus to be one of the two states given by 
I=K=Q=/|0,+0,|, where p and m refer to the odd 
proton and neutron, respectively. It is reasonable to 
assume that the 99th and 100th neutrons in the parent 
nucleus Dy'® are in the same level as the 99th neutron 
in Dy'®, that is, the $*[633] level. Then the beta 
decay to the ground state should be characterized by 
the following changes in quantum numbers: A/J=0, 
AK=0, AN=-—1, An,=—1, AA=0. According to the 
asymptotic selection rules tabulated in reference 14, 
this beta transition would be unhindered ordinary 
first forbidden. This is consistent 
log ft value of 7.4. 

The 54-kev level, which has spin 2, is presumed to be 
(with K=0) 
based on the ground state. The second excited state, 


with the observed 


an excited state of a rotational band 


13 J. E. Mack, Revs. Modern Phys. 22, 64 (1950); J. M. Baker 
and B. Bleaney, Proc. Phys. Soc. (London) A68, 1090 (1955). 

4B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 1, No. 8 (1959) 

15 B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London) 
A68, 204 (1951). 
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which has spin 1, might have either of two values for 
the projection of its spin on the symmetry axis, that is, 
K=0 or 1. The two radiations which de-excite this level 
are both essentially pure M1 transitions. By comparing 
the experimental ratio of the reduced transition prob- 
abilities to the theoretical values, we can distinguish 
between the two possible values of K. (The gamma-ray 
intensity for the 28-kev transition was computed by 
use of a, ;°°=9.6 from reference 9.) The results of such 
a comparison are 

Theoretical 

K=1 K=0 Experimental 


B(l:1—0) /(11K—K|1100) 
-( ) 20 «0S 
B(1;1—2) \(1K—K/1120) 








0.4+0.2 


Thus it is clear that the second excited state also has 
K=0 and is probably another member of the rotational 
band based on the ground state. The fact that the 82-kev 
state has K=O explains why no £2 admixture was 
observed in the 28-kev transition. The £2 transition 
probability between these two levels should be propor- 
tional to the Clebsch-Gordon coefficient 


(LK .Ky—K;\1;L1;K;) = (1200) 1220). 


This coefficient is zero, so the £2 transition probability 
vanishes. 

if our interpretation of the experimental data is 
correct and the first two excited states are in fact 
members of a K=0 band based on the ground state, 
then two features of this relationship should be noted. 
First, both odd and even spin states are present. Second, 
the expression which governs the energy spacing of the 
states must be such as to permit the inversion of the 
first and second excited states. In recent conversations 
with Dr. John O. Rasmussen, University of California, 
Berkeley, California, he suggested that one might expect 
to find such a level sequence in an odd-odd nucleus. 


esDy'88 795 


TABLE V. Comparison of experimental transition intensities from 
the 428-kev level with theoretical transition probabilities. 


Theoretical 


K=1 K=0 
wB(l;1—>0) 3.0 


Experimental 

0.75 “2 
wB(1; 1 — 2) 1.0 
T(i-0) 1.3 


w'®B(1; 1— 1) 


T(i—2) = 1.0 


T(1— 1) 


0.25 


w®B(2;1— 1) 


The information available concerning the excited 
state at 370 kev is too meager to attempt any inter- 
pretation. 

From the character of the beta decay to the 428-kev 
level, this state has been assigned the spin and parity 
1*. For this spin there is again a choice between the 
two values K=0 and K=1. Although the ground-state 
transition must be pure dipole radiation, the other 
transitions might be mixtures of dipole and quadrupole 
radiation. In Table V, the experimental gamma-ray 
transition intensities are compared with the theoretical 
transition probabilities. From this comparison, it is 
clear that the choice K=1 is incompatible with the 
experimental data. For the alternative value K=O, 
the agreement, while not striking, seems not inconsistent 
with the experimental uncertainties and the limitations 
of the theory which has been invoked. 

Note added in proof.—After this paper was submitted for pub- 
lication, the results of an independent investigation on Dy! 
[J. S. Geiger, R. L. Graham, and G. T. Ewan, Bull. Am. Phys. 
Soc. 5, 255 (1960) ] appeared. These data are in substantial accord 
with the experimental and theoretical conclusions contained in 


our preliminary paper [R. G. Helmer and S. B. Burson, Bull. Am. 
Phys. Soc. 4, 427 (1959) ] as well as presented in this report. 
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States of Even-Even Nuclei in the Near-Harmonic Region: 


Spectra of Rn”, 


Rn”, and Rn*”*} 


F. S. Stepnens, F. Asaro, anp I. PERLMAN 
Department of Chemistry, Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received March 3, 1960) 


Gamma-ray singles and coincidence spectra have been measured in the alpha decay of Ra”, 


Ra™, and 


Ra™*, Excluding the prominent transitions from the first excited states, the energies (and abundances 


relative to total a emission 


525 kev (2 10~5), and 798 kev 


and 241-410 kev; Ra®*: 


of the observed radiations were: Ra™: 325 kev (8.4 10-5), 475 kev 
2.5 10~*) ; Ra®*: 290 kev (910-5), 410 kev (4 10-5), 650 kev 
Ra™*: 260 kev (0.9X10~*), 420 kev (7X10~-*), 450 kev (310~-*), 610 kev (1.0K10°5 
gamma-gamma coincidences were Ra”: 325-325 kev, 325-475 kev, and 325-525 kev: 


7X10-5), 
6X 1075): 
The observed 
Ra™; 241-290 kev 


188-260 kev and 188-420 kev. It was not strictly determined that the Ra™ 


radiations were not due to other members of the Th™* family. These data have been used to deduce the 
following levels, spins, and parities in the daughter Rn nuclides: Rn?!8: 650 kev, 2+; 800 kev, 1—; and 


possibly, 850 kev, 4+. Rn®°: 530 kev, 2+; and 650 kev, 1—. 


7H) 


2+ states in Rn” 


Rn™: 448 kev, 2+; and 610 kev, 1—. The 


and Rn” have been previously assigned by Scharff-Goldhaber. These results are 


incorporated in a general energy level systematics of even-even nuclei in the heavy element region. 


INTRODUCTION 


HIGH degree of regularity has been observed 

among the energy level patterns of the even-even 
nuclei in the heavy element region.' From the very heaviest 
elements (californium and fermium) down through the 
isotopes of radium the only energy levels found below 
about 1 Mev are those belonging to the ground-state 
(even parity) rotational band, and to a rotational 
band (odd parity) based on a state having spin and 
parity 1—. (The implication that there are no particle 
states differing from the ground state below ~1 Mev 
in even-even nuclei has itself been the subject of 
important theoretical developments.)? For elements 
lower than radium there was little information avail- 
able, and for this reason the present study of the level 
schemes of the radon isotopes was undertaken. Due 
to the proximity of radon (element 86) to the closed 
shell region of lead (element 82) it was suspected that 
some of the regularity observed in the heavier elements 
should begin to break down. 

It was known from other work* that the first excited 
states of Rn*8, Rn*®, and Rn®”’ were at energies of 
325, 241, and 188 kev, respectively. These energies are 
considerably larger than are found for the transuranium 
even-even nuclei, where all the first excited states lie 
between 40 and 45 kev: The rise in energy of this 
presumably analogous state is very regular and is due 
to the approach to the region of the doubly closed 
shell. Even within the radon isotopes, themselves, a 
sharp rise in energy is observed in progressing to 


+ This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

! Information summarized by I. Perlman and J. O. Rasmussen, 
Handbuch der Physik (Springer-Verlag, Berlin, 1957), Vol. XLII. 

7B. R. Mottelson, Proceedings of the Rehovoth Conference on 
Nuclear Structure, edited by H. J. Lipkin (North-Holland 
Publishing Company, Amsterdam, 1958), p. 83. 

3D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). The authors summarize the work 
of various investigators. 


lower neutron numbers. The only additional informa- 
tion available on the energy levels of the radon isotopes 
is some recent work on Ra*® decay by Stephens‘ and 
by Harbottle, McKeown and_ Scharff-Goldhaber.® 
Stephens (in a preliminary report of this work) ob- 
served a gamma ray of 255 kev in coincidence with 
Ra”*® alpha particles, and Harbottle et al. showed 
that this gamma ray had an energy of 260+3 kev and 
was in coincidence with the 188-kev transition. Thus, 
a level is defined at 450 kev which Scharff-Goldhaber® 
has suggested to be a state with spin and parity 2+. 
This state is presumed to be analogous to the 2+ 
second excited states in those isotopes further down 
in the periodic table which lie between the spherical 
(closed shell) and spheroidal (rotational) regions. This 
has been called the near-harmonic region by Scharff- 
Goldhaber, who has pointed out that it might be 
expected to occur in the heavy elements in just the 
region of the radon isotopes. 

In the present work we have examined the level 
schemes of Rn”!8, Rn®*, and Rn* as they are populated 
by the alpha decay of their respective parent radium 
isotopes. Since the alpha groups leading to the levels 
of interest were too weak to observe directly, the level 
schemes were inferred from studies made on the gamma 
rays accompanying the alpha decay. Sodium iodide 
(Tl) crystals 1} inches in diameter by one inch thick 
were used in a coincidence array with pulse-height 
discriminators to analyze the energies. A single-channel 
pulse-height analyzer receiving the output from one of 
the crystal assemblies could be used to provide the 
gating pulse for a 50-channel analyzer connected to 
the other, making possible a variety of coincidence 


4F. S. Stephens, Jr., Ph.D. thesis, University of California 
Lawrence Radiation Laboratory Report UCRL-2970, 1955, p. 69 
(unpublished). 


5G. Harbottle, M. McKeown, Scharff-Goldhaber, 
Phys. Rev. 103, 1776 (1956). 


§ G. Scharff-Goldhaber, Phys. Rev. 103, 837 
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experiments. This apparatus has been described in 
detail elsewhere.4 The principal difficulty in these 
measurements was in obtaining sufficient separation 
of the radium isotopes from their decay products in 
order to see the low-intensity gamma rays belonging 
with the radium decay. Since the methods of purifica- 
tion employed varied for the different isotopes, they 
will be discussed individually in the appropriate 
sections. 


EXPERIMENTAL 
Rn?2!8 


Information on the energy levels of Rn®!* may be 
obtained by studying Ra*’, a 38-second alpha emitter. 
Because of this short half-life Ra”? cannot conveniently 
be isolated for study. It may, however, be obtained in 
equilibrium with its 31-minute parent, Th”*, which 
in turn can be kept in equilibrium with its parent, 
21-day U, or readily separated therefrom. The U*” 
used in this work was prepared by bombarding Th” 
with 100-Mev protons on the 184-inch cyclotron. The 
18-day Pa*® so formed was allowed to stand for about 
a month, after which the U*® was removed from it. 
Protactinium-230 decays by 6~ emission* to U™® to 
the extent of ~ 15%; the other 85% decays by electron 
capture.® 

The chemical purification of the U consisted of a 
combination of ion exchange and ether extraction 
techniques. The thorium target was dissolved in 10M 
HCl to which a few drops of hydrofluosilicic acid had 
been added. This solution was run through a Dowex 
A-1 anion-resin column which retains the uranium 
and protactinium under these conditions, while the 
thorium passes through. The uranium fraction, free 
from thorium, was eluted from the column in 1.4.V 
HCl, during which a partial separation between 
uranium and protactinium was also achieved. The 
resulting solution was evaporated to dryness, and the 
uranium separated from the protactinium by extracting 
with ether in contact with an aqueous layer saturated 
with NH,NO; and slightly acidified (0.007M HNO;). 
Re-extraction of the aqueous layer and washing of the 
ether layers with saturated NHsNO; produced a 
uranium fraction of good purity. The uranium was 
removed from the ether by washing with a small 
portion of distilled water. 

The U* produced and isolated in this manner 
contains appreciable amounts of U® from the decay 
of Pa*’ formed in the bombardment along with the 
Pa, Uranium-232, itself, did not interfere with the 
measurements, but the daughters of this isotope 
(Th** and family) are very prolific gamma-ray emitters 
and did interfere. Since the half-life of Th?’ is 1.9 
years and that of Th” is 31 minutes a tractable ratio 
could be achieved by cleaning the uranium of thorium 
short time before 
measurements were to be made. The U source pre- 
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Fic. 1. High-energy gamma-ray spectrum of the U™™ family. 
—-— Cs!7 y-ray distribution normalized to the 609-lev peak. 


pared by this method had an intensity of about 10° 
alpha disintegrations per minute. 

The alpha-particle and gamma-ray spectra of U™ 
and its daughters have been the subject of a previous 
paper.’ and will not be reviewed in detail here. 

Briefly: the decay of U” is accompanied by several 
gamma rays of energy less than 250 kev all of which 
have been well placed in a level scheme; a closely- 
analogous level structure of Ra”? was deduced from 
the alpha and gamma spectra of Th®*®; the spectra of 
Ra” revealed a single excited state in Rn*'* at 325 kev 
and from Rn®® decay the 609-kev state in Po*4 
(previously known from Bi** beta decay) was seen. 
The present work is concerned with new low-intensity 
gamma rays belonging to the excited states of Rn, 
in addition to the 325-kev gamma ray which leads from 
the first excited state (2+) to ground. 

Figure 1 shows the gamma-ray spectrum of the U*™ 
family for the energy interval 400 to 1000 kev. In 
addition to the gamma ray of 325 and 609 kev, which 
have already been shown to belong with the decay of 
Ra’ and Rn”!8, respectively, a gamma ray of 798+5 
kev is seen. Also there is an indication of a peak around 
500 kev, although its energy and shape are not well 
defined. In a sample of Th*® separated from U™, 
these same two peaks appeared, proving that these 
gamma rays are not due to U™ decay, itself. 

Coincidence measurements were also made, and in 
Fig. 2, the photon spectrum in coincidence with the 
325-kev gamma ray of Ra*’ decay is shown. There a 
peak of the same energy as the gating photon appeared 
(325 kev) and also a complex peak around 500 kev, 
which is best resolved into a gamma ray at 475 kev 
with a less intense component, at 525 kev. The in- 
tensities of these gamma rays are shown in Table I 
and are based upon the value 3.6% for the intensity 
of the 325-kev y.’ It is seen that the abundance of the 
peak at 500 kev in the gamma-ray spectrum corresponds 


7 F, Asaro and I, Perlman, Phys. Rev. 104, 91 (1956). 
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Fic. 2. U™ family gamma-ray spectrum in coincidence with 
the 325-kev gamma ray. — Resolved peaks. @ Integrates all 
events above channel 49. 


well with the sum of the abundances of the 475- and 
525-kev photons observed in the coincidence run. 

It has been shown fairly conclusively that the 800- 
and 500-kev gamma rays belong in the Th”* family, 
since they were repeatedly observed in samples of 
Th”* milked from U™ sources, and in every case 
decayed with the 31-minute half-life of Th*®. It was 
not possible, however, to show unambiguously by 
these measurements to which member of this family 
they belong. The series is essentially terminated at 
22-year Pb*"’; so four possibilities exist: Th™* Ra. 
Rn**, and Po**. Since the coincidences observed were 
with a gamma ray known to be in the Ra™ decay 
scheme, it is assumed that the three gamma rays seen 
in this manner belong also to Ra™ decay. The 798-kev 
gamma ray is nearly exactly the energy of the sum of 
the 475- and 325-kev transitions, which have been 
shown to be in coincidence with each other, and hence 
it seems likely that this gamma ray represents the 
crossover transition. It should be emphasized that 
these assignments are not proved experimentally, 
but it will be seen that if they are correct they lead to 
a readily interpretable level scheme of Rn’, and one 
which resembles very closely the level schemes of 
Rn™ and Rn™, 

Once it has been concluded that the gamma rays 
belong in the decay of Ra**, construction of the decay 


Qa a Qa 
— Rn??e 


3.64 day 


51.5 sec 0.158 sec 


In first approximation Rn*”’, Po'®, and Po” are not 
troublesome their gamma rays are in low 
intensity but Pb*” and Bi*” must be removed rigorously. 
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TABLE I. Gamma rays in the Th®* family. 


Intensity per alpha; 


based on a single 
alpha emitter 


Gamma energy 
(kev) 
Gamma-ray 798+5 
spectrum 500 ( 


2.5+0.4)10 
1+0.3)x10 


In coincidence 
with 325-kev 
gamma ray 


32545 (8.4+1.5)<x10-5 
475+10 ( )< 107-5 
525+10 «10-5 


742 


2+1 


scheme is not difficult. The gamma rays of energy 
325, 475, and 525 kev, all of which are in coincidence 
with the 325-kev transition, must terminate at the 
325-kev first excited state of Rn**. That no two of 
these can be in cascade with each other is convincingly 
proved by considering alpha-decay theory. If, for 
example, the two 325-kev and the 475-kev transition 
were in cascade a level would be defined at ~ 1125 kev. 
The intensity of the 475-kev gamma ray of 710-5 
would demand that this level be populated through 
alpha decay of Ra*” to at least that extent. This 
required alpha branching is more than an order of 
magnitude greater than would be expected for 
unhindered alpha decay characteristic of ground-state 
transitions of even-even nuclei. “Superallowed” alpha 
transitions defined in these terms 
observed. 

The level scheme of Rn** which is consistent with 
the information at hand is shown in Fig. 3 and consists 
of states at 650, 800, and 850 kev in addition to the 
first excited state at 325 kev previously observed. The 
spin and parity assignments indicated will be discussed 
later. 


have never been 


Rn*”’ 


The energy levels of Rn*° may be studied from the 
alpha decay of Ra. This isotope has a 3.6-day 
half-life, and is a member of the naturally occurring 
thorium family in which its immediate parent, 1.9-year 
Th”8 serves as a convenient source. The separation of 
Ra™ from Th®*® is accomplished readily, and its 
half-life (3.64 days) is convenient for measurement of 
the radiations. However, the descendents of Ra™ grow 
in rapidly and among these are products with gamma 
rays in high intensity. The decay series is as follows: 


——— Bi?” 605 min 
10.6 hr 


radiation 
intensity 


It will be seen, however, that once these 
sources are eliminated the relatively low 
545-kev gamma ray accompanying Rn*” decay becomes 
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limiting. Since we are concerned with gamma rays 
from Ra* decay with intensities of a few parts in 10° 
or less it can readily be shown that some type of 
continuous purification would be necessary. 

Of several continuous flow processes tried, the most 
successful will be described. The Ra” was first milked 
from Th** using a Dowex-50 cation resin column. The 
mixture of activities was put on the column in about 
0.5 HNO; and elution with 44 HNO, brought the 
radium through in the first few column volumes 
leaving the thorium on the column quantitatively. 
The radium solution (containing lead and bismuth) 
was then evaporated to dryness and redissolved in 
about 0.2 ml of a 1.5N HCl solution. This solution 
was run through a very small Dowex A-1 anion resin 
column which was washed with an equal volume of 
1.5N HCl. Under these conditions over 90% of the 
radium passed through the column while the lead and 
bismuth were retained quantitatively. This step 
served to purify the Ra*, but in order to keep it pure 
continuously during measurement of the gamma rays 
the HCl solution was fed directly into a small cation 
resin column (1 inch longxX;%-inch outer diameter) 
which was mounted between two sodium iodide crystals. 
By passing 1.5M HCl through the column at a rate of 
30-50 drops per minute the bismuth and lead, as they 
grew in, were continuously removed. (The radium 
also passed through the column slowly but was retained 
long enough to permit measurement.) The flow of 
dilute HCl also kept the 52-sec Rn” at a below- 
equilibrium level. 

The gamma-ray spectrum taken in this manner is 
shown in Fig. 4(a). In addition to the prominent 
gamma ray of Ra™‘ at 241 kev, peaks are seen at 545 
and 650 kev, with some evidence of an unresolved 
peak around 400 kev. A detailed resolution of this 
400-kev peak was not attempted, since it was found 
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Fic. 3. Decay scheme of Ra”. 
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to be much easier to study this gamma ray in the 
coincidence spectra, as will shortly be seen. A gamma 
ray of 542 kev has been reported in the decay of Rn*” 
to Po"®,8 and for this reason, it was suspected that the 
545-kev peak in Fig. 4(a) was due to this isotope. 
This suspicion was confirmed when the flow of acid 
through the column was stopped and after 3 to 4 
minutes the gamma-ray spectrum retaken. This 
spectrum is shown in Fig. 4(b), and has been normalized 
to the same running time as Fig. 4(a). The intensity 
of the 545-kev peak has increased by a factor of 
roughly five, while the 241- and 650-kev peaks have 
remained essentially constant. This indicates that the 
545-kev peak grows into the radium sample, and is 
very probably the Rn’ gamma ray. On the other 
hand this measurement shows conclusively that the 
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Fic. 4. Gamma-ray spectra of Ra™. (a) Singles spectrum taken 
with 1.5N HCl continuously purifying the radium. (b) Singles 
spectrum taken 3-4 min after the acid flow was stopped. The 
spectrum was normalized to the same running time as in Fig. 4(a). 
(c) Gamma-ray spectrum in coincidence with the 241-kev gamma 
tay of Ra*‘. The radium was purified continuously during the 
measurement. 


*L. Madansky and F. Rasetti, Phys. Rev. 102, 464 (1956). 
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650-kev gamma ray cannot belong to Rn®®, or to Po*!® 
which will be in equilibrium with Rn”. Additional 
spectra showed that there were very prominent gamma 
rays of Pb*” and Bi*” which grew into the radium 
sample a short time after the spectrum of Fig. 4(b) 
was taken. Since the most intense of the lead and 
bismuth peaks are not seen in Figs. 4(a) or 4(b), there 
can be no observable lead or bismuth contributions in 
these spectra. Thus the only member of the Ra™ 
family to which the 650-kev gamma ray can belong 
is Ra™ itself. 

It was possible to obtain confirmatory evidence that 
the 650-kev gamma ray does belong to the Ra™ 
family. It was mentioned earlier that at a flow rate of 
30 to 50 drops per minute the radium remained on the 
column only for a limited time (about 30 minutes). 
The time at which the radium eluted off the column 
could be determined precisely by watching the 241-kev 
gamma ray. It was found that in each of several 
experiments the 650-kev peak disappeared at just the 
time the radium left the column. Furthermore, in 
these experiments the radium was obtained by succes- 
sively milking the same Th*’* source, so that the 650-kev 
gamma ray must belong to an isotope which repeatedly 
grows into this source. It therefore seems very likely 
that this gamma ray belongs in the decay of Ra™. 

It is difficult to calculate the abundance of the 
650-kev gamma ray from these experiments. Com- 
parison of peak heights of the 650- and 241-kev photons 
could not yield accurate results because absorbers 
were used to attenuate strongly the 241-kev photons 
in order that the high counting rate not overload the 
electronic system. It is, however, possible to obtain a 
good intensity ratio between the 545-kev peak of Rn*”° 
and the 650-kev peak of Ra™, since for energies this 
high the absorber corrections are not large. The 650-kev 
photons are thus calculated to be 4.8+0.5% of the 
545-kev photons when the radon is in equilibrium with 
the radium [Fig. 4(b)]. In order to convert this ratio 
into an abundance for the 650-kev gamma ray, the 
abundance of the radon gamma ray must be known. 
The two values in the literature for this latter abund- 
ance are 0.3% and 0.025%° per alpha disintegration 
of Rn™. The first measurement was the intensity of 
the alpha group leading to the 650-kev state and the 
second was based upon a measurement of the gamma- 
ray abundance. These values are, unfortunately, in 
poor agreement. For this reason an attempt was made 
to redetermine the abundance of the 545-kev gamma 
ray. Because of difficulties which will not be described 
here, these experiments were not very successful; 
however, the number 1.2 10~ photon per Rn” alpha 
disintegration was obtained. This number is probably 
accurate to within a factor of 2. The abundance of the 
650-kev gamma ray may then be calculated to be 
6X 10~* per Ra™ alpha decay. 


* 1}. Asaro and I. Perlman, reported in reference 3. 
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The gamma-ray spectrum in coincidence with the 
241-kev photons was also examined. This spectrum is 
shown in Fig. 4(c), where peaks of 290+5 and 410+5 
kev are seen. These two peaks, in about this relative 
intensity, appeared on each of several experiments 
using different methods of purification. Furthermore, 
when the continuous purification was stopped, it was 
observed that these peaks did not increase in intensity, 
and, in fact, after the daughters had grown in 
sufficiently it was no longer possible to distinguish 
them. For these reasons the peaks are believed to 
belong to Ra™. From the number of 241-kev photon 
gates and a knowledge of the solid angle and counting 
efficiencies for the 290- and 410-kev peaks it was 
possible to calculate the abundances for these gamma 
rays as 9X10~ and 4X 10~-° per Ra™ alpha disintegra- 
tion, respectively. The limits of error here should 
again be about a factor of two and are large due to 
uncertainties in the geometry of the continuous flow 
arrangement. 

The decay scheme of Ra” deduced from the experi- 
ments described here is shown in Fig. 5. The 650-kev 
level is defined rather unambiguously by the 410- and 
650-kev gamma rays, and intensity considerations 
similar to those mentioned previously in discussing 
the Ra™ decay scheme rule out the possibility that 
the 290-kev transition terminates at the 650-kev level. 
Thus there seems to be no reasonable alternative to 
the decay scheme shown in Fig. 5. 


Rn 


The energy levels of Rn*’ are populated in the alpha 
decay of naturally occurring Ra”®. The Ra”® used 
apparently was of high isotopic purity. Any Ra*’* 
present as an impurity was below the limit of detection 
in these experiments, since no gamma rays that could 
be attributed to this isotope or its family were observed. 
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Fic. 5. Decay scheme of Ra™* 
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The decay sequence of Ra*** is shown below: 


a a 
—_— >» Rn?" —_—» Po?!8 
1622 yr 3.8 day 


Ra?*6 
3 min 


The technique for singling out the gamma rays associ- 
ated with Ra*® decay itself is somewhat different than 
for the other radium isotopes discussed. Here the radon 
is not a serious problem because of its relatively long 
half-life and because its most prominent gamma ray 
(510 kev) is in low abundance (7X10~‘). However, 
Pb** and Bi*“ have abundant gamma rays and grow 


ful process devised is as follows. 

The bulk of the radioactivity due to the radon, 
polonium, bismuth, and lead was removed from the 
radium simply by evaporating the radium solutions 
to dryness in a centrifuge cone, and allowing the cone 
to remain heated for a period of several hours. This 
removed the raden gas and permitted the lead and 
bismuth to decay. The radium (usually around a 
milligram) was then dissolved in a minimum of 1.5 
HCl and passed through a small Dowex A-1 anion 
resin column. The radium passed through but the 
bismuth and lead were adsorbed quantitatively. The 
radium solution from the column was diluted to several 
milliliters with a solution buffered to a pH of 5.0 to 5.5 
with sodium acetate, and this buffered solution was 
then introduced into the continuous flow solvent extrac- 
tion apparatus. In this case the continuous purification 
was effected by extracting with a 0.4M thenoyltri- 
fluoroacetone (TTA) solution in benzene. Bismuth 
and lead readily extract into the benzene phase at 
this pH, whereas radium does not. The mixing chamber 
was a small sintered glass funnel (with vertical walls) 
into which the benzene phase was introduced from the 
bottom. The tiny bubbles of benzene solution emerging 
upward from the sintered glass disk caused a rather 
thorough mixing between the two phases, and the fact 
that the sintered glass disk was wet by the benzene 
prevented the aqueous radium solution from penetrating 
into it. The rate of flow was adjusted so that the 
benzene phase became continuous just at the top of 
the funnel and hence could be drawn off leaving a 
small hold-up of that phase in the zone where radiation 
detectors were placed. With funnels one to two inches 
in diameter, flow rates of the order of 30 ml per 
minute could be used. The limiting feature of this 
process was a slow build-up of lead and bismuth 
activity on the glass parts of the funnel, so that after 
about an hour it was generally no longer useful to 
continue the runs. The exact cause of this build-up 
was never determined, but the troublesome activity 
clearly remained in the funnel after the flow rate was 
increased to the point where the aqueous radium 
solution was carried over into the waste container. 


EVEN-EVEN NUCLEI 


a 
—- Pb2!4 
27 min 


IN NEAR-HARMONIC REGION 801 


p 7 B a 
_ — Bi?! ——|Po!4} = —__—» Ph2!0 
20 min 1.6X10- sec 





The gamma-ray counters were arranged and shielded 
so that they could observe only the funnel. 

One of the best gamma-ray spectra of Ra” obtained 
in the manner described above is shown in Fig. 6. 
Gamma rays ascribed to Ra®* are observed at energies 
of 260, 420, 610, and probably 450 kev. We can be 
certain that none of these peaks is due to daughter 
activities by the following reasoning. The only (and 
therefore most intense) gamma ray known in either 
Rn or Po*!® decay is the one of 510 kev belonging 
with Rn, Since no peak in Fig. 6 at this energy is 
observed, no interference would be expected from 
either of these two isotopes. When the flow rate of 
TTA solution was stopped, the first thing observed 
was the extremely rapid growth of peaks at 300 and 
350 kev belonging to Pb**. Within a few minutes these 
peaks overshadowed everything else in this energy 
region; so that it is clear that none of the other peaks 
in Fig. 6 could be due to Pb*"*. 

Bismuth-214 could also be observed to grow into the 
radium when the benzene flow was stopped, but this 
occurred much more slowly than the growth of Pb*™. 
In the energy region shown in Fig. 6, the only bismuth 
peak which could be observed was at 609 kev, which 
energy was not distinguishable from that of the 610 
kev peak shown in Fig. 6. There are two rather con- 
clusive arguments, however, by which we can show 
that the 610-kev peak in Fig. 6 is not due to Bi. 
The first argument hinges on the counting rate regis- 
tered in an integrating channel which totalled all 
pulses whose energy was larger than the region shown 
in Fig. 6. There are a number of higher-energy gamma 
rays in Bi** decay which would be recorded in this 
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Fic. 6. Gamma-ray spectrum of Ra™”® taken while the radium 
was continuously purified. —-— Maximum Bi?" gamma-ray 
spectrum normalized to the integrating channel. — Resolved 
peaks. 
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TaBLe II. Gamma rays of Ra”*, 


Energy (kev) 


Relative intensity 
Absolute intensity per alpha 


* From previous data (see text) 


integrating channel. Thus, once the bismuth had 
grown to the point where the spectrum of Fig. 6 was 
no longer discernible, the ratio of the peak height of 
the 609-kev gamma ray to the integrating channel was 
constant, as would be expected since both are due 
predominantly to Bi**. If, then, we measure this ratio, 
we can come back to the spectrum of Fig. 6 and obtain 
a maximum height of the Bi** 609-kev gamma ray. 
In fact, we can actually obtain a maximum height of 
the entire Bi? spectrum, and this maximum has been 
indicated in Fig. 6. Below about 350 kev this has no 
significance since Pb?" is the chief contaminant, and 
the two are clearly not in equilibrium. The second 
argument that the 610-kev peak in Fig. 6 is not due to 
Bi?* comes from consideration of the expected back- 
ground from energy gamma rays of Bi"*. Under the 
conditions of the experiment these will give rise to a 
rather flat distribution at energies above 610 kev of 
about half of the intensity of the 609-kev peak. At all 
times when the Bi spectrum was observed this 
continuum was present, but it is clearly not present 
in Fig. 6. Since the half-life of Po** is so short, it 
would always be in equilibrium with Bi*", and the 
arguments given above against any significant con- 
tribution of Bi*“ to the spectrum of Fig. 6 also pertain 
to Po*™, 

Although it is rather easy to show that the peaks in 
Fig. 6 are not due to the daughter of Ra™®, it is not 
easy to prove that they are not due to any other 
possible contaminant. Perhaps the best evidence in 
this regard is that these same peaks appeared when a 
different chemical purification was used (the column 
technique described in the section on Ra™). The spectra 
were not nearly as good as that of Fig. 6, but there was 
good evidence that at least the 260-, 420-, and 610-kev 
peaks were present. Also, as we will mention later, 
some of these gamma rays are tied together by co- 
incidence measurements. Finally, we can say that it 
was not possible to think of any impurity whose chemi- 
cal and nuclear properties could have given these 
results. Thus we feel reasonably confident in assigning 
the gamma rays to Ra”®, 

As in the case of Ra™ decay, the determination of 
the gamma-ray intensities was a difficult problem. The 
188-kev photon could function as a standard but large 
amounts of to reduce its 
intensity to the point where the counting equipment 


absorber were necessary 


worked weli, and the corrections are always uncertain 
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450+ 10(?) 610+5 


~ 33X10" 
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relative intensities have been collected in Table II. 
In order to convert these to absolute intensities, it is 
necessary to know the intensity of the 188-kev photons. 
Using an alpha abundance of 5.7% to the 188-kev 
level, and a conversion coefficient of 0.80 for the 
188-kev transition," the abundances given in the 
third row of Table II were calculated. The intensity 
of the 260-kev gamma ray could be determined with 
reasonable precision (estimated 20%) because its 
relatively high abundance permitted its comparison 
with the 188-kev gamma ray using small samples with 
little or no absorber. Concerning the higher-energy 
gamma rays, it would be very difficult to obtain a 
meaningful limit of error. We would estimate, however, 
that the absolute abundances should be accurate to 
within a factor of two. The relative intensities of these 
three gamma rays should be somewhat better than this. 

It was difficult to make coincidence measurements 
on Ra” because of the severe counting-rate limitations 
of the equipment. We can say definitely, however, 
that the 188- and 260-kev transitions are in coincidence, 
as was found by Harbottle et al. Also there was good 
indication that the 420-kev peak was in coincidence 
with the 188-kev transition; whereas the 610-kev peak 
was not. It is not possible to be certain of these con- 
clusions, however, and no data could be obtained on 
the 450-kev transition. 

All of the observed gamma rays fit well into a level 
scheme of Rn”. Harbottle et al. have already con- 
cluded that there must be a level at 448 kev, and the 
present data strongly support that conclusion. It is 
very unlikely that the 610-kev transition terminates 
anywhere but the ground state, because of the super- 
allowed-alpha-transition arguments which have been 
mentioned previously. Thus, a level is defined at 610 
kev, and the 420-kev transition fits well between this 
level and the one of 188 kev. If the 450-kev gamma 
ray is real, it seems likely that it represents the cross- 
over transition from the 448-kev level to the ground 
state. The level pattern of Rn” from the decay of 
Ra*® is shown in Fig. 7. 

10 F, Asaro and I. Perlman, Phys. Rev. 88, 129 (1952). 

uL, A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Reports, 1956 [translation: Report 57 ICCKI and 
Report 58ICCL1 issued by Physics Department, University of 
Illinois, Urbana, Illinois (unpublished) ]. 

2M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958), p. 145. This work 
contains calculated M-shell conversion coefficients. We assumed 


N and higher order shells would be 40% of the total M conversion 
coefficient. 
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Fic. 7. Decay scheme of Ra®®, 


SPIN ASSIGNMENTS 


In addition to the data previously mentioned, Fig. 8 
contains the suggested spin assignments to be discussed 
here, and the “hindrance factors” (HF) for alpha 
decay to the various levels. A hindrance factor for 
alpha decay in an even-even nucleus is defined as the 
ratio of the experimental alpha half-life to a given 
level, divided by the half-life which is calculated using 
the one-body model of alpha decay and assuming 
decay to the ground state is unhindered (HF=1)." 
Thus, in effect, the one-body model of alpha decay is 
used to remove the energy dependence for alpha 
emission, and a “reduced alpha transition probability” 
is obtained whose inverse is the hindrance factor. The 
hindrance factor, as defined here, is independent of the 
spin of the excited state. Since all even-even nuclei 
undoubtedly have the same spin and parity (0+), one 
might expect that the hindrance factors for decay from 
this level to a given type of level in the daughter 
nucleus would vary in a systematic manner with the 
parent nucleus. This criterion in addition to gamma-ray 
data will be applied in making spin assignments for 
the radon isotopes. 

The first excited states of each of the radon 
isotopes!5 has been previously shown to have spin 
and parity 2+ from alpha particle-gamma ray angular 
correlation measurements. These assignments are 
supported, again in each case, by conversion coefficient 
data’16.!7- so that the 2+ character of the three first 

8M. A. Preston, Phys. Rev. 71, 865 (1947). 


4 F.S. Stephens, Jr., F. Asaro, and I. Perlman, Phys. Rev. 96, 
1568 (1954). 

J. C. D. Milton and J. S. Fraser, Phys. Rev. 95, 628(A) 
(1954). 

16S. Rosenblum, M. Valadares, and M. Guilott, J. 
radium 15, 129 (1954). 

7G. Victor, J. Teillac, P. Falk-Vairant, and G. Boussieres, 
J. phys. radium 13, 565 (1952); S. Rosenblum and M. Valadares, 
Compt. rend. 234, 2359 (1952); M. K. Juric and D. M. Stanojevic, 
Bull. Inst. Nuclear Sci. Boris Kidrich 5, 15 (1955). 
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Fic. 8. Energy level assignments for Rn**, Rn™, and Rn*™®, 
HF—Hindrance factors for alpha population to the various levels. 


excited states seems firmly established. The hindrance 
factors for alpha decay to these levels are 1.0, 1.1, and 
0.9 for Ra”, Ra®**, and Ra*®, respectively. Since the 
three levels involved here seem to be analogous levels 
in each of the three radon isotopes, it is not surprising 
that these hindrance factors are similar. 

Scharff-Goldhaber has suggested that the 450-kev 
level of Rn** is a state analogous to the second excited 
state of other even-even nuclei in the near-harmonic 
regions. This assignment is based on the ratio of the 
energy of this state to that of the first excited state 
(2.40), and on the mode of de-excitation of the level 
(predominantly to the first excited state). Two factors 
in the present work tend to support this assignment. 
The first is the possible weak gamma ray to the ground 
state, which rule out spins of 0+ or 4+ for the 450-kev 
level. The second factor is that levels analogous to this 
one seem to appear in Rn*'* and Rn™ at 650 and 530 
kev, respectively. In these cases the ratios of the energy 
of the level to that of the first excited state are 2.00 
and 2.25, respectively, and again the observed decay 
of the level is to the first excited state. Thus, although 
the evidence is not entirely convincing, we shall 
tentatively assign spin and parity 2+ to these three 
levels. 

The alpha hindrance factors to these second 2+ 
states are 15, ~ 14, and ~6 for Ra”, Ra™, and Ra”6 
decay, respectively. Although these vary by a factor 
of three, this is not considered disturbing. Other cases 
are known in which hindrance factors to analogous 
levels in adjacent even-even nuclei differ by a factor 
of two. It should also be pointed out that both in 
even-even nuclei and in odd nucleon cases, hindrance 
factors to nonanalogous states can differ by factors of 
tens, hundreds, and thousands. In this respect, there is 
no inconsistency with assigning similar character to 
the three levels. It is perhaps of interest to point out 
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ic. 9. Even parity states in even-even nuclides. 


that if the 450-kev gamma ray of Rn™ is real and 
does represent the transition from the second 2+ 
state (2’+) to the ground state, then the reduced 
transition probability ratio is: 


B(E2)4404/B(E2)o4+24= 2x 10 3. 


This assumes, in addition, that both transitions are 
predominantly £2, as is generally found to be the case 
with near-harmonic nuclei. Although it should be clear 
that this number is quite tentative, it is, nevertheless, 
in the range found for other near-harmonic even-even 
nuclei. 

In each of the radon isotopes there is a level which 
decays both to the ground state and to the first-excited 
state. These levels lie at energies of 800, 650, and 610 


alpha hindrance factors of 0.9, ~2.6, and 2. These 
similarities again suggest that we are dealing with an 
analogous level in each of the three isotopes. Since each 
of these states de-excite to states of spins 0 and 2, the 
only reasonable values for the spin would be 1 or 2. 
Furthermore, since each is undoubtedly populated 
directly by alpha decay (from a 0+ parent ground 
state), it must have spin and parity either 1— or 2+ 
(l=1 or /=2 alpha wave). Of these possibilities we 
prefer a 1— assignment for the following reasons. 
States having spin and parity 1— are known to occur 
systematically in radium and thorium isotopes of this 
region. The hindrance factors for alpha decay to these 
levels decrease quite uniformly with decreasing mass 
number from a high of around 500 for U™ decay 
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(heaviest uranium isotope known to populate a 1— 
state) to 4 for Th”* decay (lightest thorium isotope for 
which information is available).'* Thus hindrance 
factors in the range 0.9 to ~2.6 for the decay of the 
radium isotopes to these 1— states seem quite reason- 
able. One of the most characteristic features of the 1— 
states is their de-excitation to the 0+ and 2+ states, 
respectively, with £1 reduced transition probability 
ratio always 0.50 within experimental uncertainty.'* 
This has been interpreted to indicate that K, the 
projection of the spin on the nuclear symmetry axis, is 
zero for these levels.'* If we examine the data on this 
point for the radon levels under consideration here, we 
find that B(21);.0/B(E1) 02 is 0.740.2, 0.440.2, and 
0.5+0.2 for Rn™’, Rn”, and Rn’, respectively. Again 
these data support the 1— assignments. 

The only level not yet considered is the one at 850 
kev in Rn’, The ratio of the energy of this level to 
that of the first excited state (2.6), and the alpha 
hindrance factor (8) suggest that this may be the 4+ 
member of the ground-state rotational band. We have 
tentatively made this assignment. 
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DISCUSSION 


There is now available a considerable amount of 
information on the excited states of even-even nuclei 
in the heavy-element region. Most of this information 
is summarized in Figs. 9 and 10. Figure 9 is a plot 
pertaining to some of the even-parity states and 
consists of the ratios of energies of these states to the 
first excited (2+) state. Plots similar to this have 
been given by Scharff-Goldhaber® and Sheline.’® In the 


18 F, S. Stephens, Jr., F. Asaro, and I. Perlman, unpublished 
data; Phys. Rev. 100, 1544 (1955) 
9 R. K. Sheline, Proceedings of the University of Pittsburgh 


Conference on Nuclear Structure, 1957, edited by S. Meshkov 
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rotational region, the familiar 4+/2+ ratio of 3.3 
showing the /(J+1) energy dependence is seen (lower 
curve). Higher members of this ground-state rotational 
band are not shown. At higher energies two different 
intrinsic states are seen and these have been attributed 
to beta vibrational states (0’+) and gamma vibrational 
states (2’+-) predicted at about these energies by Bohr 
and Mottelson.” (Rotational levels based upon these 
states are not plotted.) A reason for the apparent sharp 
drop in energy for the gamma vibrational band in 
Fm? has not been suggested, however. 

The region of particular interest here is that between 
mass number 216 and 228. Scharff-Goldhaber has 
suggested that a rather sharp transition in the character 
of these energy levels occurs between proton numbers 
86 (radon) and 88 (radium). However, if our assign- 
ment of the 4+ state in Rn*'’ is correct, the behavior 
of this level through the above region is rather uniform. 
It cannot be ascertained whether a sharp change in 
the 2’+ or 0’+ states occurs until the position of these 
(University of Pittsburgh and Office of Ordnance Research, 
U.S. Army, 1957), p. 494. 

# A. Bohr, Kgl. Danske Videnskab. Selskab, Mat-fys. Medd. 
26, 34 (1952); A. Bohr and B. R. Mottelson, Beta- and Gamma-Ray 


Spectroscopy, edited by Kai Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), p. 474. 
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levels in some of the radium isotopes is known. If the 
downward trend of the 0’+ state in Th is correct, a 
sharp break in the position of this level seems rather 
unlikely. Furthermore, the energy of the first-excited 
state (broken lines in Fig. 9) is quite smooth through- 
out this region. Our conclusion, then, is that a sudden 
change in the character or energy of the levels does not 
seem likely, although there are not yet sufficient data 
available to be certain of this conclusion. 

Figure 10 is similar to Fig. 9 except that odd-parity 
levels are considered. The data on the 2— levels are 
fragmentary, and it is not yet at all certain that any 
of these levels really have spin and parity 2—, so that 
they will not be discussed. The 1— states are quite 
well established, however. In Fig. 10 the lines connect 
the points for a given element, and there is evidence 
of a break between the radon and radium isotopes. 
On the other hand, a break of similar magnitude occurs 
between radium and thorium, so that probably this 
only indicates that the position of these levels depends 
on both the proton and the neutron number. It has 
been suggested that these 1— levels are due to collective 
octopole vibrations ; however, a satisfactory explanation 
for the sharp dip in the energy of these levels in the 
region of radium and thorium has not yet been given. 
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The internal conversion coefficient p(p)=(dW2-/dp)/(dW.,/dp) relating the +~+d capture processes 
yielding 2n+e*+e~ and 2n++7 is calculated as a function of the -n relative momentum ?. It is found to be 
a slowly varying function of ), insensitive to the strength of the n-m force. The spectrum of the electron 
pair energies (or of the momentum p) therefore depends sensitively on the n-m scattering length, just as 
Watson and Stuart found to be the case for the photon spectrum. Thus, observation of the pair production 
process is an alternative method of measuring the n-n scattering length. 


I. INTRODUCTION 


T° the process 


aw +d— 2n+y7, 


the relative frequency of high-energy photons depends 
on the strength and sign of the -n interaction.' Thus, 
the more attractive the interaction, the more likely it 
will be for the two neutrons to be emitted with low 


(1.1) 


* This research was supported principally by a National Science 
Foundation Predoctoral Fellowship; it was completed under the 
auspices of the U. S. Atomic Energy Commission. 

+ A thesis submitted in partial fulfillment of the requirements 
for the Ph.D. degree in the Department of Physics at the Uni- 
versity of Chicago, Chicago, Illinois. 

t Now at Purdue University, Lafayette, Indiana. 

1K. Watson and R. Stuart, Phys. Rev. 82, 738 (1951). 


relative momentum; and low neutron energy corre- 
sponds to high photon energy. An attempt has been 
made to determine the 'S n-n scattering length from a 
measurement of the photon spectrum,? but only very 
wide limits could be set. This scattering length cannot 
be obtained from n-p or p-p data by the arguments of 
charge independence or charge symmetry, since it is 
very sensitive to slight differences in the nucleonic in- 
teractions such as may be expected to result from 
electromagnetic effects. It is, in fact, true that the 
(effective nuclear) scattering lengths for the n-p and 
p-p systems are significantly different, being —24f and 
—16f,? respectively; this difference corresponds to a 
difference in well depth of between one and three per- 


? R. Phillips and K. Crowe, Phys. Rev. 96, 484 (1954). 
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cent, depending on the well shape assumed,’ and so is of 
the order of magnitude to be expected from electro- 
magnetic effects. Thus, as far as the scattering lengths 
are concerned, charge independence is significantly 
violated for the physical nucleons; and it is to be 
expected that a similar violation may occur for charge 
symmetry. Therefore, the 'S n-n scattering length is 
not well known; although unlikely, it is not completely 
excluded that it could be positive, corresponding to a 
weakly bound n-n state. 

A process from which determination of the n-n 
scattering length may be more feasible than from (1.1) is 


x +d— 2n+et+e ; (1.2) 


this process may be looked upon as the production of a 
virtual photon by x~+d capture, followed by its internal 
conversion. In this case, the strength of the n-n inter- 
action can be inferred from the energy spectrum of the 
electron pairs. Although this pair production process 
will be less probable than (1.1) by a factor of the order 
of a, it can readily be observed in a deuterium bubble 
chamber, thus avoiding the low efficiency inherent in a 
high-resolution y-ray spectrometer such as was used 
in reference 2. 
II. CALCULATION 


The simplest form of impulse approximation will be 
used, in which the incoming meson is assumed to in- 


teract directly with the superposition of free-proton 
wave functions given by the expansion 


go(x) = J o( pe’? *d*p, 


where @y(x) is the wave function of the deuteron. More 
complicated processes involving both neutron and 
proton‘ will be neglected. The relative r-—p motion 
(due to the motion of the proton in the deuteron) will 
be ignored in the evaluation of the r-+p — n-+virtual 
¥ matrix element. Watson and Stuart! have given some 
discussion of the justification for this; the smallness of 
the effect is indicated by the fact that a typical proton 
momentum of the order of u/3 corresponds to a relative 
momentum of only about u/20. Finally, the -n inter- 
action has been taken into account in only the S-state 
function, although transitions to final n-n P states will 
be shown to make a sizable contribution. While it is 
true that the forces for 7=1 P-states are rather strong,® 
and so may appreciably modify the photon spectrum 
for (1.1), we are here concerned with the calculation 
of the internal conversion coefficient [the ratio of (1.2) 


3R. G. Sachs, Nuclear Theory (Addison-Wesley Publishing 
Company, Inc., Reading, Massachusetts, 1953), p. 151; J. Blatt 
and V. Weisskopf, Theoretical Nuclear Physics (John Wiley and 
Sons, Inc., New York, 1952), p. 94. 

‘For example, the process in which the virtual photon is 
emitted from a pion exchanged between the nucleons. 

5 This is known from the study of cross sections and polariza- 
tion effects in p-p scattering at high energies; see, e.g., P. Cziffra, 
M. H. MacGregor, M. J. Moravesik, and H. P. Stapp, Phys. Rev. 
114, 880 (1959); and J. L. Gammel and R. M. Thaler, Phys. Rev. 
107, 291 (1957). 
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to (1.1) for given n-n c.m. energy |, which is insensitive 
to the final-state forces. 
The wave function used for the deuteron is 


go= N (e-*"—e*") /r, (2.1) 


with a=0.232 f' and B=7a. Thus the D-state part of 
the deuteron function is neglected, in accord with 
Watson and Stuart’s finding! that its contribution to 
the (similar) real-photon production process is negli- 
gible. The wave functions used for the n-n system are, 
for the triplet state, 


y,‘= e'P-t'—e- ip 

and, for the singlet state, Y’=y"'+y”, with 
Vp" = e'P rie p-r 

and 


vp = (2/pr)[sin(pr+46)—e-*’ sind—sinpr]. (2.3) 


This corresponds to the use of the 'S wave function 
2[sin(pr+6)—e~* siné ]/pr, which has been chosen to 
have the correct asymptotic form and to be finite at 
the origin. The constant A was chosen to yield the 
experimental value of the effective range; that is, so 
that ro=2 Sf (u?—v*)dr=2.74f, where v= sin(pr+4)/siné 
and u=v—e—*’. This form for the S-wave function was 
used for ease of computation; a sample calculation 
showed that the difference between using this function 
and the true function for a square well is negligible (the 
effect of a hard core can be neglected, since the energy 
of the n-n relative motion is very low for the cases of 
interest). The phase shift was obtained from the effec- 
tive range formula, 


p coté6= —1/a+rop*/2, (2.4) 


with ro= 2.65f (this is the value appropriate to the p-p 
system; deviations from charge independence here, 
only a few percent in ro, are not important). 

The matrix element for the process (1.1 
pressed in the form 


M,= (2k)—*J,,(p,k,) &, 


can be ex- 


(2.5) 


where & is the polarization vector of the photon, &, is 
the four-momentum of the photon (so k,?=0), and is 
the momentum of one neutron in the c.m. system of the 
two neutrons. Note that J, depends on the nucleon 
spins in addition to the arguments shown. The matrix 
element for (1.2) can be written in a similar form: 


M..=m(Pou P._)-*J,(p, ky’) (R,”) l 


X ti4(P,)y"u_(P_), (2.6) 


where P,, are the four-momenta of the positron and 
electron, k,/=P,,+/,— is the four-momentum of the 
virtual photon, wu, are the positron and electron 
spinors, and m is the electron mass. 

The differential probabilities dW,/dp and dW»,./dp 
can be obtained from the expressions (2.5) and (2.6); 
these probabilities refer to averages over the deuteron 





ELECTRON PAIR 
spin states, and to summations over the neutron, elec- 
tron, positron, and photon polarizations, over the direc- 
tion of p, and over electron and positron momenta. The 
conversion coefficient defined by p(p)=(dW2./dp) 
(dW’,/dp) can easily be obtained from the general ex- 
pressions derived by Kroll and Wada.* The mass (i.e., 
total barycentric energy including rest masses) of the 
recoiling two-neutron system is M=2(30,?+ ")!; the 
mass of the initial pion-deuteron system is W=Ma+M,. 
Energy conservation yields 


W = ko’ + (M?2+k”)!. 


Equations (8) of reference 


(2.7) 


2 now yield? 


EL ead) 


2m? Rr x 
«(1+ )(=+52:), (2.8) 
x x ky’? 


where E=W—M and x=k,”. The quantities Rr and 
R, are given by [see Equations (7) of reference 2]: 


Efencinion) + | Jo(p,k,’) |? ] 


S fens pk.) oh | J2(p,Ru) 5 


ss dQ5| J3(p Ry 


5 feng nina 2+. | Jo(p,ky) |? ] 





’ 


R1(p)= 


where the summation signs indicate sums over neutron 
and deuteron spins. Note that this summation, to- 
gether with integration over the direction of p, has 
made the numerators above independent of the direc- 
tions of k and k’, so that integrations over the corre- 
sponding angles are unnecessary. The x3 axis has been 
chosen to lie along the photon momentum (k or k’). 
It is easily found that 


124(pjky)=constan fd e~ik-r/hy 2.0% (pr) 


X b0(1r)x m*"t(K,Ro| H,|q=0)x m'‘, (2.10) 


where xm‘ is the spin function for the deuteron, x m’*'' 
is the spin function for the two outgoing neutrons, and 
wo is the pion-deuteron relative wave function evaluated 
at the origin.* The superscripts s and ¢ distinguish 
between singlet and triplet states for the outgoing 

oN. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 

7 After correction of a numerical error. 

8In (2.10) through (2.14) it is unnecessary to distinguish be- 


tween real and virtual photons; therefore the unprimed symbols 
k, and k have been used throughout. 
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neutrons. The quantity (k, ko|H,|q=0) is the matrix 
element for the process +) — n+[y_], expressed in 
the *-—p c.m. system; the r~—p relative momentum 
gq has been set equal to zero, corresponding to the 
neglect (mentioned above) of the relatively low velocity 
of the proton in the deuteron. From reference 9, Eqs. 
(15), we have 

o-kk-e 
—x*)io-2e+ei——_, 

x? — 2ky 


(k,ko| H-e|g=0) « e¥| (2.11) 


to sufficient accuracy, where e” (— a”) = e(1+-0.0527) and 
the pion mass has been set equal to unity. Thus 


E faa, Ji*(p,ky) |? =F, 8'G**, (2.12) 
where 
F,,2*:*=const > > | xm**t 


(k,ko| H1,2|qg=0)v ml? 


e(—2?)P 
— Bel | ; 
e 


Fy*t= Be T1+k/(a2—2ko) P, 


B* being constants such that B‘=2B*; and 


peota= (] tn) [ aa, [*.t|2. 


[s= [94], 


and 


where 
with 


rix far Vp (r)e™ **h0(r) for j=1, 2, 


| fer Vp‘ (re ik-r/24)(r). 


poe oe functions ¢o, ¥", y, and y¥‘ are given by 
(2.1), (2.2), and (2.3). The quantity G* will be written 
as a sum ee three terms: G°=G*"+G*"®+G_ Evalua- 
tion of these integrals yields 


1622N2 1 4B 
Gn. {|(—+- ) in 
pk A A*—B 


+[A,ao BB], 


and 


i+a 2 ~.| 


bens { 1-—a@ 


Br ita Se 
1—a1+b/’ 


a 1 4A 1+a 
a (one ae 
A A*—B 1—a 


+[A,ao BOI}, 


9S. Fubini, Y. Nambu, and V. Wataghin, Phys. Rev. 111, 329 
(1958). 
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where 
tor.V l—a 


(1—cos6) In 
1+a 


pk | 

ak 
+2 sind (ar tan- 
o'—~P—k 


(a+A \k 


) 


—arctan |- [aa 6,8] | 
(a+n)?—#?/4 


A=ee+pP+h/4, B=8?+ p+hk?/4, 


a=pk/A, b=pk/B. 
The notation [A,a< B,b] indicates a term obtained 
from the preceding term by interchanging A with B 


’ 


and a with 6. From Eqs. (2.9) and (2.12) we have that 


— 72) 
, 
e 


G*(p,x) +2G' p,x) fel 
Rr(p,x)= 


G*(p,0)+2G'(p,0) 

G*(p,x)+2G'(p,x) 1 
Rx(p,x) - 
G*(p,0)+2G'(p,0) 2 


Thus, from (2.8), 
2a cf’ dx tom? 2m 

i ees |e 
34 Som X De Y 

k’ x G*(p,x)+2G'(p,x) 
Pe 

‘ W?+ M?4G*(p,0)+ 

Rk” 


2G'( p,0) 
e(—x2) 7 x 
ww ic ae 
4 2k 2 x yA 


p\p) 


— ~ 


Fic. 1. The distribution dW ,/dp for emission of real photons. 
The contributions from singlet and triplet 2m states are denoted 
by S and T, respectively; the unmarked curves are total rates 
(i.e., singlet plus triplet). The solid curves are for a scattering 
length of a,=—23.7f, and the dashed curve is for a,=— x 
E.,=136.1 Mev is the maximum value of E=W—WM (attained 
for p=0). 
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In this expression the first term in braces represents the 
contribution of longitudinal photons. For numerical 


evaluation, it is convenient to define F(p,x 


E dx 4m?) 2m? 
f [1 || js px). (2.17) 
x ef 5L Y 


2m 


) so that 


2a 
p\p)= 
3 


Noting that &(p,0)=1, we can rewrite this as 


2a E dx 4m? |} 2m? 
=f <'-s es 
3rivo, Xx x? Y 
I dx 
+f LF( pix) — F(p,0 
i 


| (2.18) 


where the limit m—0 has been taken in the second 
integral since the contribution for x~m is negligible 
there. The first integral can be evaluated analytically, 
so that 

2a 


Se 


1+(1-)! 


o(p)=—} | In— 


x) — F(p,0 |} (2.19 


where £=2m/E. The second integrand is relatively 
small and slowly varying, so that the second integral 
may easily be evaluated numerically. 

The photon spectrum for process (1.1) 
found to be [see Eq. (2) of reference 6 | 


is easily 


dW, idw, ‘ 
=-———=constkp[W?+ M?] 

dk p dp 
X LG*(p,0)+2G6'(p,0 (2.20) 
Figure 1 shows the spectrum dW ,/dp (which is equal 
to the photon spectrum dW,/dk multiplied by p) for 





C(P)p_(p,x) 
en 
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Fic. 2. The transverse component of the conversion coefficient, 
pr(p,x), multiplied by x, normalized by the function C(p)=1 
or(p,0). (A factor of x is missing from the ordinate label.) The 
numbers adjacent to the curves are the values of p. The solid 
curves are for a scattering length of a,= —23.7f. The adjacent 
dashed curves shown for several » values are for a scattering 
length of — «. 
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Fic. 3. The longitudinal component of the conversion coeffi 
cient, pu(p,x), normalized by the same function C(p) as the 
curves of Fig. 2. Note that the vertical scale is here expanded by a 
factor of two compared with that of Fig. 2. The numbers adjacent 
to the curves are the values of p. These curves are for a scattering 
length of a,= —23.7f. 


an n-n 'S scattering length of —23.7f (the experimental 
n-p value), together with the breakdown into singlet 
and triplet contributions. The total curve for infinite 
scattering length is also shown, to indicate the sensi- 
tivity of the spectrum to the nuclear forces." 

Figure 2 indicates the manner in which xpr(p,2), 
i.e., the transverse portion of the integrand of Eq. (2.16) 
multiplied by x, varies with x, for various values of p. 
The dotted curves indicate, for three values of p, the 
effect of changing the scattering length from —23.7f to 
infinity; the effect is seen to be small. Figure 3 shows 
the similar distribution for the longitudinal contribu- 
tion. Finally, Fig. 4 


shows the conversion coefficient 


p(p), obtained by integrating the curves of Figs. 2 and 
3 by the method of Eq. (2.19), for the case a,= —23.7f; 
it is seen to be a slowly varying function. 

The conversion coefficient p(p) depends only weakly 


on p (Fig. 4), is only slightly affected by the strength 
of the m-n force (Fig. 2), and is also largely independent 
of pion-nucleon processes. The reason for this is the 
strong peaking of the integrand of (2.16) toward small 
x values, due to the factor 1/x. Thus, the first integral" 
of (2.18) is the dominant one, since the factor 5(p,x) 
— ¥(p,0) causes the integrand of the second to remain 
small (in fact, to vanish) as «—>0. But the first in- 
tegral is independent of pion physics altogether, 
depending, in fact, only on the electrodynamics of the 
process; all dependence on the n-n force, and on the 
x ~-+p— n+[y] matrix element for longitudinal pho- 
tons or for transverse photons off the zero-mass shell is 
contained in the second, relatively small, integral. 


© Tt must be noted that the spectra dW ,/dp obtained from the 
corresponding curves («= —8 Mev and a=0) of Fig. 2 of reference 
1 do not agree with Fig. 1; they are relatively lower in the vicinity 
of p=0.5 by 10-20%, and the curve for a,=— passes through 
zero at p=0, which cannot be correct. 

1! This term corresponds to the “standard value’ introduced 
by R. H. Dalitz and D. R. Yennie [Phys. Rev. 105, 1598 (1957) ] 
in their work on pion production in electron-proton collisions; 
this ‘‘standard value” corresponds essentially to the Weizsacker- 
Williams approximation relating the effects of rapidly moving 
charges to those of photons. 
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Fic. 4. The conversion coefficient p(p) (upper curve) and the 
portion yp Rot due to transverse virtual | pomoms, pr(p) (lower 
f. 


curve). These curves are calculated for a,= —23.7 


Ill. CONCLUSIONS 


It has been shown that the energy spectrum of the 
pairs from #-+d — 2n+e++e~ can be directly related 
to that of the photons from *-+d— 2n+-7. The re- 
lating function p(p) = (dW2,./dp)/(dW,/dp) is given by 
Eq. (2.19) and displayed in Fig. 4. It is only weakly 
dependent on the n-n interaction, as is shown by the 
small displacement of the dotted curves of Fig. 2. As a 
result, the pair production process can be used to de- 
termine the photon spectrum for #~+d capture, and 
hence, the scattering length. It will be noted from Fig. 1 
that success of the method for the latter purpose de- 
pends very much on the accuracy with which it is 
possible to measure the energy of electron pairs corre- 
sponding to small values of p. As a rough estimate of 
the accuracy of the method, it may be noted that those 
events having electron-pair energy within one Mev of 
the maximum are expected{to account for about one- 
sixth of all events, and their number would increase by 
about one-half if the scattering length were varied 
from —24f to — « ; soa total of 600 pair events would 
be expected to yield the scattering length to roughly 
20% 

High accuracy in measurement of the scattering 
length depends on counting the number of events 
having electron-pair energy very close to the maximum. 
Since these necessarily form a rather small sample 
with a correspondingly large statistical error (although 
its size is very sensitive to the scattering length), great 
accuracy in the shape of the calculated curves is not 
necessary. Thus even if the scattering length departs 
considerably from the value of —24f, the conversion 
function of Fig. 4, relating the pair spectrum to the 
photon spectrum will not be significantly affected. This 
function will also not be significantly affected by the 
approximations made here of neglecting P-state forces 
and (mesonic) processes involving both the nucleons of 
the deuteron, for the reasons given at the end of the 
preceding section. But the effect of these approxima- 
tions on the photon spectrum can be quite considerable ; 
a more reliable calculation of the photon spectrum will 
deserve attention when accurate experiments are 
cairied out. However, it can be shown by use of the 
closure approximation (see Appendix) that the (otal 
rate of process (1.1), and, therefore, also of process 
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(1.2), will not be much affected by these approxima- 
tions; thus the expressions obtained here should be 
sufficiently accurate for determination of the scattering 
length from the ratio of low-p events (where the P-state 
contribution is negligible) to the total rate. 
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APPENDIX 


From Fig. 1 it will be noted that the major contribu- 
tion to either G* or G‘ [see (2.20) ] comes from a range 
in k of only a few percent. Thus, in the integrals for the 
total rate of process (1.1), which are essentially [see 
(2.13) ] 


fever G*''(p,0) 


1 
free fonortyy (ee ** *ho(r) | 
4dr 


XLWert(r’ em *'2ho(r’)], (AA) 


it will cause small error to ignore the energy conserva- 
tion relation and set k=const; since the integrands are 
very small for large p (see Fig. 1), the upper limit on p 
can be ignored, and the integral over p extended to 
infinity. For the singlet case we have ¥*(—r)=y*(r), so 
we can write (A.1) as 


evap G*(p.0) 
k 


- feof erate k-r/24 @-ik-1/2)g,(p) ] 


16x 


X [Ly p"(r’) (e828 it #2) bo (r’) | 


k 
a ; ferer(en r a k-r/2)(g—ik-r’/2 
167 


+e") bo(r)oo(r’) © fepveonscr) (A.2) 


i=s,! 


since the term involving y,"*(r)y,(r’) contributes nothing, 
due to the fact that ¥‘(—r)= —y‘(r). Now the closure 
relation for wave functions normalized in the fashion of 
(2.2) and (2.3) reads 


2 feo Wp'*(r)W,'(r’) =4(2r)*5(r—r’). (A.3) 


i=s,t 


DAVID W. 


JOSEPH 


Thus we obtain 


fear Gr(p.0)~anrk f a [1+ e'*-¥ |.2(r) 
= 49k 1+ f(k)], 


f= fer go" (re'*:F, 


The corresponding equation for the triplet case can be 
obtained in the same fashion, except that now the func- 
tions e**'*/? and e~**''’? are made antisymmetric in r and 
r’. This equation is 


(A.4) 


where 


2 fepap G'(p,0)~8mk[1—f(k)]. (AS) 


Some appropriate average values ust be chosen for 
the quantity & appearing in (A.4) and (A.5); the 
medians of the singlet and triplet curves of Fig. 1 
should be reasonable choices. These are k*=129 Mev 
=0.95 and k‘=124 Mev=0.91, where units have been 
chosen such that the maximum value of E£, E,,=9M,, is 
equal to unity. With these values we obtain [1+ /(&*) ] 
= 1.52 and 2[1— /(k') ]=0.92, so that 


fever G*(p,0) ~57, 


2 f eprap G'( p,0) ~ 33. 


The corresponding values from the curves of Fig. 1 
[which are plots of (4rN)kp’G*(p,0) and 2(4r)~ 
Xkp’G'(p,0) ; (44NV)?= 13.07 | are 


fear G*(p,0) =53, 


2 f apap G'(p,0)=2 


The difference between the values of (A.6) and (A.7) is 
an estimate of the error involved in the closure approxi- 
mation. Since the expressions (A.4) and (A.5), obtained 
by use of the closure approximation, are independent 
of the n-n force, the size of this error is also an indication 
that the effect of m-n forces on the /otal rate of process 
(1.1), or of (1.2), is small. 
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The analysis of 235 events of double meson production by photons with energy up to 1.1 Bev (reaction 
y+p — p+2*+7-) observed in a He diffusion cloud chamber has produced the following results. The cross 
section rises rapidly at about 500 Mev to a value of approximately 70 wb. The angular, momentum, and Q 
distributions of the reaction products cannot be satisfactorily accounted for either by a pure statistical 
model, or by a pure isobaric state model, or by a model assuming interaction of the incoming photon with 
the meson cloud of the proton, leading to x- interaction. The observation of 14 cases of the reactions 
yt+p > ptat+a-+r° and y+p— n+2*+2++2 suggests that the combined cross section for these 


reactions is about 10 ub between 700 and 1000 Mev. 


1. INTRODUCTION 


HE process of multiple meson production by pho- 
tons in hydrogen has been studied using a H>-filled 
diffusion cloud chamber with magnetic field exposed to 
the 1.1-Bev bremsstrahlung beam of the Cornell 

synchrotron. 
The events studied are of the type: 
yt+p—- ptarttr, (reaction 1) 

and 


yt) Pte +r +r 
—nt+at+n +a. 


(reaction 2) 
(reaction 3) 


For each event of double meson production the emission 
angles and the momentum of all secondary particles 
could be measured, and the energy of the incoming 
photon determined with an error not larger than 
50 Mev. 
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Fic. 1. Cross sections for multiple meson production. The solid 
line histogram represents the total cross section for the reaction of 
double meson production, y+) — p+2*+-2-, as a function of the 
photon energy in the L system. The dashed histogram refers to the 
combined cross sections for the reactions of triple meson produc- 


tion, y+~p > p+at+a-+ and y+p — n+at+a>+4+4". 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Commission. 
+ Now on leave at CERN, Geneva, Switzerland. 


In a previous paper! (hereafter quoted as paper I) 
the results were reported of a first series of pictures con- 
taining 108 events of reaction 1, and 4 events of re- 
actions 2 and 3. 

A second series of pictures about equivalent to the 
first in size has now been analyzed. The new data are 
all consistent with those obtained in the first series. 
Since we have no plans for further work on this subject, 
we are here reporting on the final results of the two 
series of pictures, which have yielded a total of 235 
events of the double meson production of reaction 1, 
and 14 events of the triple meson production of reactions 
2 and 3. 
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Fic. 2. Differential cross section in the L system for the protons, 
the positive and the negative pions produced in the reaction 
y+p— p+x*+2°, with momentum (Bev/c) in the indicated 
interval. 

1J. M. Sellen, G. Cocconi, V. T. Cocconi, and E. L. Hart, 
Phys. Rev. 113, 1323 (1959). 
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For the description of the apparatus and of the analy- 
sis of the events we refer the reader to paper I. 


2. RESULTS 


Figure 1 shows the total cross section for the process 
of double meson production of reaction 1 as a function 
of the energy of the incoming photon.” The cross section 
rises rapidly between 400 and 500 Mev to a peak of 
about 80 ub at around 600 Mev, then slowly decreases. 

The dashed histogram in the figure refers to the cases 
of triple meson production of reactions 2 and 3. It is 
based on only 14 events, for 6 of which the energy of the 
incoming photon could be established. It must be taken 
only as an indication that these combined cross sections 
are of the order of 5-10 ub in the energy range between 
700 and 1000 Mev. 

The differential cross section in the Z system for the 
particles produced in reaction 1 is given in Fig. 2, for 
the use of experimenters planning measurements 
with photons of energies up to 1 Bev. 
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Fic. 3. Angular distributions in the c.m. system of the particles 
produced in the reaction y+) . The dashed lines 


represent the isotropic distribution 


>p+at+r 


? The energy spectrum of the photons crossing the chamber was 
obtained from the analysis of the electron pairs formed in the 
chamber gas. See Fig. 8 in E. L. Hart, G. Cocconi, V. T. Cocconi, 
and J. M. Sellen, Phys. Rev. 115, 678 (1959). 
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Fic. 4. Distribution of the c.m. momentum of the particles 
emitted in the reaction y+) — p+2*+2-. The observed mo- 
menta have been divided into four groups @ priori equally popu 
lated if the reaction were governed only by phase space avail- 
ability. Therefore, the horizontal dashed lines represent the 
statistical distribution. 


Figures 3 and 4 show the c.m. angular and momentum 
distributions, respectively, of the particles produced in 
reaction 1. Figure 5 shows the Q distributions of the 
various pairs of particles present in the final state, i.e., 
O,.*, On, aa Oat 

These results confirm the 
paper I: 


conclusions reached in 


1. The fact that positive and negative mesons play a 
markedly different role, as well as the shape of the dis- 
tributions, indicate that the situation is substantially 
different from that which would occur if the particle distri- 
butions were dictated only by phase space availability. 
Hence, the process of double meson production cannot 
be described in terms of a pure statistical model. 


2. If reaction 1 is described as follows: 


v+~p— C— N+a-+12, 


then: 


(a) The strong asymmetry around 90° in the c.m. 
system in the angular distribution of the proton and of 
the negative meson (protons are emitted preferentially 
backwards, negative pions forwards) indicates that C is 
not a single state, but a mixture of at least two states of 
different parity. Direct photoelectric processes, forma- 
tion of one or more isobaric states of the proton, and 
direct interaction of the incoming photon with one or 


3 The Q of a pair of particles is the kinetic energy of the two 
particles in a reference frame that is at rest in the center of 
momentum of that particular two-body system. 





MULTIPLE MESON 
more virtual pions of the cloud around the nucleon are 
possible channels contributing to C. 

(b) Whatever the nature of C, the shape of the Q 
distributions indicates that in an appreciable fraction of 
the cases the final state V-+a4+7 is reached through 
formation of the two-body system V*+7, with subse- 
quent decay of V* into N+7. All the observed dis- 
tributions are consistent with V* being predominantly 
the T=}, j= $(pr*) isobaric state of the proton. 


3. FURTHER REMARKS 


The results summarized in the previous section indi- 
cate that the process of double meson photoproduction 
is intrinsically complex, as more than one channel con- 
tributes to it. However, one may conceive that in a 
given energy region one channel dominates over the 
others enough to make its effect strongly felt in the 
distributions of the final products. 

It may then be profitable to consider models based 
on the assumption that the reaction proceeds threugh a 
single channel, and analyze the data accordingly. In 
general, one among the experimental distributions is 
more sensitive than the others to the specific choice, and 
hence provides the most profitable comparison with the 
theoretical prediction. 

Two models have been studied in detail: 
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Fic. 5. Distribution of the Q values for each pair of particles 
emitted in the reaction y+p— p+2a++2-. The observed Q’s 
have been divided into four groups @ priori equally populated if 
the reaction were governed enly by phase space availability. 
Therefore, the horizontal dashed lines represent the statistical 
distribution. 
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l'1G. 6. The solid curves represent the prediction of Model 1 for 
the distribution of the Q values of each pair of the particles pro- 
duced in the reaction y+p— p+a*+2-. The histograms re- 
produce the experimental data. Experimenta] data and theoretical 
curves refer to events produced by photons in the energy range 
between 600 and 850 Mev. 


Model 1: The assumption is made that the predomi- 
nant channel in C is the excitation of the second isobaric 
state of the proton, 7=3, j= 3,‘ and that C decays into 
N*+-2, where N* is:the familar T= $, j= first isobaric 
state of the proton, subsequently decaying into V+7. 
The isotopic spin T=} of C entails a ratio 9:1 between 
N*= (prt) and N*= (pr-). 

Evidence for the 3, $ resonance can best be looked 
for by studying the Q distributions. The distributions 
expected have been computed for the energy region 
between 600 and 850 Mev, where the contribution of the 
channel under consideration should be maximum. In 
these calculations the 3, 3 resonance has been described 
with the parameters Eyes= 160 Mev and width T=58 
Mev, as given by Gell-Mann and Watson.* The results 
are the solid curves in Fig. 6. The histograms shew the 
experimental data and the dotted lines represent the 
statistical distributions. One can see from the figure 
that the distribution expected for Q,,- and Q,+,- are 
very insensitive to the choice of the model. For Q>,+ 
there is an accumulation of experimental points in the 
region where the 3, } resonance should be prominent. 

*R. R. Wilson, Phys. Rev. 110, 1212 (1958); R. F. Peierls, Phys. 
Rev. 111, 1373 (1958). 

5M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1954), Vol. 4. 





CHASAN, COCCONI, 


COCCONI, 


SCHECTMAN, AND WHITE 





w 
oO 


N 
oO 





oO 


Number of events per 20 Mev interval of kinetic energy 





distribution 


Fic. 7. The histogram represents 
the experimental distribution of the 
kinetic energy (in the L system) of 
the protons produced in the reaction 
y+p — p+x*+7-. The dashed curve 
shows the statistical distribution. The 
arrow indicates the position where the 
m-m interaction should produce a peak 
in the case of Model 2 
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However, the experimental distribution is spread more 
than predicted by the model. 

Should the intermediate state C be assigned isotopic 
spin T=}, the ratio of V*= (prt) to VN*=(pxr-) would 
be 9:4 which would hardly change the situation in Fig. 6. 

The conclusion that the final state is not always 
reached through the two-body system V*+7, V* being 
the 3, } state, is essentially independent of the nature 
of the intermediate state C. 

Model 2. The assumption is made that the predomi- 
nant channel in C is the interaction of the incoming 
photon with one virtual meson of the cloud surrounding 
the proton, leading to the formation of a meson pair 
in the w-r resonant state, with 7=1, suggested by the 
experiments of meson-nucleon interaction. 

The analysis of our data in this case has been carried 
out by Selleri.® Previously, Bonsignori and Selleri’ had 
developed the calculations of the -m interaction and 
applied the model to the experiments of single meson 
production by pions on protons. 

Evidence for x-m resonance can best be looked for by 
examining the distribution of the momentum trans- 
ferred to the nucleon, i.e., of the momentum, or of the 
kinetic energy, of the proton in the ZL system. The 
histogram in Fig. 7 shows the experimental distribution 
of the kinetic energy of the protons for all the events. 
The dotted line represents the distribution expected 
considering only the phase space availability. As calcu- 
lated by Bonsignori and Selleri, the r- resonance should 
produce a peak at around 60 Mev. Although an enrich- 
ment in the number of events in this energy region 

® We are very grateful to Dr. Selleri for his work in computing 
Fig. 7, and for many illuminating discussions on this subject. 

7F. Bonsignori and F. Selleri, Nuovo cimento 15, 465 (1960). 


above the prediction of the statistical model cannot be 
ruled out, our data do not provide conclusive evidence 
for it. However, this lack of evidence for the x-r reso- 
nance is not to be necessarily interpreted as a disproof 
of its existence, but rather as an indication that such 
resonance is not predominant in this process at the 
energies of 500-700 Mev where the majority of our 
events is grouped. In fact, even if it existed, the m-r 
resonance could here be masked by the strong 3, } reso- 
nance occurring as a final state interaction between the 
nucleon and the meson pair created by the interaction 
of the photon with the virtual pion of the cloud.* The 
same interpretation was given by Bonsignori and Selleri 
to the lack of evidence of the z-7 resonance in the case of 
the reaction +) — n+2~-+7"*, whose final products 
are the charge symmetric particles of the products of 
our reaction of double meson photo-production. For the 
reaction +p — p+7°+7*, where 3, 3 final state in- 
teraction cannot be strong, the distribution of the pro- 
ton kinetic energy does instead show a peak that can be 
interpreted as the effect of the r-m resonance.’ 

The effect of final state interaction should become less 
important as the pion energy relative to that of the 
nucleon increases. Evidence for x-x interaction in double 


meson photo-production should therefore be sought 


in events produced by photons of energies higher 
(E,>~800 Mev) than in our experiment. The number 
of high-energy events in our data is not large enough 
for a meaningful analysis. 

8 The distribution of the proton kinetic energy predicted under 
the assumption that the }, } resonance is predominant is prac- 
tically identical to the statistical distribution given in Fig. 7. 

91. Derado, Nuovo cimento 15, 853 (1960) 
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The further depolarization of a muon captured in the 1s Bohr erbit by hyperfine interaction with a nucleus 
of spin j is calculated. The main result is that the asymmetry parameters of the decay electrons from the 
J = j+} states are multiplied by respective asymmetry reduction factors }[1+2/(2j+1)]. 


INTRODUCTION 


UBSEQUENT to the capture of a polarized muon 
into the 1s Bohr orbit, a process attended by partial 
depolarization, the muon suffers further depolarization 
from hyperfine interaction with the nuclear magnetic 
moment, in the case for nuclear spin 7#0. The asym- 
metry of the electron distribution from yw~ decay is 
thereby reduced. There are independent contributions 
to the distribution from the states J= 7+}, where J 
is the total angular momentum of the u-nucleus system, 
and there is a very rapidly oscillating interference term 
in the asymmetry, because the analysis assumes the 
muon “up” at ¢=0. This term will be written, for 
completeness, but will be “short-time-averaged” to 
zero in all qualitative discussions. In the simplest case, 
j=3, the contribution of electrons from the singlet 
state is evidently completely isotropic, but for 7>4, 
both the j+3 states demonstrate a post-hyperfine- 
interaction residual electron-distribution asymmetry. 
The result will be stated first, and then derived. It 
will then be interpreted with the aid of semiclassical 
arguments, and finally the application in ascertaining 
the different lifetimes of the different hyperfine states, 
possibly in conjunction with more direct measurements, 
will be briefly indicated. 


THE ELECTRONIC DISTRIBUTION 


The distribution of the electrons emitted per unit 
time at time / is 


Ao(t)+A i(/) cos6, 


where @ is the angle from the direction z of original 
muon polarization to the electron’s momentum, and 


j+1 j 
Ag(t)=co ——e-®+!-+-——e-8 ), (1) 
2j+1 2j+1 


2j+3 j+1 
L1()=tes( ier 


2j+12j+1 


2g~ 
—_— ——¢-®*+8 cos(m,—m_)t 


27+12j+1 re 
IGF) 


(2j+1) 


provided that the electron distribution in the absence 


of the nuclear magnetic and capture effects would be 

ao+a, cosé. (3) 
R, are the total rates for the disappearance of a muon 
in the J/= j+} states, respectively; ms are the respec- 
tive masses. Note that the nuclear effects drop out at 
‘=0, owing to the influence of the rapidly oscillating 
cosine term, so that the formula makes sense. 


DERIVATION 


If the nucleus has total angular momentum j and z 
component of angular momentum m, and if the muon 
spin is s, with s component ¢o 
then we denote our state by 


is | J 
eran) 
moa J im+o 


we later put s=}— 


where Cy,.7'” is a Clebsch-Gordan coefficient. This is 
taken as the initial state; later, we average over m. 
The influence of the hyperfine effect and the dependence 
of u-capture rates on J is to propagate the different J 
states differently, so that at time / the state is 


eg J 
r —_ oe guimte Yetinsrbean 
mo J m-+-o 


We now put 


Fi a. 
ae Le ee 
mt+o m’!! a! m”' oa’ 


so that the electron distribution per unit e+v+7 phase 
space and for final nuclear z component of spin m’ is 


9 


‘) - > Cmu.ol Mtoe lims- sRy)t 
iJ 


9 


x Zz. Caltiet* m+o5 i mM o*| ’ (6) 


j| jj s 
e+v+7, Ss 
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n'| ima 


where we have put 


(c++ D, 


815 





816 ELIHI 


where 


because the nucleus takes no part in uw decay. By general 
arguments an angular distributions, one can show 


de 


helicities 


dy |M,. 


=> 41,4 P(cos@), 


where y is the angle between the decay plane and the 
plane determined by the direction of initial uw polari- 
zation (z) and the electron’s momentum, and is ob- 
servable only via neutrino or antineutrino counters. 


Also, 


yt >» (—)°”"C, (8) 


yf! 


Q1,5°=(—) "Co. of dar, 


where 


ag = 


ae 


helicities 


ar (ctr+> with p, parallel to 


9 


Ss 7 
+2 axis| S ) (9) 
eg” 


are 2s+1 independent positive constants.! 

After we perform 3°» in Eq. (6), we note that only 
one o’ term survives, so that |M,-|? factors out, 
whence the integration in (7) is relevant.? We therefore 
substitute Eqs. (7) and (8) into (6), and apply 
(27+1)-! dom.m’, in order to average over the initial 
and to sum over the final nuclear orientations, yielding, 
for the electron differential rate from muon-spin z 
component ¢ at /=0, 


ty "i 1.0 
Oe ae 


R,(t)=>_ Pi(cos6)(2j7+1) 
; 
2X 


o1'e2'JJ'mm'MN 


a 


Ome? ®Cm'ey Ce? "Cm'eg?™ 


x 


Xcos(ms— my te Fst Rs0e2, (40) 


For muon spin s=3, the first two Clebsch-Gordan 
coefficients are trivial,’ and the sums of the products of 
the remaining four are easily performed directly, to 


yield Eqs. (1) and (2). 


INTERPRETATION 


Equation (1) is very simple to interpret. The rate 
4rA,(t) is composed simply of the separate contri- 


‘For the interesting case s=}, it actually suffices to know 
@1,-« = (—)!'a,,- and that ao... is independent of o’, which follow 
from (8), but are in fact quite obvious directly from (7). 

2 For the case of a muon of general spin s, integration over the 
azimuthal angle of the electron distribution destroys coherent 
effects between different initial muon-spin z components ¢@, so 
that our discussion is quite general. However, the evidence for 
s=4 is very strong see, e.g., Menasha Tausner, dissertation, 
Columbia University (to be published). This remark is unneces 
sary for s=4, because the density matrix for the muon spin can 
in that case be diagonalized simply by a proper initial choice of 
= axis. 
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butions of different J states with their statistical 
weights, without any fast oscillation terms, a result 
which may also be derived for the general muon spin 
s from Eq. (10). 

The P; asymmetry term A,(¢), for u spin 4, may be 
discussed as follows. Except for the oscillation term, 
it is similarly constituted of statistically weighted 
contributions of  43[(2j+3)/(2j+1)]a,; and of 
$L(27—1)/(27+1) Jos, for J/= j+4, respectively. The 
coefficients 3(2j+1+2)/(2j7+1)=4{1+2/(2j+1) Jare 
conveniently termed “asymmetry reduction factors.” 
As j approaches ©, they approach }. 

This may be understood very roughly as follows. 
The averaging of the oscillation term to zero may for 
pictorial purposes be replaced by a (false) “‘precession”’ 
of the muon around the total J. For large 7, we may 
identify J and j. Since j is random, for large 7 we may 
roughly take J to be random. More crudely, take only 
three possibilities: J is parallel to either the x, y, or ¢ 
axes. A muon originally z polarized will lose all polari- 
zation from precession around the x or the y axes, but 
will lose none from precession around the : axis, giving 
the right answer, 3. More accurately, if an axis makes 
angle y with the z axis, and if an electron distribution 
has asyinmetry parameter a relative to the z axis, the 
distribution we get by spinning the original one about 
the inclined axis will be of form A+B’ cos6’, where 6’ 
is now measured from the inclined axis, with asymmetry 
parameter a’= B’/A =a cosy. Now imagine a cone of 
evenly distributed axes at angle y, with such distri- 
butions about each axis to be averaged. The result is 
an A+B” cos@ distribution around the original axis, 
with asymmetry parameter a’’=a’ cosy=a cos*y. Thus 
the asymmetry reduction factor is cos*y, and for / large, 
this is to be averaged over the sphere, giving 3. 

But this picture may even be used for general /, if 
we interpret cos*y according to the vector model, 


(s-J)?_ (s+s-j)*_[s'+4(J*—-s*-j)} 
sy s’J° s?J2 
[J(J+1)—-j j+1) 1 o(s+1) 2 


9 
cos*y =— 


> 


cos" — 


4s(s+1)/(J+1) 


For s=}, these are indeed the proper asymmetry 


reduction factors 4[1+2/(2j+1) ]. 


POSSIBLE APPLICATIONS 

The fast-oscillation term probably has no appli- 
cations, because, e.g., for a proton, the frequency is 
4.98210" cps, or 1662 cm“. 
detecting a magnetic moment of 10~ to 10 


It could be a tool for 
5 nuclear 
magneton, but it is unlikely that there are any nuclei 
with such small but nonzero magnetic moments. 
However, the fact that different asymmetry reduc- 
tion factors go with the different total rates Ry in Eq. 





DEPOLARIZATION OF MUON 

(2) may be of aid in the experimental determination 
of R,. As is well known, the ratio of these rates is of 
considerable interest. If one believes in a simple nuclear 
shell model, then the ratio of the two rates provides 
important information on the specific u-capture inter- 
action,’ and conversely, if one uses a definite u-capture 
theory, one may gain information about the nuclear 
state. For example, if a nucleus of high spin had that 
spin formed from proton spins only, the effect would be 
enhanced over that from the favored state of shell 
models, where only one nucleon spin is aligned, and the 
remaining contribution is provided by nucleon orbital 
angular momentum. A possibly more plausible reason 
for expecting an enhancement of the lifetime difference 
effect is that square-well calculations‘ indicate an 


enormous dominance of the uppermost protons in pz 
capture, which is probably in part due to the defective- 
ness of a naive single-particle model. One way to look 








1 ay [(2j+ 3)/( 


BY HYPERFINE 


(27+1)]L(G+1)/(27+1)]r,4+[(2j-1), 
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at the relative importance of « capture in upper shells 
is to note what the actual fluctuation of wu capture 
behavior is relative to systematic dependence on A 
and Z, but another way is to look at the R,/R_ ratio, 
which comes from the effect of upper-shell 4 capture 
in a shell model, and which one might expect to be 
enhanced if one wishes to attach some general validity 
to the numerical results of references 4 for closed shells 
of a square well. 

The direct method to obtain R, and R_ is to analyze 
the time distribution of the electrons or of the neutrons 
from the disappearance of muons.’ That the asymmetry 
of the electrons a(t)=Ai(é)/Ao(t) has the form pre- 
dicted by Eqs. (1) and (2) may provide important 
redundant information. Further, by integrating (1) 
and (2) over time, and dropping the negligible contri- 
bution of the oscillation, one obtains for the asymmetry 
parameter a of the time-integrated distribution, 


(2j+1) ae) (2j+1) ) Jr 





(11) 


[(j+1)/ i li a (2j-+1)]r_ 


where a;/ao is the asymmetry parameter from the 
partially depolarized muon in the 1s state prior to the 
influence of the hyperfine interaction and yw capture, 
and r4=1/Rx are the respective lifetimes. This is a 
relation between the nuclear spin 7, the parameter 
a;/ao, and the parameter R,/R_, if a is measured. By 
taking a ratio with the “a” ‘from a spin-zero isotope, 
the parameter a;/ao may be eliminated, or it may be 
estimated. 

The character of the entire problem may be compli- 
cated by the induction of hyperfine transitions by the 
electrons.’ Of course, the picture of the simple asym- 
metry reduction factors 3[1+2/(2j+1)] would then 
be spoilt. In the presence of cases possibly complicated 
by the action of electrons, it may be impertant to 
confirm a simple analysis of a simple case by redundant 
measurements. 

Note that although the asymmetry reduction factors 
${142/(2j+1)] approach the common value 3 as 
j— @, they do so slowly; e.g., for 7=$, their ratio is 
still 2. 


8 J. Bernstein, T. D. Lee, C. N. Yang, and H. Primakoff, Phys. 
Rev. 111, 313 (1958). 

‘FE. I. Dolinsky and L. D. Blokhintsev, Nuclear Phys. 10, 527 
(1959), and Elihu Lubkin, dissertation, Columbia University 
(to be published). 

5 This possibility may be indicated by certain experimental 
results of V. L. Telegdi, orally communicated to me by Robert 
D. Sard, Washington University, St. Louis, Missouri, 1959. 


here are applicable to a rate 
either differential in the electron energy, or fused 
experimentally over electron energies. The effect of 
small components of the muon wave function for high 
Z may be included in the parameter a;/ao, and does 
not alter the way the nuclear spin enters into the 
problem. Noncoplanarity of the final leptonic momenta 
due to nuclear recoil also does not alter the results; one 
need only specify a particular rigid configuration of 
final momenta, and replace the “decay plane” above 
by, e.g., the plane of the final electron and neutrino 
momenta, to appropriately generalize the argument. 


The considerations 
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Proposal for Determination of = A Relative Parity from Chew and Low 
Analysis of Reactions of the Form A+B — C+D+E+.-.--* 


Murray MUuRASKIN 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received March 14, 1960) 


We use the Chew and Low analysis of reactions of the form A+B — C+D-'-E+-- 


-, which makes use 


of the existence of a pole in the S matrix, to propose an experiment to determine the SA relative parity 
and the coupling constant for the Az interaction. It is found that the sign of the extrapolated cross section 
for the reaction =*+d — A°+ +9 is different for the two parity cases. Other applications of the Chew 
and Low method to strange particle reactions are briefly looked into. 


I 


HEW and Low' have proposed a method of 
analyzing reactions of the general type: 


A+B—C+D+E+::: (1) 


where the final state has three or more particles. 

Their method depends on the existence of a pole in 
the S matrix at the position where A’, the four momen- 
tum transfer at vertex “a” squared (see Fig. 1), is 
equal to minus the square of the mass of a virtual 
particle which has the same properties (spin, charge, 
etc.) as particles A+B and as C+D+E+---. The 
existence of this pole, although a conjecture, is made 
plausible by arguments of Chew? and CL. 

At the pole the renormalized* Born approximation is 
applicable. The differential cross section valid at the 
pole obtained in CL as applied to 


Tt++d— A°+p+p 


reads‘ 
oe TT? Ma 
OAIu? ¥= Ms Ie My 
[lot—4o2(M2+M2)4+3(M2—M)"] 
[(W?-M?—M 2) 2M: P—-M?2 


Ord\w) 
(3) 


x— ——., 
(A°+M,2) 


where 
w= — (pst pa— pa?” (4) 


the p’s being 4-momenta. Thus « is the square of the 
total energy of the two protons in their barycentric 
system and, by conservation of energy, equals the total 
barycentric energy of the pion and deuteron. 


W?= — (pst pa)’, (5) 


* Research supported in part by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 

1G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959), 
denoted as CL throughout the rest of the paper. 

2G. F. Chew, Phys. Rev. 112, 1380 (1958). 

+The corrections to the vertex function and propagation 
function can entirely be absorbed in the coupling constant and 
in the mass of the virtual particle. 

* We use units where h=c=1. 


that is, W? is the total energy in the barycentric system 
of = and deuteron. ¢,a(w) is the cross section for the 
process 


at+d— p+p. (6) 


We assume an unpolarized initial state and no 
measurement is made of the final state. 4rI” is the 
square of the Dirac matrix element at vertex “a” 
averaged over initial spins and summed over final spins. 

Evaluating A?= (pzs— pa)? in the =* rest system, we 
get 


A?=2M:Tar—(Mz—M,)’. (7) 


T ax is the recoil kinetic energy of the A° in the =* 


system. At the pole 


T°= —([M2—(Ms— M4)" ] 2Ms. (8) 


rest 


T,x° comes out to be —6 Mev which is unphysical but 
not unreasonable for extrapolation purposes. 

The recipe to be followed is to extrapolate (A’+ M,*)? 
times the experimental differential cross section, 
0o/dA*?dw*, for the reaction =++d— A°+p+ for 
fixed W? and fixed w to the pole at A’= — M,’; use ex- 
perimental data for the cross section ¢,q(w); then, by 
means of Eq. (3), we can solve for T? and thus infer 
properties of the reaction at vertex “a,” i.e., the DA rel- 
ative parity and the strength of the coupling for the Az 
interaction. 

The relative parity has been assumed to be positive 
for several models of strange particle interactions, for 
instance, global’ and cosmic® symmetry. Although of 
importance for these schemes and for our general 
understanding of strange particles, the 2A parity is not 
yet known. Several proposals have thus far been 
suggested in the literature for its determination.” 

In addition we also propose experiments for the 
determination of 22 and Z=z coupling constants 
although the reactions needed here are slightly more 

5 M. Gell-Mann, Phys. Rev. 106, 1296 (1957) 

6 J. J. Sakurai, Phys. Rev. 113, 1679 (1959). 

7D. Amati, Phys. Rev. 113, 1692 (1959). 

8 A. Pais and S. B. Treiman, Phys. Rev. 109, 1759 (1958). 

9S. Barshay, Phys. Rev. Letters 1, 177 (1958). 

S. Barshay and S. L. Glashow, Phys. Rev. Letters 2, 371 
(1959). : 

J. G. Taylor, Nuclear Phys. 9, 357 (1958-1959). This list of 
references on ZA parity proposals is not complete. 
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ATIVE PARITY 


Fic. 1. Example of reac 
tion where Chew and Low 
method is applicable. We 
will discuss the reaction 
=++d— A°+ p+) in this 


paper. 


= “e° 


1r* 


eneatitl 


“unphysical” (in the sense that at the pole the recoil 
kinetic energy of the particle at vertex “a” [see Eq. 
(8) | will be more negative than in Am situation). 
This information will serve to determine the correct- 
ness of global symmetry. In global symmetry model 
the pion baryon coupling constants are assumed to be 
the same. 
Il 
Consider the reaction =++d — A°+p+p. Let =* be 
the incident particle and the deuteron be the target 
since this is experimentally the more likely situation. 
Then A? and & and W? can be determined from experi- 
mental data by means of the equations 
A= -M2-MS— 2parpsr cos6s,+2E, Es 1, 
w= —A+M?+2Es1,Ma—2EatMa, (9) 
W?=M24+M?+2MGExt. 
The Dirac part of the matrix element for the DAzr 
interaction for the case of even relative parity bet»veen 
the = and A is, in analogy with the nucleon-nucleon 
pion interaction, 
igsatia(Pa)ysuz(ps), (10) 
where the u’s are Dirac spinors. 
If the relative parity between the = and A is odd, 
we have an additional 5, 


gratia(pa)us(pz). 
‘odd = $gza" 2. 


spins 


(11) 
Thus 


tis(pa)us(pz) |*, 


Teven?=3gza" >, | Ua(pa)ysts( pz) |*. (12) 


spins 
By the usual methods of inserting projection operators 
we evaluate I? 
gra" A+M2+M 
a —(+4fs.+———*), 
2MsM4 


~ 


(13) 


gra" Y+M24+Me 
—- _{ —-M:M,+— “). 
2MsM4 2 


At the pole we insert A?= — M,’. Using” 


Ms=1190 Mev, M,=1115 Mev, M,=139.6 Mev, 


we obtain that at the pole for a given value of the 


2 J. D. Jackson, The Physics of Elementary Particles (Princeton 
University Press, Princeton, New Jersey, 1958), p. 51. 
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(M,+M,)" 


Fic. 2. (A?+M ,?)?0?0/dA*dw* versus w*?/(M,.+Ma) at the pole 
for odd ZA parity assuming gs,*=1 in the approximation of 
neglecting the recoil motion of the A in the =* rest system. 


coupling constant 


Toda?/Teven?= 2647/ (—6.93)= — 382. (14) 


The presence of the minus sign will enable us to deter- 
mine both the relative parity of the ZA system and the 
coupling constant for the ZA interaction. For odd 
parity (A +M,’)é’o/dA°’duw will be positive at the 
pole; for even parity it will be negative [the remaining 
factors in Eq. (3) are always positive for w correspond- 
ing to a real physical process r++d— p+p]. Once 
the relative parity has been determined by observing 
the sign, Eq. (3) will give us the coupling constant. 
Assuming that odd and even coupling constants are 
not too much different, we note there is a large magni- 
tude difference between the two parity cases. Hence 
even fairly crude data could give us a good indication 
of the DA parity. 

The amount of extrapolation depends on which 
and which W? is used. An estimate of the “unphysical- 
ness” of the situation is given by Eq. (8), Taz°~—6 
Mev. 

A summary of experimental data with a graph of 
the total cross section for the process p+p— d+-at 
plotted against pion momentum in barycentric system 
is given by Sachs et al. The cross section we need 
may be obtained by detailed balance. Also a semi- 
empirical formula has been derived for p+ p— d+xt 
cross section near threshold.'*"5 

Using the best fit to the experimental data for 
p+p— d+rn* we have drawn a graph for the quantity 
(A?+ M,”)*d°c/dA?dw* versus w at the pole for odd 
parity assuming the coupling constant squared is equal 
to unity in the approximation of neglecting the recoil 
motion of the A° in the Z* rest system (see Fig. 2). 
This approximation follows from Eq. (8) where we see 
8 A. H. Sachs, H. Winick, and B. Wooten, Phys. Rev. 109, 
1733 (1958). 

4M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1954), 
Vol. 4, p. 219. 

16D. B. Lichtenberg, Phys. Rev. 105, 1084 (1957). 
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Fic. 3. (A?+M,2)°0%0/d Adu" versus A?/M, in the Born 
approximation for odd ZA parity for w/(M@,+M,?=1.01 and 
Ts,=1197 Mev assuming gy,?=1 


T ar’<M 4. On expanding w and usingEs;= EarMs/ Ma, 
we get in this approximation 


My: (&’—-MZ-—M 7) 
Es_~- : (15) 
Ma 2(Mzs—Ms3j) 


The graph for even parity will give the same curve 
times — 1/382. These results can be compared with the 
experimental extrapolated quantity for the determi- 
nation of the coupling constant. [ Note: This approxi- 
mation requires that the experiments must be done 
with Ty,21025 Mev in order that o,,(w) describe a 
physical process.'* ] 

In Figs. 3 and 4, we have graphed (A’?+M,?)?0?e 


= BOUNDARY OF PHYSICAL 
REGION 


-27 


in om’x 10 


Fie 
a8 dw" 


(a+uay 








M 


Fic. 4. (4?+M,?)0°c/dA?0w* 
approximation for even ZA parity for w 
Ts,=1197 Mev assuming gy,?=1. 


versus A?/M,? in the Born 
UV .+Mz?=1.01 and 


16 For Ty<1025 Mev we may still hope to get an indication of 
the ZA relative parity from the sign of the extrapolated quantity 
as before. (This would not be so if there were any zero, of o74(w) 
in the extrapolated region.) We could not, however, calculate 
gza® since we cannot estimate the magnitude of o,4(w) for w 
corresponding to a nonphysical value of r*+d — p+-p. 


M | 
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dA*dw" against A® using the Born approximation" for 
odd and even parity for the specific case T:,= 1197 
Mev and «”=1.01(M,+M,)? assuming gs,?=1. This 
may be useful in showing a possible trend for the 
experimental data. 

Another possible process from which 
to attain the DA parity is 


we might hope 


2°-+p— A°+p+e". (16) 
This has the advantage that o(w) at vertex “‘b” 
describes pion proton scattering p+7* — p+27* which 
has been studied more fully experimentally than 
x++d— p+p. However, now we have the added 
complication of a second diagram that interferes with 
the first having a pole in the same neighborhood as the 
first (see Fig. 5). Therefore we conclude that 2++d— 
A°+ p+ p would be more reliable in determining the 
DA parity than [++ p— p+a*+A°. 

We may determine the 22m and ==z7 coupling 
constants by using the following diagrams (see Fig. 6). 
Equation (8) (applied to these cases gives about —8 
Mev for Fig. 6(A) and about —7.5 Mev for Fig. 6(B) 
for extrapolation in recoil kinetic energy. 

Within the framework of our approach, we note also 
that the reaction A++d— K°+ +> can be used to 
determine the K*+K° relative parity. (As Pais'* remarked, 


now 


> > + prt D: 


—> Z-+--+-2. 


(8) 


17 The pion is off the mass shell away from the pole. In the 
lowest order, when not too far from the pole we take the pion 
to be real and use the experimental cross sections in reference 13. 

18 A. Pais, Phys. Rev. 112, 624 (1958 
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this is not necessarily even.) For even parity the 
extrapolated quantity in the case of a virtual pion 
should be identically zero, since the vertex KK is 
forbidden. (We are, in effect, extrapolating to a pole 
where no pole exists; hence, the extrapolated quantity 
is zero.) For odd parity the K Kz vertex is allowed but 
since odd relative parity implies charge independence 
is violated, the gxxs coupling constant is small. How- 
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ever experimental methods are not precise enough to 


deal with such a small effect. 
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Commutation Relations of Quantum Mechanics* 


JosErH V. LEPORE 
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The mathematical and physical meaning of the commutation relations of nonrelativistic quantum me- 
chanics is discussed in terms of the representation of translations, Galilean transformations, and rotations 
of the coordinate system by unitary transformations acting on the unitary vector space of quantum states. 


INTRODUCTION 


HE discussion of this paper is confined to state- 

ments concerning part of the conceptual structure 
of the nonrelativistic quantum mechanics of particles, 
even though the arguments may be extended to the 
discussion of relativistic quantum field theories. This 
restriction makes it possible to study the essential 
points that are involved without the use of cumbersome 
formulas. 

Most treatises on quantum mechanics include among 
the various postulates of the theory a statement of the 
fundamental commutation relations between the Car- 
tesian components of the coordinate and the canonical 
momentum of a particle: 


(xi,p;) = ih ;;. (1) 


(Quite naturally, a great deal of attention is paid to the 
physical consequences of these relations as expressed 
by the Heisenberg uncertainty principle. However, with 
few exceptions,'” there is little discussion of the mathe- 
matical and physical ideas which underlie them. These 
ideas are concerned with the representation of trans- 
lations, Galilean transformations, and rotations of the 
coordinate system by unitary transformations acting 
on the unitary vector space of quantum states. 

The author has discussed the commutation relations 
with many physicists during the past few years and 
has found that only the most sophisticated among them 
are familiar with the ideas involved. The present article 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Hermann Weyl, The Theory of Groups and Quantum Mechanics 
(Dover Publications, New York, 1931), p. 175 and p. 272. Trans- 
lated from second revised German edition by H. P. Robertson. 


2p. A. M. Dirac, The pri wiples of Quantum Mechanics (Oxford 
University Press, Oxford, 1947), 3rd ed., p. 89 and p. 99. 


is concerned with an attempt to present them in a 
simple and concise fashion to a wider audience. It 
should be remarked here that this situation has been 
clearly recognized by Schwinger,* who has given a 
concise and complete statement of the laws of quantum 
physics in terms of his general dynamical principle, the 
quantum analog of Hamilton’s principle. His discussion 
has not appeared in textbook form, however. Further- 
more, Schwinger deals with the most general situation 
appropriate to relativistic, localizable field theories. 
Consequently, it is not easy to divide his arguments 
into their various parts in order to clearly recognize 
the concepts that are involved because the generality 
of the problem that he attacks requires the use of 
elaborate mathematical techniques, which are not 
necessary for the analysis of the simpler problem to be 
discussed here. 


RELATION BETWEEN THE COORDINATE SYSTEM 
AND UNITARY VECTOR SPACE OF 
QUANTUM STATES 


The basic postulates of quantum mechanics assert 
that a physical system is described by a vector which 
is an element of a linear unitary vector space and that 
observables are represented by Hermitian operators 
whose eigenvectors may be used to define a coordinate 
system in this space. They also assert that if | A’) is an 
eigenvector corresponding to the eigenvalue A’ of an 
observable A, then the probability that a measurement 
of A will lead to A’ when the system is in the state |) 
is the absolute square of the scalar product (A’|y). 
This leads to the requirement that (y|y) be unity and 
is, in fact, the reason why the transformations of 


3 Julian S. Schwinger, Phys. Rev. 82, 914 (1957). 
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quantum theory must be unitary.‘ It also shows that 
states |¥) which differ by a phase factor e’* are 
equivalent. 

To describe motion one must be able to represent 
the basic motions of the physical coordinate system, 
i.e., translations,® Galilean transformations, and rota- 
tions, by corresponding unitary transformations acting 
on the space of quantum states. Once this kinematical 
problem has been solved, the transition to dynamics 
may be made by relating the infinitesimal generators 
of these transformations to the Lagrangian of the 
system. 


TRANSLATIONS 


First consider the representation of displacements of 
the coordinate system by a fixed amount a;. The 
eigenvalues of the coordinate operator x; label the 
position of a particle, and therefore, under this dis- 
placement, corresponding eigenvalues must be related 
by 

(2) 


where the labels 1 and 2 refer to the two different 
systems. If the system was described by a state vector 
y), this changes into |y’ 
and |y’ 


under the transformation, 
is related to |y) by a unitary transformation 
‘ ’ 
¥)=Uly). (3) 
This transformation 
condition: 


may be determined by the 


Ww’ |xi|y’)=W|ai—aily). (4) 
This leads to 


(9) 


Now one may express L’ as the exponential of an 
Hermitian operator D which is clearly a function of 


the displacement a;: 
(6) 
One must have 
D(0)=0, 


and consequently the Taylor expansion of D has the 
form 
2 a," d"D(a;) 
D(a;)= >. ‘ (7) 


n=1 nm! da;" 1;=0 


ty 


For infinitesimal displacements, only the first term is 
important, anid so it is convenient to set 


dD(a;) 
d.= - . (8) 
da; 


and to write 


U= 1+ id aj. 


‘ This remark does not apply to time reversal 

5 Translations are, of course, contained in the Galilean trans 
formations. They are discussed separately in this paper since it 
seems desirable to break up the discussion in such a way that it 
parallels the corresponding relativistic one. 


(9) 
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Consequently, one has 


(1—id,a,;)x;(1+id,a,;)=x;—a 


ty 


(x;,d;) =1. (11) 
This relation defines the infinitesimal 
which was desired and shows that when x 
d; may be represented as 


generator d; 
is diagonal, 


d= —id/dx,. (12) 
It may be shown that the general form [Eq.(7) ] is 
not required to yield all displacements that may be 
achieved by a continuous change from the identity 
(no displacement at all), but that an arbitrary dis- 
placement may be written as 


U (a;) =e" (13) 


As mentioned previously, Eq. (13) is a purely kine- 
matical statement. The transition to dynamics takes 
place when one makes the fundamental hypothesis 
that the momentum operator ; is given by 


pi=hd;=adL/d.., (14) 


where Z is the Lagrangian function. 

Clearly a similar argument might be used to discuss 
the representation of time displacements. This would, 
however, be incorrect since the time is merely a pa- 
rameter and may not be regarded as a dynamical 
variable of the system. It is interesting to note that 
this situation which mars the structure of nonrela- 
tivistic quantum mechanics is not present in relativistic 
quantum field theory, where particles are described by 
field operators that are functions of position relative 
to the coordinate system. These positional coordinates 
(which include time) are therefore only parameters. 

From the foregoing remarks it should be clear that 
the state vector in nonrelativistic quantum mechanics 
is to be regarded as a function of time which changes 
according to dynamical laws. The dynamical law must 
be expressed as a unitary transformation by postu- 
lating Schrédinger’s equation 

0 
ih—|Yl)= H \yYt). 
al 


(15) 


Thus the time does not express any kinematical features 
of the system. 


GALILEAN TRANSFORMATIONS 


‘Nonrelativistic quantum mechanics satisfies a prin- 
ciple of relativity with respect to Galilean trans- 
formations. If one considers two inertial coordinate 
systems moving relative to each other with velocity 
v;, which were coincident at /=0, it is clear that the 
eigenvalues of the momentum operator p; which give 
the momentum of the particle relative to the two 
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inertial frames must be related by 
pi! =p! —mr,, (16) 


where m is the mass of the particle, and the labels 1 
and 2 refer to the two different inertial coordinate 
systems. It is also necessary to recognize that the 
eigenvalues of the coordinate operator x; are related by 


(17) 


The transformation between the two inertial frames is 
now to be represented by a unitary transformation 
acting on the state vector |) of the system: 


I~y=U y). 
The conditions which determine U are 


W’| pilW’)=(| pi—mri|Y), 


409 , 
x; P=x'%—1. 


(18) 


(19) 
and 


W’| xi |W/)= (| xi—o,t| yp). (20) 


Equations (19) and (20) lead immediately to 
Up, U = pi— mj, (21) 

and 
U~x,U =x,;—v1. (22) 
Suppose that one first studies Eq. (21) by temporarily 
ignoring condition (22). One may then write U in the 

form 

U =eisim (23) 


where g; is the infinitesimal generator of the trans- 
formation. Upon passing to the case of infinitesimai 
v;, one finds from Eq. (21) that 


(gi,pi) = —1. (24) 


Consequently, the infinitesimal be 


expressed as 


generator may 


gi= —id/dpi. (25) 


Now Eq. (25) is a purely kinematical statement so that 
the connection with dynamics must be made by the 
assertion that the generator g; is related to the neg- 
ative of the coordinate operator by 


x= —gi. (26) 


One may now return to the problem of representing 


the Galilean transformation. One must exhibit a 
unitary transformation U which is determined by 
Eqs. (21) and (22). Since Eq. (21) by itself would lead 
to a unitary transformation U of the form 

U,=exp[(i/h)o,tp. ], (27) 


one is lead to a study of the composite transformation 
Ul le: 


U,Us=exp[(i/h)aip; | exp[ (i/h) b,x, ], 


where a;=2,¢ and b;= —mzv,. 


(28) 


If this is applied to Eq. 
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(21), one finds 
Us Uy" pUW 2 
=exp[— (i/h)b,x;] exp[— (i/h)a.p; |p: 
Xexp[(7/h)a:p; | expl(i/h) dx; ] 


= pi= m?;. 
Now checking Eq. (22), one can write 
UstUy'gU U2 
exp — (i/h)b,x;] expl— (i/h)aip; jx; 
Xexp[ (i/h)a:p; | exp[ (i 


=24;—0,. 


(30) 
Thus the unitary transformation 


U=UWs, (31) 
does indeed represent the Galilean transformation. 

It is at this point that one comes upon an interesting 
and somewhat surprizing situation, for if one considers 
the unitary transformation 

U’=UUj, (32) 
it may be immediately verified that U’ also satisfies 
the conditions required by Eqs. (21) and (22). One is 
therefore lead to the conclusion that the state vectors 


y’) and |y”’) defined by 


ly’)=U yp), (33) 


and 
if U7" y), 


actually represent the same physical situation. This 
possibility can exist only because of the probability 
hypothesis of quantum mechanics which asserts that 
only the modulus of the state vector has a physical 
meaning. Weyl] described this situation by saying only 
the rays of the vector space were physically significant.! 
A ray is defined by 


(34) 


|R)=e'*|y), (35) 
where a is an arbitrary real number. All state vectors 
which satisfy Eq. (35) lie on the same ray. 

Upon returning to Eqs. (33) and (34), one may 
therefore conclude that 


y")= eia y’ q 


or that |y’”) and |y’) lie on the same ray. Consequently 
the unitary transformations are commutative in the 
sense that 


(36) 


U1(a)U2(6) =e U2(6)U (a). (37) 


Weyl asserted that quantum kinematics is described 
by an Abelian group of “rotations” of the rays asso- 
ciated with the vector space. With this hypothesis, he 
then showed that one is led to the fundamental com- 
mutation relations. This is easily seen by letting a;, }; 
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be infinitesimal. In this case 
ory 


(a,b) =a,b, 
00,00; 


since y(0,0)=0. Consequently, one finds 


[1+ (i/h)a.p; [1+ (i/h) bia, 
= (1+ia,by")[1+ (i/h) bigs 1+ (i/h)aip,), 


or 
(39) 


abhi (x;,p;) =iaby". 
If y’’ is chosen as #~', one may conclude 


(xi,ps) = ih. (40) 


From a purely physical point of view the situation 
may be summed up by saying that one may make the 
translation first and then the momentum change, or 
vice versa. It seems evident that either way should lead 
to the same physical properties. 

As the reader will have noticed, many salient points 
have been omitted from the foregoing discussion. Some 
of them will be discussed in a later section, since they 
do not at this point fall into the scheme of this paper. 


ROTATIONS 


In order to complete the study of nonrelativistic 
quantum kinematics, it is necessary to represent the 
only other possible type of motion that can occur— 
rotation. While it is clear from the foregoing discussion 
that one might immediately infer that the infinitesimal 
generator of rotations is the usual angular-momentum 
operator, it seems more in the spirit of this paper to 
treat rotations in the same way as translations and 
Galilean transformations. 

Consider, therefore, a rotation of the coordinate 
system by an amount specified by the rotation matrix 
S;;. The effect of this rotation is to alter the eigenvalues 
of the coordinate operator x; according to the relation 


(41) 


Accordingly, this transformation induces a change of 
the state vector of the system |) given by 


ly)=U ly), 
where the unitary transformation U’ is determined by 
(y’|xilW)=Sib| x;ly). (43) 
Consequently, one finds 


U-z,l 


(42) 


Six}. (44) 


If, as in the foregoing sections, one considers 
infinitesimal rotations, one may write 
S§;;=6,;4 


Q2; 


where Q2,; is an antisymmetric matrix 


2 an ~~ ff) 
8255 FER 
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This matrix is related to the infinitesimal 
rotation 6; (0;=w,6/) by the relation 


angle of 


Q55= €:5x9%, (47) 
where ¢€,j« is the usual alternating symbol of tensor 
analysis. 

The unitary transformation U, on the other hand, 
may be written in terms of its infinitesimal generator as 


U = e'tk, (48) 


where summation over & is now For in- 


finitesimal 6; one therefore finds 


intended. 


U=1+1r8,. (49) 


Upon using this relation in conjunction with Eqs. (44) 
and (45), one finds that 


—1(70;,x;) =Qe x (50) 


and from Eq. (29), one obtains 


—1(76;,x;)= =; x 8;. (51) 


ink 


Since the angle of rotation @ is arbitrary, one may 
conclude that 
(52) 


(7 5,4j) = 2 pj KX. 


Since this is a kinematical statement only, one must 
make the connection with dynamics by comparing it 
with Eqs. (14) and (24) or by making, independently, 
the hypothesis that 


and 

Le= €4;;% pi. 
In either case, one finds that 
finitesimal rotations is 


the generator of in- 


On J ( 54) 


Ly= — the,;:X;0 


which is just the angular-momentum operator. An 
elementary calculation leads to the commutation rules 
between various components of the angular momentum 


(Li,L;) = thelr. 


(55) 


It is instructive to discuss three simple cases which 
illustrate the typical problems with which nonrela- 
tivistic quantum mechanics is concerned. These are 
concerned with scalar, spinor, and vector functions of 
the position operator. Under a rotation, Sj;, these 
scalar functions transform as 


W’ | o(x) |W) = 1o(S“) |y). 
The corresponding transformation for spinors is 


W |Wa(x) |W/)=W| Aas Ws(S-'x) |p), 


Ag A=Si;0;, 


(56) 


where o; is the Pauli spin operator. For vectors the 
transformation is 


WW’ | A.(x) |W’) =SiAv| A;(Sx) |v). (58) 
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For the scalar case, the unitary transformation is 
U"¢$ (x) U=9(S"2). 


Thus when the rotation is infinitesimal, one finds, upon 
writing 


(59) 


U=[1+ (i/n)J-0], (60) 


that 


— 6/4) Fs 8i,6 |= (09/00) e459, 


(61) 


LJ..¢]= ie 1€ijhX iPr. 
In this case one finds J;=L,;. Thus, the angular. mo- 
mentum carried by a scalar field is purely orbital. 
The spinor case is more interesting. One writes 
U=1+ (i/h)J 0; 
A=1+ (i/h)o fj. 


(62) 


(63) 


Consequently, one has 


= (1, h LT; Oi | ae sia 0+ €4j:X 9 0W/ OX, 


or 


(64) 


[Jiv]= [- ihe; j4X0, dx, +i(h/2)o; WW. 
In other words, one has 


T= L+ (h/2)o%. 


(65) 


(66) 
A number of details regarding the explicit construction 
of the spin matrices have been omitted from this 
argument for the sake of brevity. They may be ob- 
tained however by an application of the methods of 
this paper. 

For the case of the vector field, one finds that 


[J;,A a j|= [Lomi— ih€im |A l- 
Consequently, one can write 


J=L,+Si, 


(67) 


(68) 
where 
(S5) jx= — thee. (69) 
One easily verifies that 
(>; S?)j.= 2h5 jx., 


that 


(70) 


the standard result the vector field 
describes an intrinsic spin of %. 

The foregoing discussion may be extended to the 
case of higher-rank tensor fields provided that sufficient 
attention is paid to the question of irreducibility of the 
acquired representations. It does not seem profitable 
to discuss more complicated situations in this paper. 


which is 


WEYL’S THEORY OF QUANTUM KINEMATICS! 


Weyl’s theory of quantum kinematics shows the 
close connection between the probability hypothesis of 
quantum mechanics and the commutation rules. The 
probability hypothesis leads to the conclusion that one 
is not concerned with the vectors of the representation 
space, but only with the rays of this space. Weyl 
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observed that the commutation rules of quantum 
mechanics imply that the operators x; and p; are the 
infinitesimal generators of an Abelian group of ‘‘rota- 
tions” of the rays of the state vector space. He then 
investigated the general conditions that are required 
in order to set up an irreducible unitary representation 
of an Abelian group of ray rotations. 

Suppose that |y) belongs to the ray |R) and that 
one considers two “rotations” $; and $2. Since 8, and 
S. are commutative, the ray obtained after the ‘“‘ro- 
tations”’ is 

| R’) == §S2| R)= $2S;| R). (71) 
If one now represents these “rotations” in terms of 
unitary transformations acting on the vector space, 


’ 


Ui: $1, 
‘giles, (72) 
U2 82, 


one realizes that U; and U2 must satisfy 


W)= UU2\p), 


73 
y=Ul |), (73) 


and also 
y’)=e'|p’’). 
Consequently, the relation ($:,S2)=0 is represented by 


U,U2=e**U 1. (75) 


(74) 


It is clear from this equation that a unitary repre- 
sentation of an Abelian group of ray rotations can 
never be set up in a finite dimensional vector space, 
for this would require that 


det (U,U 2) =det(e*U UV), (76) 


and, consequently, 

eina= 1, (77) 
That is, e'* would have to be an mth root of unity, 
where » is the dimensionality of the space. Moreover, 
one would have the additional requirement that 


trU \Us=tre#U Vj, (78) 


or that 
(79) 


It is therefore necessary to consider a space of infinite 
dimensionality where Eqs. (77) and (79) need not hold 
true. 

To investigate this problem further, one supposes 
that there exist infinitesimal generations, o;, which are 
appropriate to the problem so that Ll’; and U2 may be 
expressed as 

U(r) =e'r"*, 


U2(A) = ei, ti 


The r,; and A; are parameters which define U, and U2, 
and summation in the exponent is implied over the 
assumed finite set of m infinitesimal generators o1,: + -om. 
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Upon substituting Eqs. (80) into Eq. (75), one finds 


e Tigigihjo; — gia rr piAjTjpitio i 


c 


(81) 
where the explicit dependence of a on the 7; and \; 
has been noted. 
Upon passing to the case of infinitesimal 7; and X,, 
one may write 
e'i%i= 1+-17,0;, 
e*iti=1+2);0,, 


e'@(7.) = 1+-4a(7,A), 


(82) 


and also, to sufficient accuracy, 


a(7,A)=a(0,0)+ 7:0a/d7:+Aj0a/ OA; 
+ 37,A;0a/O7 OA;+°*°. 


2 


(83) 


Clearly only the last term can be present, for if either 
tT; or A; is set equal to zero, Eq. (81) reduces to an 
identity. 

It is convenient to set 


£a/d7 OA;= —C,j. (84) 


Upon substituting Eqs. (82) into Eq. (81), one finds 


TiA;(0i,0;) =1C iT Aj, (85) 


or, since 7;, A; are arbitrary, 


(o;,0,) =1Cj;. (86) 


There is a strong restriction on the matrix C,; which 
is imposed by the requirement that our representation 
be irreducible. From Schur’s lemma the only matrix 
which may commute with all the matrices of such a 
representation is the unit matrix. Consequently, one 
must assume that the equation 


C,7 A;=9, (87) 


never has a solution \; for a given set 7; except A;=0. 
Thus one can write 

detC,;¥0. (88) 
Furthermore, from Eq. (86) one sees that C is anti- 
symmetric: 


Cy=—Cy. (89) 


Now such a matrix can exist only in a space of an 
even number of dimensions.’ This implies that the 
number of infinitesimal generators ¢; must be even: 


m= 2/f, (90) 
where f is an integer. 

One sees at this point how the representation is 
adapted to the occurrence of pairs of infinitesimal 
generators that occur in a canonical formalism. Further- 
more, it may be shown that any matrix C;; with the 
properties described by the last three equations may be 


® See reference 1, appendix 3, p. 397. 
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brought into the form of blocks along the main diagonal 
made up from units of 


(91) 


by a linear change of basis, ¢; > 0;’. If one imagines 
this has been done, one arrives at the commutation 
relations by identifying the 
obtained as follows: 


new generators a; so 


o;'=%,/h, 3 =X, 


, (92) 
a2 =p, h, 


a4’ = pro, h, etc. 


It seems to the author that the main point of Weyl’s 
investigation has been dealt with. The foregoing argu- 
ment shows clearly how closely the commutation rela- 
tions are connected with the probability hypothesis of 
quantum mechanics. The author realizes that many 
important mathematical questions have been heuristi- 
cally treated in this paper. It is hoped that this manner 
of treatment will be the 
physicist. 


satisfactory to average 


SUMMARY 


A discussion of the fundamental commutation rela- 
tions in nonrelativistic quantum mechanics has been 
presented which shows how closely they are connected 
with simple physical and mathematical requirements 
imposed on the theory. The method of presentation is 
intended to amplify and clarify arguments that lead 
to them by more formal means. The restriction to 
nonrelativistic quantum mechanics which allows a 
simplified discussion in terms of translations, Galilean 
transformations, and rotations may be removed by the 
following scheme: 


(a) translations — translations; (b) Galilean trans- 
formations and rotations — Lorentz transformations; 
and (c) point-particle mechanics — field theory. 


This program, which is treated in the paper by 
Schwinger,’ leads to the fundamental commutation 
relations between field operators when augmented by 
the demand of time-reversal invariance. The very 
simplicity of the requirements leading to these com- 
mutation relations suggests that an attempt to modify 
the commutation relations between field operators must 
be based on a modification of the field equations of the 
theory. 
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